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Diamond growth occurs at high temperatures and pressures in the presence of certain molten metals 
which serve as solvent catalysts. The zones of pressure and temperature in which diamond growth occurs 
have been determined for a number of metals. These zones are bounded on the low-temperature side by the 
melting point of the metal-carbon eutectic at pressure. They are bounded on the high-temperature side 
by the diamond-graphite equilibrium line. This experimentally determined equilibrium line agrees very 
closely with the theoretical extrapolation of the thermodynamically calculated line proposed by Berman and 


Simon, viz., 


P (kbar) =7.1+0.027T (°K). 


I. INTRODUCTION 


HE equilibrium line between the diamond and 
graphite forms of carbon has been of interest to 
scientists for nearly 50 years. However, until the recent 
synthesis of diamond in the laboratory’ there had been 
no way to study this equilibrium by direct experiment. 
Instead, the probable position of the line on the phase 
diagram had been calculated thermodynamically from 
the physical properties and heats of formation of the 
two forms of carbon.?~® Physical property data were 
available only up to about 1200°K so that the course of 
the equilibrium line at higher temperatures had to be 
based on extrapolated values of the physical properties. 
Figure 1 shows the course of the equilibrium line as 
calculated and extrapolated by Berman and Simon 
and by Liljebald.® 
In an actual phase transformation the reaction rate 
is also of great importance. The phase diagram can 
only show whether the reaction has “thermodynamic 
permission” to run. The rate at which the reaction runs 
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depends upon nucleation of centers of the new phase, the 
activation energy of the transformation where an 
intermediate state is involved, and the rate of incidence 
of energy pulses capable of exciting the change from the 
first phase through the intermediate to the final phase. 
For example, the fact that diamond persists indefinitely 
at room temperature and pressure, far from its region of 
thermodynamic stability, indicates that the diamond- 
graphite reaction rate under these conditions is essen- 
tially zero. 

A general expression for the rate of a reaction in- 
volving passage through an intermediate state of higher 
energy than either the initial or final states is 


Rate=const: (kT/h)+ exp(—Q/RT) 
-[1— exp(—AF/RT) ] 


where k7T/h is the number of energy pulses per second 
per mole, e~@/*7, is the fraction of these pulses which 
have more than the required activation energy Q, 
and (1—e 4/8?) is the probability of the material 
remaining in the final state in terms of the difference 
of free energy between the initial and final states (or 
the ratio of the rate of the forward to backward reac- 
tion). In the case of carbon, since the diamond and 
graphite lattices are so different, it might be assumed 
that the intermediate state would be a disorganized 
vaporlike state, and therefore the activation energy 
would be of the order of the vaporization energy. This 
vaporization energy at zero pressure is known to be 
about 175 000 cal/mole. 
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Fic. 1. Diamond-graphite equilibrium lines calculated from 
theory. 

Early in our project some preliminary experiments 
on graphitization of small pieces of clear diamond 
indicated values of Q=175 000 cal/mole at zero pres- 
sure and Q=256 000 cal/mole at 20 kbar. On the 
assumption that the increase in activation energy was 
due to PAV energy of expanding to the intermediate 
(gaslike) state, the volume of the intermediate state at 
20 kbar and 2400°K would be about 170 cm*/mole. 
This is very large in comparison to the molar volumes of 
graphite and diamond which are 5.33 and 3.42 
cm*/mole, respectively. It is also very large compared 
to the molar volumes calculated from any of the high- 
pressure, high-temperature gas laws which give values 
in the range of 6 to 25 cm*/mole for 20 kbar, 2400°K. 
It was concluded that either the graphitization reaction 
does not proceed according to the model proposed, or 
that the experiments were too rough to have much 
quantitative meaning. In any case it appears that the 
activation energy of the transformation is of the order 
of the vaporization energy and very high temperatures 
are required to force a reasonable reaction rate. If the 
equilibrium line rises as fast with temperature as in- 
dicated by the Berman-Simon extrapolation shown in 
Fig. 1, very high pressures would be required to force 
the reaction in the diamond direction at such high 
temperatures. 

Hall” has studied in considerable detail the question 
of direct transition from graphite to diamond on the 
basis of reaction rate and thermodynamic stability. 
Using reasonable assumptions of values for the volume 
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and entropy of the activated state he concluded that it 
might be impossible to reach a pressure-temperature 
combination that would give an observable reaction 
rate. This is because the equilibrium pressure probably 
increases more rapidly with the temperature than does 
the reaction rate. 

A possibility for enhanced reaction rate in highly 
organized lattices like graphite and diamond, regard- 
less of high activation energy, is domain or “zipper’’- 
type reaction in which the high activation energy is 
fed from the final to initial phase in an organized manner 
across the wave-front of reaction. If this kind of reac- 
tion were possible, experiments at low temperature and 
relatively low pressure could be considered; or experi- 
ments utilizing shock wave excitation. Berman and 
Simon* describe an experiment carried out with graphite 
at 17 000 atm in the neutron flux of the Harwell reactor 
for nine days. If each neutron collision produced the 
transition of only one carbon atom from graphite to 
diamond this exposure would not have produced any 
observable results, but if one collision triggered the 
conversion of thousands of atoms there should have 
been a measurable amount of diamond phase present. 
The results were negative, but there was also some 
question as to whether the pressure was high enough to 
be well into the diamond stable region. Recently Alder™ 
cited some P—V results on the compression of graphite 
by intense shock waves which indicate that a direct 
transition from graphite to diamond may have been 
attained. 

An alternative approach to the problem was to 
introduce a catalyst or solvent which would effectively 
reduce the activation energy of the reaction. It was well 
known that carbon dissolves readily in metals like iron 
and nickel, and that the energy of solution in these 
metals is far less than the vaporization energy. In 
addition it was probable that the energy of solution of 
carbon in these metals would not increase much with 
pressure. This idea was verified later experimentally 
when it was found that diamond synthesis can be done 
effectively only in the presence of a molten solvent for 
carbon. 

In the work reported in this paper some Group VIII 
elements and their alloys were used. It is recognized 
that the presence of such solvent catalysts can exert 
forces within atomic distances at the phase interfaces 
which are equivalent to external pressures. Theoretical 
and experimental corrections for these internal, inter- 
facial pressures could be topics for future work. 

The question of excess thermodynamic potential 
required to initiate nucleation of the new phase is also 
pertinent. In the case of diamond graphite in the 
presence of Group VIII metal solvent catalysts there is 
very little experimental evidence that nucleation is any 
problem. 


1B. J. Alder (private communication). 
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II. EXPERIMENTAL METHODS 


Apparatus 


Pressure apparatus like the “belt” of H. T. Hall” 
was used in nearly all the experiments. For equilibrium 
studies this apparatus was capable of holding pressures 
up to about 80 kbar and temperatures up to about 
2500°C. Hydraulic presses with accurate pressure 
control were used to apply force to the pistons of the 
pressure vessels. The heat inside the reaction cells was 
generated by electric resistance heating monitored and 
controlled from the outside. Four types of reaction 
cells were used inside the pressure apparatus: (1) 
directly heated rod-and-tube, (2) directly heated 
slugs, (3) indirectly heated slugs, and (4) indirectly 
heated cylinder and sleeve. “Direct heating” means 
passage of the electrical heating current directly through 
the reacting graphite and metal. 


Reaction Conditions 


Experience had shown that diamond synthesis 
occurred readily in the presence of molten Group VIII 
metals or alloys and that best results occurred when the 
metal and graphite were in relatively large pieces 
adjacent to each other."* New diamonds formed at the 
interface area and reaction progressed as the wave front 
of molten metal penetrated through the graphite. The 
wave of reaction always stopped where the local temper- 
ature dropped below the melting point of the metal- 
carbon eutectic. Deep in the original metal slug only 
graphite formed. In the early period of diamond 
synthesis, before good temperature control was estab- 
lished, it appeared that diamonds formed only in 
regions where a temperature gradient existed. Later, 
more carefully controlled conditions proved that a 
large temperature gradient was not essential. More 
uniform temperature conditions also made more 
accurate equilibrium studies possible. 
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Fic. 3. Directly heated cylindrical slug-type cell. 


Cell Geometries and Characteristics 
(a) Rod-and-Tube Cell 


Figure 2 shows the rod-and-tube cell geometry. 
This type of cell was used in making the first rough 
measurements of the position of the diamond-graphite 
equilibrium line. Because it has large axial temperature 
gradients, and very large radial temperature gradients 
it cannot yield refined results. Consequently it, and the 
results obtained with it, will not be presented in this 
paper. It is sufficient to say that the results from this 
type of cell were consistent with the more precise 
data obtained from cells with more uniform tempera- 
ture fields. 


(b) Directly Heated Slug Cell 


A directly heated slug cell is illustrated in Fig. 3. In 
this cell the heating current passed in series through 
slugs of carbon, catalyst metal, and carbon again. 
At temperature, the resistivities of carbon and nickel 
are about 800 and 60 wohm cm, respectively, so that 
most of the heat was generated in the carbon slugs 
and the metal slug was heated largely by thermal 
conduction from the carbon. In a few calibration 
experiments the temperature at the interface was deter- 
mined by placing a thermocouple junction there. 
Temperature calibrations made at 45 kbar are shown 
on Fig. 4. Since the heating power vs temperature 
relationship proved linear up to the limiting tempera- 
ture of the thermocouples it was considered satisfactory 
to extrapolate the line up to the operating power levels 
(1290° to 1570°C). 


(c) Indirectly Heated Slug Cell 


An indirectly heated slug-type cell, (Fig. 5) con- 
sisted of a relatively large diameter carbon-heater 
tube, insulated on the outside by a pyrophyllite cylin- 
der, and contained within it the test slugs of carbon and 
catalyst metal, the latter being isolated from the 
heater tube and end caps by an inert ceramic material 
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Fic. 4. Temperature calibration of directly heated slug cell. 


such as alumina or magnesia. The main features of this 
cell, from the viewpoint of equilibrium studies, were 
the lack of any electric currents in the reactants, and 
a very low temperature gradient in the reaction zone. 
The temperature vs heating-power calibration in these 
cells was determined by running small Pt-PtRh thermo- 
couple wires radially inward to the center catalyst 
slug through small ceramic insulating tubes. The re- 
producibility and self-consistency of the performance of 
these cells was quite satisfactory. 


(d) Indirectly Heated Cylinder and Sleeve Cell 


The geometry of the indirectly-heated cylinder and 
sleeve cells is shown in Fig. 6. This cell was different 
in that the interface between the catalyst metal and 
the graphite was normal to the radius. As the radial 
temperature gradient in this case was very small, this 
design afforded an opportunity to study the equilib- 
rium under nearly ideal uniform temperature conditions. 
Also this cell was very stable mechanically and elec- 
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Fic. 5. Indirectly heated slug type cell. 
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Fic. 6. Indirectly heated cylinder and sleeve cell. 


trically. The presence of the relatively long, thin-walled 
sleeve of catalyst metal minimized irregular fracturing 
and leakage of the ceramic liner between the catalyst 
sleeve and the heater sleeve. Temperature calibration 
was made by introducing thermocouple wires radially 
inward through small insulating tubes. 


(e) Cells with Diamond Seeds 


Many experiments were run with diamond seeds of 
various kinds to see whether new growth would occur 
in the crystal orientation of the seed and whether a seed 
affected the pressure-temperature threshold of growth. 
In some of these experiments the seed diamond was 
placed at the interface between the metal catalyst and 
the graphite; in others it was wrapped in a foil of the 
catalyst metal so that it initially was not in con- 
tact with the graphite phase. The most complete series 
of experiments was run with indirectly heated cells, 
illustrated in Fig. 7, in which the seed diamond was 
embedded: in a mechanical mixture of powders of 
graphite and the catalyst metal. 


Pressure Calibration 


In the experiments reported here the absolute value 
of the pressure in the reaction zone is the least ac- 
curately known parameter. The apparatus does not 
lend itself to a direct determination of cell pressure 
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DIAMOND-GRAPHITE EQUILIBRIUM 


from simple force to area relationships because of 
essential, but complicated, pressure gradients. Pres- 
sure calibrations of the cells were made by substituting 
in the reaction zone of the cell an element containing 
a wire of one of the metals shown by Bridgman" to 
have sharp electrical resistance discontinuities associ- 
ated with phase changes. The transitions most used for 
calibration were Bi(1-2) at 25.2 kbar, TI(1-2) at 
37 kbar, and Ba(1-2) at 59 kbar. These pressure 
values are not the ones Bridgman gave in his resistance 
work," but more accurate ones on the absolute scale 
that he obtained earlier in some compressibility work 
with a different type of apparatus.” This conclusion 
about the pressure scale was arrived at on the basis of 
work reported during 1960 by Boyd and England,” 
by Kennedy and LaMori,” and by Balchan and 
Drickamer.® 

A typical cell-pressure calibration is shown in Fig. 8. 
In addition to small uncertainties of the values of the 
absolute pressures of these metal transitions at room 
temperature there is more uncertainty arising from the 
heating of the cores of the cells in a diamond synthesis 
run. This local heating causes differential expansion and 
readjustment of the internal pressure field. This prob- 
lem has been studied analytically and experimentally 
in attempts to establish limits to the possible values of 
the absolute pressures in the reaction zone under hot 
operating conditions. From these studies it has been 
concluded that the cell pressures under reaction 
temperature conditions are probably less than 10% 
different from those at room temperature. The change 
of pressure inside a cell when heated at constant 
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Fic. 8. Calibration of cell pressure vs press load on 0.350-in. 
diam cells. 
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Fic. 9. Experimental P, 7 thresholds of diamond formation in 
directly heated slug cells. (‘‘D”’ Ni contains 4.5% Mn plus traces 
of Cu and Fe.) 


external press force undoubtedly depends on the de- 
tailed cell geometry and the particular materials of 
which it is made because of variations of hardness, 
compressibility, thermal conduction, etc., with temper- 
ature. For this reason some discrepancies have ap- 
peared between series of experiments in which con- 
siderably different reaction cells were used. The temper- 
atures used in this report were taken directly from 
thermocouple emf’s using the standard millivolt tables. 
It is recognized that pressure affects the emf of thermo- 
couples. Corrections for A7’s of 100°C in pressure 
fields up to about 70 kbar have been measured by 
Bundy” for a number of thermocouple materials. 
The corrections required for the A7’s of 1200° to 2200°C 
in the pressure fields of 40 to 80 kbar required for 
diamond growing are not known. Until a method is 
devised for determining the corrections the standard 
millivolt table values will have to suffice. 


Ill. RESULTS 
Directly Heated Slug Cells 


The series of experiments with these cells (Fig. 3) 
were run to find the minimum temperatures and pres- 
sures at which diamonds would form from graphite 
using: different catalysts. The heating powers were 
adjusted in each case to just melt a skin of metal at 
the interface, but not the body of the metal slug. In 
some cases the control was so close that only one small 


’ diamond crystal grew in the center of each interface. 


The results of these experiments are summarized in 
Fig. 9. Agreement with the Berman-Simon extrapola- 
tion is seen to be quite good. 


 F. P. Bundy, J. Appl. Phys. 32, 483 (1961). 
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Fic. 10. Experimental data for platinum solvent catalyst in 
indirectly heated slug cells in terms of heating power (tempera 
ture) and press load (pressure). 


Indirectly Heated Slug Cells 


The procedure for this type cell (Fig. 5) was to 
compress to the desired pressure at room temperature; 
bring the heating power up to slightly below the melting 
threshold and hold until thermal equilibrium was 
nearly established; quickly raise the heating power to 
the value for the run; hold 3 min; quench the power and 
unload. The cell was then removed and inspected for 
diamond formation. As an example, the raw data from 
the runs with Pt catalyst are shown in Fig. 10 where 
press load (cell pressure) is plotted against heating 
power (cell temperature). Each circle represents an 
experiment and the fraction of the circle which is shaded 
shows the fraction of the graphite which was converted 
to diamond. 

The procedure described above is pictured in Fig. 10 
as an approach to an operating point from the left, 
such as by the path AB. Most of the tests were run in 
this way. However, there was the possibility, since 
diamonds form so rapidly, that in increasing the temper- 
ature from A, through B and H, to G, for example, 
diamonds formed during the transient passage of the 
diamond forming zone would persist into the unstable 
region, G. To avoid this, some runs were made by 
approaching the operating point from below, such as 
path CDE, or from the right as in path CFGH. In the 
diagram all the points were approached from the left 
except those marked otherwise with arrows. 

The experimental results outline an area of diamond 
synthesis which has fairly sharp boundaries. The 
scatter of diamond-yield and no-diamond-yield points 
near the boundary is a result of small variations in 
sample distortion, heating power setting, etc., which 
were beyond control. 


TRONG, AND WENTORF 

Groups of experiments like shown in Fig. 10 for Pt 
were run for Rh, Pd, “A”Ni, and carbonyl Fe.” A 
summary of the results is presented in Fig. 11 in terms 
of pressure and temperature. The “line” established 
by the high-temperature sides of these area appears 


to agree quite well with the extrapolation of Berman and 
Simon. 


Indirectly Heated Cylinder and Sleeve 


This type of cell (Fig. 6) offered excellent tempera- 
ture stability vs time as well as very low temperature 
gradient in the reaction zone. The individual experi- 
ments ran from 15 to 120 min, each, with most of them 
held for the shorter times. Ni was used as a catalyst 
for the region between 55 and 61 kbar where most of 
the data were taken, and alloys of Ni, Fe, and Cr were 
used for lower pressure tests. 

A summary of the results is presented in Fig. 12 
where the solid data points indicate some degree of 
diamond formation. The high-temperature boundary 
of the diamond forming zone is quite distinct. The low- 
temperature boundaries are just as sharp and are set 
approximately by the melting of the graphite eutectic 
of the catalyst or solvent metal. 


Diamond-Seeded Cell, Indirectly Heated 


A number of different experiments were done with 
diamond seeds. The most complete and systematic set 
of experiments was done with the cell shown in Fig. 7. 
In the tests the cell was compressed to a given pressure, 
heated to a preassigned temperature for 10 min, then 
quickly cooled and unloaded. The seed diamond was 
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Fic. 11. P, T zones of diamond formation for different metal 
solvent catalysts as determined in indirectly heated slug cells. 


2 The Pt, Rh, Pd, and Fe were of CP grade. “A” Ni is com- 
mercial “pure” electrolytic Ni. It has at least 99.4% Ni with 
remainder Co and traces of Cu and Fe, 
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Fic. 12. Experimental data obtained from indirectly heated 
cylinder and sleeve cells. 


examined for diamond growth, no reaction, or etching. 
The results are shown in Fig. 13. 

Experimentally the line of demarcation between 
growth and etching of the seed diamonds under these 
conditions was quite sharp, just as in the case of 
spontaneous growth. The new growth on seeds con- 
tinued the same lattice orientation as the seed but it 
generally had a different color. When a seed with new 
growth was cleaved the boundary between the seed 
and the new material was sharply defined. On the other 
hand, when the temperature was too high for a given 
pressure the seed partially dissolved and showed etched 
and pitted surfaces. 

This particular series of experiments indicated that 
with Ni solvent, added growth to diamond seeds could 
be accomplished at about 49 kbar, whereas spontaneous 
nucleation and growth of diamonds in the same cell 


TABLE I. Graphitization of diamond with 
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Fic. 13. Results of experiments on growth and dissolution of 
diamond seeds. 


would not occur below about 55 kbar. This result was 
not repeated when diamond seeds were placed in cells 
of the type shown in Fig. 6. In the latter case diamond 
seeds (either natural or synthetic) would not grow 
until the temperature-pressure conditions were the 
same as required to produce spontaneous growth. This 
is an example of the possible uncertainty of actual 
pressures in cells of different geometry and contents. 


Direct Graphitization of Diamond at High Pressures 


Some tests on direct graphitization of diamond, with- 
out catalyst, at high pressure have been carried out. 
Indirectly heated cells were used. Results which have 
been obtained from diamond powder enclosed in 
alumina containers are listed in Table I. The first run 
showed that the equilibrium line runs lower than 
1490°K at 33 kbar. Runs 4 and 5 showed that at 55 
kbar the line runs between 1620° and 2420°K, closer 
to the former. Run 7 showed that the natural and 


Results 


some graphitization 

no graphitization; two experiments 
no graphitization 

no graphitization 

complete graphitization 

slight graphitization 


slight graphitization in each compartment 


considerable graphitization 
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Fic. 14. Summary of P, T zones of diamond formation by all 
methods of this report. [HS means indirectly heated slugs; IHC 
and S means indirectly heated cylinder and sleeve; seeds means 
growth or dissolution of diamond seed crystals. 


synthetic diamond material act the same in regard to 
graphitization, while runs 6, 7, and 8 together show 
that at 61 kbar the equilibrium line runs slightly below 
1970°K. 

IV. SUMMARY AND DISCUSSION 


The results of all the different kinds of tests described 
in this report are put together in Fig. 14. The spread in 
the results of the more precise experiments may be due 
to the variation in the actual operating pressures in the 
cells because of their different geometries. All pressure 
calibrations were made at room temperature. The way 
the pressure in the reaction zone may have varied as 
the temperature was increased to reaction conditions 
may have been different in the various cell geometries. 
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Fic. 15. Comparison of the most probable location of the ex- 
perimental equilibrium line with the theoretical predictions. 


Another interesting possible anomaly is the differ- 
ence in positions of the Rh and Pd areas. These two 
series were run in the same kind of cell under essentially 
identical conditions, yet there seems to be a definite 
displacement of the Pd zone toward higher temperature. 
If this difference is real, then it becomes probable that 
the various “catalysts” do effect equivalent pressures 
within atomic distances in the local reaction zones. 
There is a similar, but smaller, difference in the zones 
for ‘‘A”Ni and carbonyl Fe. 

However, looking at Fig. 14 as a whole, allowing for 
the experimental uncertainties, there appears to be a 
fairly definite high-temperature limit to the diamond- 
synthesis zone which, if exceeded, results in dissolution 
and graphitization of the diamond phase to form 
graphite. This threshold temperature increases linearly 
with the pressure. The wavy line drawn on the graph 
shows the most probable position of this line. The re- 
sults of the experiments on graphitization of diamond 
without catalyst also fall on this line. 
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DIAMOND-GRAPHITE 


Figure 15 presents the experimental line in relation 
to the thermodynamically calculated line (up to 
1200°K), along with the Berman-Simon theoretical 
extrapolation. The experimental line is linear like the 
Berman-Simon extrapolation and matches it within 
experimental error. 

Berman and Simon, in their paper,® present the best 
values of AH® (heat of transformation), AS° (change of 
entropy), and AG®° (change of Gibbs free energy) for 
the transformation of graphite to diamond at zero 
pressure and temperatures from 0° to 1200°K. They also 
give the gram atomic volumes of graphite and diamond 
for zero pressure and the same temperature range. From 
consideration of compressibilities and possible thermal 
expansion coefficients at pressure they deduced the 
change in volume at pressure and temperature, AV 7’, 
and found the corresponding pressure required to make 
the change in free-energy zero. This would be the 
equilibrium pressure for the temperature. Their results 
are summarized in Table II and presented as the solid 
line from 0° to 1200°K in Fig. 15. It is interesting that 
the AV,” at the equilibrium remains practically con- 
stant. In making their extrapolation they could find no 
reason to expect any appreciable variation from this 
value of AV,7? at equilibrium on up to much higher 
temperatures and pressures. 

In their paper Berman and Simon base their extrap- 
olation on the assumption that the variation of AV 
between graphite and diamond at equilibrium condi- 
tions does not vary significantly with P and T so that 
the equilibrium pressure is given by 


PAV7"=AGr°. 
Then the slope of the equilibrium line would be 


dP/dT= (1/AV,y) (@AG7°/AT). 
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They then show that dAGr°/dT is constant if the 
difference of the specific heats at constant pressure 
remains zero. The best experimental data indicate 
that this is very nearly the case. They also present good 
experimental evidence that AGr° behaves normally 
and in a known manner up to temperatures as high as 
our experiments have been carried. 

The slope of the Berman-Simon extrapolation is 
0.0273 kbar/deg, as compared to that of our experi- 
mental line, as drawn, of 0.0302 kbar/deg. This differ- 
ence is well within our possible experimental error so no 
discussion of the difference is in order. From the close 
agreement between the experimental results and the 
theoretical extrapolation it may be concluded that the 
difference in the molar volumes of diamond and 
graphite remain practically constant at 1.77 cc/g atom 
along the equilibrium line. 

Extension of experimental data on the equilibrium 
line to higher pressures and temperatures will be diffi- 
cult mainly because of melting or reaction of available 
cell-wall materials. There will also be some problems 
involved in getting to the higher pressures required by 
the higher temperatures. One would expect the dia- 
mond-graphite equilibrium line to terminate in a triple 
point for diamond-graphite-liquid at some temperature 
above 4000°K since the graphite-liquid-vapor triple 
point has been shown to be at about 0.12 kbar and 
4000°K.?! More will have to be learned about graphite 
and liquid carbon at high pressures before the high 
triple point can be established with reasonable accuracy. 
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A theory applied specifically to the problem of the vibrational polarization of liquids is presented, and a 
detailed discussion is given of the vibrational polarization terms in isotropic condensed states. 


I, INTRODUCTION 


{ pw transition of the molecule from the isolated 
state to the state where intermolecular forces are 
strong enough to lead to condensation is accompanied 
by alterations in the vibrational polarization that are of 
two types. First, the polarization terms which exist for 
the isolated molecule will in general be modified by the 
intermolecular forces. Second, polarization terms as- 
sociated with the system of molecules in strong mutual 
interaction, and not present in the case of the isolated 
molecule, may arise. In dense gases and in liquids, the 
polarization is isotropic for a macroscopic sample. In 
crystalline solids, the crystal field forces are in general 
anisotropic, and, consequently, anisotropic polarization 
terms may occur. 

The alteration in the atomic polarization upon pas- 
sage from the gas to the liquid that must in general be 
expected has not been generally recognized. The prob- 
lem of the vibrational polarization of gases has been 
treated in a previous paper, Part I.! The present 
work concerns jitself with a detailed discussion of the 
vibrational polarization terms in isotropic condensed 
states and the development of the theory specifically 
applied to the problem of the vibrational polarization 
of liquids. 


II. THEORY 


In the liquid or solution state, the rotational fine 
structure is pressure broadened. As a consequence, the 
subsequent considerations will be concerned with the 
vibration-rotation band in which all rotational fine 
structure has been erased. Consider now a given 
absorbing molecule in its environment of nearest 
neighbors, which determine a sphere of radius negligible 
with respect to the wavelength of the external oscillating 

* This research has been supported in part by the Office of 
Naval Research. Reproduction, translation, publication, use or 
disposal, in whole or in part, by or for the United States Govern- 
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electric field. An assembly of such molecules surrounded 
by their nearest neighbors, either molecules of their own 
kind or solvent molecules, is characterized by the band- 
center absorption frequency for the vibrational transi- 
tion nen’, v(n’, n), and the integrated absorption 
intensity. It is now supposed that the absorbing mole- 
cule retains its identity upon passage from the gaseous 
to the condensed state and is characterized by the set 
of wave functions y, and the dipole moment M; both 
¥, and M may be functions of the configurations of the 
molecule with respect to its neighbors. 

If a nonquantized average over all rotational states is 
performed on one of the terms P(n, n’) in the general 
equation for the vibrational polarization, Eq. (9), 
Part I, one has for the polarization term associated 
with the transition n—n’ of the N, molecules in the 
state m, and the transition n’—n of the N,, molecules 
in the state n’, 


D | (n| Mn’) Pn 
b,b/ 
Ny)— (1) 





P( " ry 
n,n’) =—(N,— . 
9h y(n’, n) 


where the average is taken over all molecular configura- 
tions, and where the summation over 8, 6’ corresponds 
to the sum over all the b=6, degenerate sublevels of the 
vibrational state m, and the b’=b,, degenerate sublevels 
of the state n’. 

Experiment shows that upon transition from the 
dilute gas to the liquid or solution phase the vibrational 
transition frequencies v(n’, m) of the absorbing species 
are altered. This points to an alteration in the positions 
of the vibrational energy levels upon change of the 
environment of the molecule. In general, this results 
in a change in the populations of the vibrational states 
at a given temperature, such that the term (V,—N,,) 
in Eq. (1) will change on going from the gas to the 
condensed state. Since, however, the observed fre- 
quency shifts are commonly small compared to v9(n’, n) 
for the isolated molecule and the populations have an 
exponential dependence upon frequency, the alteration 
in (V,—N,,) is negligible to a good approximation. The 
remaining quantity in Eq. (1), the vibrational matrix 
element, will similarly in general be different for the 
isolated molecule and the molecule in the condensed 
state. The vibrational matrix element may be expressed 
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by the general relation 


Elm ae |) P=] frseatare de] 


a=X, y; Zz, (2) 


where Ma= >>: e#iq and e; is the charge of the ith 
particle located at the position r;, in terms of the 
internally fixed a coordinate. 

The alteration in the vibrational energy levels, as 
manifested in the change of the terms v(m’, m), indi- 
cates that the vibrational wave functions y, and yp», are 
different in the gas and the liquid. The distortion of the 
charge distribution of the absorbing molecule by the 
field of the surrounding molecules in the condensed 
state will lead to an alteration in the vector dipole 
moment M,. These changes in Y,, Yn’, and M, cause an 
alteration of the vibrational matrix element, as is 
evident from Eq. (2). In particular, one or more of the 
terms in the sum over « on the right-hand side of Eq. (2) 
may become nonvanishing in the condensed state. In 
this case, a vibration infrared inactive in the case of the 
isolated molecule becomes infrared active in the con- 
densed state and results in an additional vibrational 
polarization term P(n, n’) absent in the gas at low 
pressures. As an example, one may cite the skeletal 
vibration modes of benzene with frequencies at 403 and 
610 cm~, which are not observed in the gas but which 
appear in the liquid owing to the distortion of the 
symmetry of the isolated molecule.’ 

Equation (1) is completely general, being applicable 
to any type of vibrational transition nn’. The intro- 
duction of harmonic oscillator selection rules, limiting 
the allowed transitions to a specified set, and expression 
of the quantities in Eq. (1) in terms of their special 
values for the harmonic oscillator, allows one to write 


P(%, u%+1) 
n+ 1) |? 
——, (3) 


> | (U% 





8 
‘ oly (me) —N(n+1)] 


Wk 


where % is the vibrational quantum number and a, is 
the harmonic frequency of the kth normal mode of 
vibration. Although the harmonic oscillator selection 
rules do not apply rigorously to the case of a liquid, it 
is useful to give the vibrational polarization term as a 
function of the derivative of the molecular dipole mo- 
ment with respect to the normal coordinate, (du/0Qx)o, 
in order to discuss more fully the effect of the transi- 
tion from the isolated molecule to the molecule in the 
liquid state. 

The total harmonic oscillator vibrational polarization 
term associated with the &th normal mode of vibration 
has been given in Eq. (54), Part I, in terms of the 


2 E. K. Plyler, Discussions Faraday Soc. 9, 100 (1950). 
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dipole moment derivative 


P(AyN,=1) = > P(%, idl eee 


vp=0 Wk 


1 . Se Be 
2 \a0,/o 


(4) 


Combining Eq. (4) with Eq. (53), Part I, one has 
P(Ay,=1) in terms of the normal mode polarizability 
(0 a | 1);, 1.€., 


Tes Ad (uk, - 


P(An,= 1) ——(0|a (5) 


(0| a} 1) ai (6) 

127° Wy” JQ; 0 

It is now possible to examine the variations of 
P(Am%=1) and (0|q@|1), upon the transition from 
the dilute gas to the liquid in terms of the quantities in 
Eqs. (4) to (6). The change in the vibrational fre- 
quencies, w, in the harmonic oscillator approximation, 
has already been mentioned. Since, however, Aa,<o,", 
the harmonic frequency for the isolated molecule, the 
term S’(a#, ge) will remain approximately constant in 
the passage from the gas to the liquid. The major 
alteration of the polarization term and the normal mode 
polarizability is consequently associated with the 
change in (0u/0Q,)o. The effect of intermolecular forces 
upon an isolated molecule introduced into its environ- 
ment in the condensed state, comprised of either 
molecules of its own kind in the pure liquid or of solvent 
molecules, is twofold: (a) the potential energy V as a 
function of the normal coordinate Q;, V(Q,), will in 
general change, and (b) the total molecular dipole 
moment yw as a function of Q;, u(Q;), will in general 
change. Because of the alteration in the function 
V(Qk), the value of the normal coordinate at the 
equilibrium position of the nuclei (Q;)o defined by the 
condition [0V(Qz)/dQi]=0 for Qx=(Qx)o, will be 
altered. This is a reflection of the fact that the equi- 
librium geometry of the molecule in the condensed 
state may differ from that of the isolated molecule. 
Also concomitant with an alteration of V(Q,) is the 
change in the second derivative of the potential energy 
with respect to Q;, taken at the equilibrium position, 
[8°V(Q,)/8Q2 ]o. Since the harmonic frequency «x 
varies as this derivative, w, will in general change upon 
a change in V(Q,) on going from the gas to the liquid. 
Finally, the change in V(Q,) for each of the normal 
modes of a polyatomic molecule gives rise to the possi- 
bility that the form of a given normal mode may 
change in the transition from the gas to the liquid. 
This is to say that the geometrical rane of the vibra- 
tional distortion and the associated amplitudes of the 
various nuclei involved in a given normal mode may in 
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general be different in the condensed phase as com- 
pared to the gas. 

The electric field produced at a specified absorbing 
molecule by the molecules that surround it in the con- 
densed phase leads to a redistribution of the charges in 
the given molecule and gives rise to an induced moment. 
In the condensed state, the influence of the surround- 
ings will be most marked upon the peripheral regions of 
the molecular charge distribution, corresponding to 
large values of the coordinates r; in Eq. (2). Owing to 
the dependence of the moment components M, on r;, 
the distortion of the charge distribution in the peri- 
pheral region may be very important in determining 
the change in M,, and because of the dependence of 
(Ou/0Q,)o on the dipole moment function u(Q,), may 
be decisive for the change of this derivative from the 
gas to the condensed state. Because the paramount 
influence of the molecular environment is on the 
peripheral region of the charge distribution, it is pos- 
sible, as has been pointed out by Coulson,’ that inter- 
molecular forces of association may be more effective 
in altering (du/0Q,)o than intramolecular forces of 
chemical binding, even though the latter are ener- 
getically much larger than the former. 

To this point, the modifications, due to intermo- 
lecular forces, of polarization terms existing for the 
isolated molecule have been discussed. It remains to 
point out that in the case where strong molecular inter- 
action exists, polarization terms completely absent 
for a system of isolated molecules may arise for the 
system at higher densities. This is due to the possibility 
of the formation of molecular species, exhibiting dis- 
tinct dielectric properties, which do not exist in the 
system of isolated molecules. Strong intermolecular 
forces may produce dimeric and higher polymeric 
species held together by molecular interactions strong 
enough for these species to act independently in their 
response to an applied external electric field. Aside 
from the changes in the vibrational polarization due to 
the reduction of the concentration of the monomeric 
species which this formation of dimers and higher poly- 
mers produces, it may consequently introduce new 
polarization terms. Thus, an entirely new set of vibra- 
tional polarization terms, associated with the vibra- 
tional modes of the polymeric species, will arise. Strong 
dipole-dipole interactions may often be of sufficient 
magnitude to produce these effects. The special case of 
the very strong molecular interaction exhibited by the 
hydrogen bond is known to lead to the occurrence of 
these effects. Vibrational transitions, active in the 
infrared, attributed to intermolecular vibrations have 
been observed in the case of H.O,‘* of HCOOH, and 


3C. A. Coulson, Spectrochim. Acta 14, 161 (1959). 

4E. K. Plyler and N. Acquista, J. Opt. Soc. Am. 44, 505 (1954). 

5M. Ceccaldi, M. Goldman, and E. Roth, Coll. Spectrosc. 
Internat. VI (Amsterdam, 1956), Spectrochim. Acta Suppl. 
1957, 623. 
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CH;COOH,'® and possibly in the case of the molten 
lithium halides.’ 

The foregoing considerations apply to the effects of 
molecular interactions upon the vibrational transitions 
of an absorbing molecule. Associated with these effects 
there exists, moreover, in the measurement of the 
interaction of macroscopic systems with external 
electric fields, the internal field effect. This effect 
causes the quantities measured to differ from those 
relevant to the assembly of absorbing molecules in their 
nearest-neighbor environments. The quantities for the 
microscopic molecular system as defined are related to 
the measured quantities by the internal field expression, 
giving the internal field relevant to a given transition 
noon’, E,(n, n’), as a function of the macroscopic field 
in the material E(n, n’). Both these effects may con- 
tribute to an alteration in the vibrational polarization 
terms upon passage from the gas to the liquid. In 
particular, the accidental equality of E,(n, n’) and 
E(n, n’) for a given transition is not sufficient to ensure 
the identity of the associated terms P(n, n’) for the 
gaseous and the condensed state. 


Derivation as a Function of the Vibrational 
Intensity 


The absorption coefficient at a given frequency, 
A(v), is defined by Lambert’s law, 
1 Iy(v) 
A(v) = — In—_, 
L v) 
where /o(v) is the initial intensity of a parallel beam of 
radiation of frequency v and /(y) its intensity after 
having traversed a length L of an absorbing sample. 
In differential form, Eq. (7) is given by 


—dI(v)=A(v)I(v)dL, (8) 


where —dI/(v) is the decrease in the intensity of the 
radiation beam owing to its passage through an 
infinitesimal layer of sample of thickness dL. This 
decrease in intensity is related to the absorption process 
in an infinitesimally small region at the site of the 
absorbing molecule, while it undergoes transitions 
between the states m and n’, by the following relation: 


—dI(v)= 


8x’ oe Rite 
(Mn— Mn’) v(n’, n) pfv(n’, n) | 
she 


XD | (n| M|n’) (9) 
b,b/ 


where MN, and I, are the number of molecules per cm* 
in the state m and n’, respectively. The time average 
radiation flux density, at the frequency v(n’, n), in an 

®°T. Miyazawa and K. S. Pitzer, J. Am. Chem. Soc. 81, 74 
(1959). 

‘W. Klemperer, paper presented before the High Tempera- 
ture Symposium, American Chemical Society, Boston, Massa- 
chusetts, April 8, 1959. 
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infinitesimally small region enclosing the absorbing 
molecule is denoted by pv(n’, n) |, and the other 
symbols have the meanings previously given to them. 
From electromagnetic theory, it can be shown that the 
radiation flux density p(v) can be written as 


(10) 


1 
p(v) =F), 


where E(v) is the appropriate field intensity at the 
frequency v. The term pi[v(n’, n) ] in Eq. (9) char- 
acterizes the time average radiation flux density in the 
region, associated with the internal field E,(, n’), en- 
closing the molecule. Applying Eq. (10) one has, there- 
fore, for this term 


piLr(n’, »)]=—-EA(n, n’). (11) 
4” 

The final intensity of the radiation beam, /(v), in 
Eq. (8) is related to the macroscopic time average 
radiation flux density in a vacuum, po(v), by the simple 
relation 

; Cw , 
I(v) =cpo(v) = pak n’), (12) 
where the second equality results from the application 
of Eq. (10). Here Eo(m, n’) is the field intensity in a 
vacuum at the frequency v(m’, n), and c is the velocity 
of light in a vacuum. 

Combination of Eqs. (8), (9), (11), and (12) finally 
yields the general expression for the absorption co- 
efficient A(v)(n, n’) associated with the vibrational 
transition nw ; 


A(v) (n, n’) 


8x* a 
Sects -(Ma— Nn )v(n’, n) >, | (| M | ” ) 
3he b,b/ 


Equation (13) may be applied to both gaseous and 
condensed systems. In the limit of zero pressure, the 
ratio E?(n, n’)/E¢?(n, n’) tends toward unity for the 
dilute gas. Applying Eq. (13) to the gas at low pres- 
sures, denoting the quantities for this system by the 
superscript G, and alternatively to the liquid or solution 
phase, denoting the relevant quantities by L, one 
obtains the general relation for the integrated intensity 
ratio A¥(n, n’)/A@(n, n’); 


A¥(n, n’) _ (Na— Tw) LyL(n’, n) 
A@(n,n')  (Ma—Mn) 4 (n’, n) 


> | (n| ME | n’) |? 
bb 





E?(n, n’) 


XS] (in| M?|n) Ff Est(n, n') 


b,b/ 


(14) 
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It is seen that this ratio depends upon several 
factors: (a) the change in the distribution of molecules 
among vibrational energy levels from the gas to the 
liquid at constant temperature, (b) the change in the 
absorption frequency, (c) the difference between the 
vibrational matrix element for the isolated molecule 
and the averaged quantity |(m|M*\n’)|,? for the 
condensed system, and (d) the square of the ratio of 
the internal field to that in a vacuum. Perhaps the 
least serious approximation that may be made in order 
to simplify Eq. (14) is to set the ratio of the population 
differences equal to unity. Although there may exist a 
change in the positions of the vibrational energy levels 
upon passage to the condensed state, these relatively 
small changes do not lead to an appreciable change 
in the population differences since their dependence 
on Ar is exponential through the Boltzmann factors. 
As a consequence, to a good approximation, one may 
reduce Eq. (14) to the form 
A*(n, n’) 


G , 
A“(n,n') 


ve (n’, n) >, (n| M"| 1’) |?! 
| bb |E?(n, n’) 
| v9(n’, n) >, | (n| M@\n’) 2 | Ee(n, n’) 


b,b/ 


(15) 


In principle, A%(n, 2’), A*”(n, n’), and v@(n’, n), 
v'(n’, n) are separately measurable; but the remaining 
quantities in Eq. (15) are not directly susceptible to 
measurement. The formulation of E?(n, n’) /Ee(n, n’) 
will usually depend upon the assumption of an internal 
field describing the modification of the externally 
applied field by the environment of the absorbing 
molecule. The alteration of the matrix element from the 
gas to the liquid can be calculated only upon solution 
of the problem of the perturbation of the vibrational 
transitions of an isolated molecule by its molecular 
environment in the condensed phase. The formal as- 
sumption that the quantity in brackets in Eq. (15) is 
unity reduces Eq. (15) to the fundamental relationship 
used by Polo and Wilson’ in their treatment of the 
gas-liquid intensity ratio. 

Employing the constancy of the Poynting vector, 
one may write 


E,’(n, n') = E*(n, n’)n(v), (16) 


where E(n, n’) is the macroscopic field strength in the 
dielectric of refractive index m(v) surrounding the 
absorbing molecule. If Eq. (16) is substituted into 
Eq. (14) and the assumptions are made that (a) the 
terms | (m| M¥|n’) \,? and | (n | M@|n’) ? are equal, 
(b) the population of upper vibrational states is 
negligible with respect to that of the vibrational ground 


8S. R. Polo and M. K. Wilson, J. Chem. Phys. 23, 2376 (1955). 
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state, and (c) the internal field is given by the Lorentz 
internal field expression, an equation identical to that 
derived by Ferguson’ from classical dispersion theory 
is obtained. 

Making use of Eq. (16), one may write Eq. (13) as 
follows: 


n(v)A 


3 


Sr 
=—(Nn— Mn) v(n', n) >> | (n| M|n’) |a/ 
3hc bb! 


(v) (n, n’) 


E?(n, n’) 


“En, 0’) 

(17) 
Division of both sides of Eq. (17) by v°(n’, n) and 
integration over all frequencies v yields 


1 co 
——..| A(v) (n, n’)n(v) dv 
y(n’, n) Jo 


> | (n| M| 0’) |x? 
873 b,b/ 
=—(Na— Na’) 
3he- 


E?(n, n’) 
(18) 
p(n’, n) E?(n, n’) 
Combination of Eqs. (1) and (18) now allows one to 
write 


P(n, n’) 


Vac 1 E*(n, n’) (@ ’ 
Ay Lhe | A(v)(n, n’)n 


(v) dv. 
3m? v?(n’, n) E2 (n, n’)Jo tie 


(19) 

Equation (19) is the general equation giving the 
vibrational polarization term P(n, n’) in terms of the 
vibrational intensity. It is evident from this relation 
that P(n, n’) for absorbing molecules in an isotropic 
condensed phase depends not only on the frequency 
and the intensity of the transition but also on the index 
of refraction and the internal field ratio relevant to the 
given transition. In the special case of the gas at low 
pressures, the special values n(v) = 1 and 


E*(n, n’) /E?2( 


hold to good approximation, and the dependence of 
P(n, n’) on these latter variables vanishes. 


(n, n’) =1 


Derivation as a Function of the Index of Refraction 


In treating the contribution of vibrational transitions 
to the index of refraction at zero frequency, one may 
define a quantity A(my?—1) as follows: 

A(ny?— 1) =lim {Mey’?(v) —1} —lim {nz*(v) —1}, 


0 


(20) 
eae) 

where Ngy(v) is the value of the index of refraction, at a 
frequency v, including the contributions of all electronic 
and all vibrational transitions, and ng(v) is the 
analogous term including the contributions of all the 
electronic transitions alone. The term A(ny*—1) is 
composed of the summation of terms A[n?(n, n’) —1] 
associated with the vibrational transitions nn’, i.e., 


A(ny’?—1) = pS Af[n?(n, n’) — 1]. (21) 
n,n! (n'#n) 
°F. E. F 
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The Kramers-Kronig relation” may now be applied 
to the vibrational transition nn’, yielding the relation- 
ship between the increment A[m?(n, n’) —1]=Ae’(n, n’), 
associated with this transition, and the contribution to 
the imaginary part of the dielectric constant as a 
function of frequency e’’(v) (n, n’), 


22 1 
A[n?(n, n’) —1 |= Ae’(n, n’) =-/ é’(v) (n, i. (22) 
To Vv 


There exists a general relation" between ¢’’(v) (, n’), 
the absorption coefficient for the transition A (v) (7, n’), 
and the index of refraction n(v), namely, 


un 


é’ (v) (n, n’) =— —A(v) (n, n’). (23) 


Combination of Eqs. (22) and (23) provides a rela- 
tionship between the increment in the index of refrac- 
tion associated with a vibrational transition nn’, and 
the integral involving the absorption coefficient and 
the index of refraction as a function of frequency, i.e., 


n(v) 


A[n?(n, n’) — eS [4 (v) (n, n’) r dv. (24) 
0 


If the assumption is now made that the following 
equality holds: 


A(v) (n,n owas 


“@ 


aol A(v) (n, n’)n(v) dv, 
n) 

(25) 
the vibrational polarization term P(n, n’) can be 
expressed in terms of the contribution to the index of 


refraction. One has from the combination of Eqs. (19), 
(24), and (25), 


*(n, 
E?(n, 


Equation (26) is the general equation relating 
P(n, n’) to the contribution to the refractive index. 
As previously, in Eq. (19), the relation between the 
molecular quantity P(m, n’) and a macroscopic quan- 
tity n(v) involves the internal field ratio. For the case 
of a gas at low pressures, Eq. (26) simplifies, owing to 
the well-founded approximation E(n, n’)=E,(n, n’), as 
the pressure approaches zero. 


P(n, nate pala, n’)—1]. (26) 
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The contribution, to the total vibrational polarization, of transitions forbidden by harmonic oscillator 
selection rules is examined for the case of polyatomic molecules in the gaseous state. Numerical calculations 
are given for a number of molecules. In connection with these results, criteria are developed for the com- 
pleteness of the treatment, developed in a previous paper, taking into account the anharmonicity of the 
vibrations but limiting the contributions to those associated with transitions allowed by harmonic oscillator 
selection rules. The present work permits one to‘draw conclusions as to the applicability of this approxima- 


tion to a given polyatomic molecule. 


T: E problem of the vibrational polarization of gases 
has been treated in a previous paper,’ hereafter 
referred to as I. In this treatment, the vibrational 
polarization has been calculated in several degrees of 
approximation. Subsequently, the treatment was ex- 
tended to the case of liquid systems in Part II.’ It was 
shown in I that the approximation allowing for the 
anharmonicity of the vibrations but limiting the total 
vibrational polarization to the contributions associated 
with fundamental vibrational transitions is a good ap- 
proximation for diatomic molecules. This treatment 
leads to Eq. 1(36), the general limiting case of the 
anharmonic oscillator rigid-rotor expression for the 
polarization associated with the transition 0cn’= 
(0, O+ + +O )e> (ay’, 09"+ + +24), namely, 


P (Av = jx) = (Vine/ 3m?) {CA (An, Je) ] v (n’,0) \ ; (1) 


where A (An, =j,) is the experimental integrated band 
intensity in the vicinity of v(m’, 0), the center of the 
vibration-rotation band; V,, is the molar volume, and ¢ 
is the velocity of light. 

The summation of individual polarization terms 
P (An =jx) in Eq. (1) was then limited to fundamental 
vibrations, i.e., to j,=1, and taken over all k normal 
modes of vibration, that is to say, over all the transi- 
tions allowed by the selection rules for the harmonic 
oscillator approximation. It is of interest to examine 
the completeness of this approximation, for the case of 
polyatomic molecules in the gaseous state, in the light 
of numerical calculations of the contribution to the 
vibrational polarization associated with transitions 


* This research has been supported in part by the Office of 
Naval Research. 

+ This paper represents a part of the work submitted by Dr. 
Karl H. Illinger to the Graduate School of Princeton University 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy. Portions of this paper were read before the Ameri- 


can Chemical Society, Physical Chemistry Division, New York, : 


New York, September 12, 1960. 

t General Electric Fellow in Chemistry, 1958-1959. Present 
address: Department of Chemistry, Tufts University, Medford 
55, Massachusetts. 

1K. H. Ilinger and C. P. Smyth, J. Chem. Phys. 32, 787 (1960). 
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forbidden by the harmonic oscillator selection rules. As 
was pointed out in I, the increased complexity of the 
case of polyatomic molecules and, in particular, the 
prevalence of Fermi resonance between upper states 
associated with a fundamental and a forbidden transi- 
tion, render the completeness of the summation ex- 
cluding the forbidden transitions in this case less 
unequivocal than in the case of diatomic molecules. 
Because of this, an assessment of the numerical values 
of the vibrational polarization contributions of for- 
bidden bands is necessary for further conclusions re- 
garding this point. 

The total vibrational polarization P(Av) of a mole- 
cule, in the anharmonic oscillator rigid-rotor approxi- 
mation, may be obtained by performing a nonquantized 
average over all rotational states on Eq. 1(9) and a 
subsequent summation of the resulting equation over 
all upper states n’, yielding the general expression 


P(dv)=>o{ D> Pla, n’)} 


n  n!(n’¥n) 


= (8r/98) | ba (Nn— Nn‘) D050" | (n |M |n ) +t 


n \n'(n/#n) y(n’, n) 


(2) 


where the terms |(z|M |n’)| denote the vibrational 
matrix elements for the transitions 


neon’ = (04, V2 + + Uq > (01, Ve! ++ +0’), 


which are associated with absorption bands with band 
center frequencies y(n’, n); NV, and N, are the number 
of molecules in the states ” and n’, respectively, and h is 
the Planck constant. The summation over 8, b’ corre- 
sponds to the sum over all the b=, degenerate sublevels 
of the vibrational state m, and the 6’=6,- degenerate 
sublevels of the state n’. 

The sum over the states ”’ in Eq. (2) may be de- 
composed into two terms: (a) those associated with 
the k fundamental vibrations which involve the states 
Ne =(%, Ver**%+1), and (b) those associated with 
vibrations, forbidden by harmonic oscillator selection 
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398 ie |e 
rules, which involve the remaining states np Am,-, 1.€., 
Sar (Nn—Nny) >.».0 | (n|M |m’) |? 
P(Av)= — rr 
1 


a, v(m’, n) 


1x (Nn—Nny) do0.0 | (n|M |nj’) |?) 


5 
ne? v (ny, n) 


In the general limiting case of the anharmonic 
oscillator rigid-rotor approximation, which assumes 
that the population of any upper state m’ can be 
neglected compared to the population of the vibrational 
ground state, Eq. (3) reduces to the terms involving 
the ground state, n=0: 


8r ab 0.0 (0|M |n,') |? 


: A 
on | y(n;’, 0) 


, 
nk 


gy Dew 1 |e Ine) 


v(n;', 0) 


ny! 
where V= >>, , is the Avogadro number. 

In the present approximation, difference vibrations 
are excluded owing to the assumption concerning the 
population of upper states. The contribution to P (Av) 
of summation vibrations is reflected in the second sum 
of Eq. (4). Terms in Eq. (1) which correspond to the 
k terms in the first sum in Eq. (4) are the & terms 
P(Ax%=1), and those which correspond to the second 
sum are the terms P(An=j,) with 7,41 when all 
jx =0 for k’#k, or with j,~0 when one or more jx #0 
for k’¥k. 

The relative magnitudes of polarization contributions 
arising from fundamentals and from overtones in the 
case of diatomic molecules may be compared by 
referring to the calculated values in Tables I and II of I. 
An application of Eq. (1) to overtone and combination 
vibrations of polyatomic molecules will now be given. 
Table I summarizes the results of these calculations and 
lists the percent ratio of the contribution associated 
with a given forbidden transition, P(Ay%,=j,), to the 
term P(Av=1) calculated in J from Eq. (36) summing 
over all k normal modes of vibration. The magnitude 
of this ratio is a measure of the severity of the approxi- 
mation neglecting the contribution of forbidden bands. 

As indicated in Table I, in a considerable number of 
cases the intensity of a transition forbidden by the 
harmonic oscillator selection rules is approximately 
equal to or greater than the intensity of the weakest 
allowed vibrational transition of the molecule. Since, 
however, in most of these cases the frequency of the 
forbidden transition, v(n;’, 0), is considerably larger 
than any of the frequencies of the fundamental transi- 
tions, v(m’, 0), the contribution P(Av,.=7,) for any 
forbidden transition rarely approaches the same 
magnitude as any P(Ay,=1). The calculations in 
Table I indicate that all but two molecules, CICN and 
BrCN, of the set treated fall into this category which is 
well exemplified by a molecule such as N,O. For N,O, the 
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rather complete set of data available for overtone and 
summation vibrations permits the calculation of the 
sum of the vibrational polarization terms associated 
with these forbidden transitions. One obtains for this 
sum 0.0142 cm’, a value considerably less than the 
smallest P(Av,=1) for the molecule, 0.074 cm’, and 
less than 3% of P(Av=1). 

On the other hand, overtone and combination 
transitions of molecules which exhibit low-lying funda- 
mentals may fall into the regions of frequency of 
magnitude similar to or below that of the weakest 
fundamental transition. In such a case, P (Av, =7,) for a 
forbidden transition may exceed P(Axn,=1) for the 
weakest allowed transition if the matrix element of the 
forbidden transition is of comparable magnitude. One 
may cite as examples of this type the molecules CICN 
and BrCN. In these cases, the intensity of the overtone 
2y.°, interacting with the fundamental », in Fermi 
resonance,’ is greater than that of the weakest funda- 
mental, 1, and the frequency of 2°, moreover, lies 
very considerably below that of v3, the strongest funda- 
mental. Because of this, P(Av=1) is too low an esti- 
mate of the true total vibrational polarization of 
CICN and BrCN. The exact magnitude of the dis- 
crepancy must be calculated using the explicit form of 
the anharmonic oscillator matrix element in conjunc- 
tion with Eq. I (31), since the neglect of the popula- 
tion of upper states implicit in Eq. (1) is no longer an 
exact representation at these low frequencies at 
T=300°K. However, an approximate value for the 
polarization contribution from these low-lying for- 
bidden transitions may be obtained via Eq. (1), as 
given for CICN and BrCN in Table I. It is of relevance 
to note that the fact that anharmonicity constants 
associated with low-frequency transitions are usually 
small diminishes the discrepancy between the exact 
treatment, employing Eq. I (31), and the approxima- 
tion inherent in Eq. (1). For both CICN and BrCN, 
P(Av,.=2) is considerably greater than P(Av,=1) or 
P(Avz=1) but less than P(Av=1). The detailed 
investigation of the infrared spectra of these molecules 
by Freitag and Nixon*® shows no other forbidden 
transitions below 2500 cm™ assigned to absorption 
bands with intensities greater than “weak,” whereas 
2v.° carries the designation “strong” in both instances. 
As a consequence, it is highly probable that the sum 
P(Av=1)+P(Am=2), 0.18 and 0.12 cm? for CICN 
and BrCN, respectively, represents a good estimate of 
the true total vibrational polarization of these mole- 
cules. 

From the calculations recorded in Table I one may 
conclude that, unless a molecule exhibits combination 
vibrations, of intensities comparable to that of the 
weakest fundamental vibration, at frequencies of a 
magnitude similar to or below that of the weakest funda- 


3W. O. Freitag and E. R. Nixon, J. Chem. Phys. 24, 109 
(1955). 
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Taste I. Vibrational polarization for individual transitions forbidden in the harmonic oscillator approximation, for the gas at p=1 atm, 
T=300°K, calculated from Eq. (1). 








iM P (Av =je) y(n’, 0) Percent of Source of 
Transition (cm*) (cm™) P(Av=1)! intensity value 





0025 3716 .29 
O12 721 4 
.000014 5109 0016 
.0019 3609 Y 4. 

3 -0000095 48061 0011 
VI + 2vo T V3 . 000033 4984 e 0039 
Vv; + pp! = 22? .00033 742 .039 
vy +229 — 3yo! .000049 740 .0058 


.0042 25634 88 
.0052 1167 3 
.000066 4419 .014 
000098 1868 .020 
.0029 34814 60 
.00025 2798 .052 
.0013 24614 cae 
.00012 3366 .025 
.000033 4735 .0069 


053 783* 
.024 6914 


. 000064 2383.4 0.011 
.000020 2895.5 0.0034 
.0013 4307» 0.022 
.00084 44263.» 0.14 
.000077 2547» 0.0013 
.000010 2477.4» 0.0017 
0000011 2802.9 0.00019 


.00021 4216.3 0.19 
.000051 4546 0.046 
.00017 4313.2 0.15 
.0000078 4123 0.0071 


CHE .0061 2861.64 a 
CHCl ' 0016 28798 80 
CDCl 0026 2103 he 
CH;Br ‘ 00096 2865 60 
CD;Br 5 0016 20904 1 
CHI ' 00064 28618 49 
CDsl 0010 2080" 1 
CD,CN 0006 2077 5 
CoH, 0039 955° 2 
C;02 votys+v7 O11 16708 


cis-C2HoDe vor 0.000029 2903 -0078 
mtv 0.0024 1818 5 
vitvys 0.0016 15988 


trans-CoH,De vitys 0.0014 1590* 
vetvo 0.0020 18488 


pop me mag mag Hm OO 


ee te eres ee oe 





® This designation indicates that the intensity of the designated band is of the same approximate magnitude or greater than that of the weakest fundamental 
vibration of the molecule. 

b The values for the frequency are the arithmetic means of the two band center frequencies of the inversion-doubled bands: v2+v3, 4416.908 and 4434.610 cm='; 
vi+v, 4293.716 and 4320.060 cm™; v2+v4, 2569.17 and 2524.25 cm™!; vs—v1, 2495.06 and 2459.83 cm™!. 

© This band is given the assignment of the 4 torsional vibration, forbidden in the harmonic oscillator approximation, but made infrared active with weak intensity 
by Coriolis interaction with the neighboring vio fundamental. 
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mental vibration, the summation P(Av=1) calculated 
in the anharmonic oscillator rigid-rotor approximation 
is a reasonable approximation_of the true total vibra- 
tional polarization of the molecule. For a molecule 
representative of the case in which such combination 
vibrations do not exist, namely, NO, the discrepancy 
between P(Av=1) thus calculated and the vibrational 
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polarization sum including all the possible binary 
summation vibrations and further three ternary 
summation vibrations is less than 3%. The foregoing 
criterion for the completeness of P(Av=1) can be 
examined where a complete vibrational assignment 
including the relative intensities of the associated 
absorption bands is available for a given molecule. 
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A treatment of the temperature dependence of the vibrational polarization of gases is given in several 
degrees of approximation. Calculations are presented for a number of molecules. 


I. INTRODUCTION 


T is commonly assumed that the distortion polariza- 
tion of an assembly of molecules is independent of 
the temperature. The general quantum-mechanical de- 
rivation of the Langeyin-Debye equation'* shows that 
this holds true in general only when the fundamental 
assumption is made that there exist no matrix elements 
for the system which are associated with transitions for 
which hy(n’, n)/kT is comparable to unity. Here, 
v(n’, n) is the frequency of the transition between the 
molecular quantum states m and n’, T is the absolute 
temperature, and /# and k are the Planck and the 
Boltzmann constants, respectively. Vibrational energy 
levels in heavy diatomic molecules and in polyatomic 
molecules frequently are spaced closely enough so that 
hv(n', n)/RT=1 at a given value of T. For example, at 
T =300°K, for a transition nen’ occurring at a fre- 
quency of 208.52 cm™, a fraction 1/e=0.3679 of the 
number of molecules in the ground state exists in the 
first excited state ’. Vibrational frequencies of this 
order of magnitude are not infrequently encountered, 
and consequently, for molecules exhibiting them, a 
dependence of the vibrational polarization on tempera- 
* This research has been supported in part by the Office of 
Naval Research. 
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ture must in general be expected. Moreover, the effect of 
degeneracy in the system of vibrational energy levels 
may lead to a variation with temperature of the vibra- 
tional polarization, owing to the increase in the transi- 
tion probability with increasing vibrational quantum 
number accompanying the redistribution of molecules 
among the vibrational states with changing tempera- 
ture. 

The purpose of the present paper is to develop ex- 
pressions for the temperature dependence of the vibra- 
tional polarization in several degrees of approximation. 
It is possible to give a general treatment of the tem- 
perature dependence of the polarization term associated 
with a given vibrational transition by taking into 
consideration both the change, with vibrational quan- 
tum number %, in the frequency of the given transition 
v(%+jx, %) and the change in the vibrational matrix 
element associated with the transition y%%+j,. The 
form of the vibration need not be explicitly considered, 
and the formulation of the temperature dependence is 
independent of the geometry of the vibrational dis- 
tortion being considered. A previous treatment has 
been given*+ of the temperature dependence of the 
vibrational polarization term associated with the 
bending vibration of two opposed and equal dipoles, 
under the assumption that the bond dipole moment 
varies linearly with vibrational state. 


II. THEORY 


Consider an assembly of N molecules, in thermal 
equilibrium at a given temperature 7, distributed 
~ 31. E. Coop and L. E. Sutton, J. Chem. Soc. 1938, 1269. 


4J. W. Smith, Electric Dipole Moments (Butterworths Scien- 
tific Publications, Ltd., London, 1955), p. 269. 
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among their allowed energy levels m which are char- 
acterized by the wave functions y, and the energies 
E(n). A change in the temperature from a value 7; to a 
value T, will effect a redistribution of the V molecules 
among their energy levels in accordance with the 
Maxwell-Boltzmann distribution law for the number of 
molecules NV, in the energy level n, namely, 


Nnr=(N/0)g(n) expl— E(n) /kT], (1) 


6= > g(n) expl—E(n)/kT], 


where 


and where g(m) is the degeneracy of the energy level n. 

The characteristic quantities which describe a 
vibrational energy level m, y, and E(m), and the 
matrix elements for a vibrational transition nen’, 
|(n|M|n’)|, are not a function of the temperature, if 
interaction between molecular transitions and inter- 
molecular forces are assumed to be invariant over the 
temperature range considered. It must be cautioned, 
however, that the exact knowledge of these quantities 
for the upper vibrational states, which becomes re- 
quisite for the treatment of the system at very high 
temperatures but which is less important at ordinary 
and high temperatures, must take account of several 
complicating factors to which these quantities become 
increasingly sensitive with increasing vibrational en- 
ergy. In the presence of interaction between molecular 
transitions, several complications must in general be 
expected: (a) a possible change in vibration-rotation 
interaction with increasing vibrational quantum num- 
ber, (b) a possible change in the interaction among 
vibrations, and (c) the possibility of internal rotations 
in nonrigid molecules becoming infrared active at 
elevated temperatures, owing to molecular asymmetry 
in upper vibrational states. 

In the case of the dilute gas, it is possible to assert 
that intermolecular forces remain constant with 
changing temperature to a good approximation. In 
dense gases and in liquids, the molecular quantities for 
the upper vibrational states may depend further on 
the detailed changes with T of (a) the average number 
of molecular collisions per unit time, (b) the average 
energy of molecular interactions, and (c) the change 
in the internal field produced at a given molecule by its 
molecular environment. 

It can be shown by performing a nonquantized 
average over rotational states on one of the terms 
P(n, n’) in Eq. (9), Part I,5 that the vibrational 
polarization term associated with the transition n—n’ 
of the NV, molecules in the vibrational state m and the 
transition n’—n of the V,, molecules in the state n’, is 
given by the relation 


P(n,n') =(n| P|n’')+(n'| P|n) 
(Na—Nw) Xo (n|M|n’) |? 


= —, (2 
9h v(n’, n) » (2) 
5K. H. Illinger and C. P. Smyth, J. Chem. Phys. 32, 787 (1960). 
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where v(n’, n) is the band-center absorption fre- 
quency, and where the sum over 8, 6’ extends over all 
possible combinations of the ),=6 degenerate sub- 
levels of the state m and the b,,=b’ degenerate sublevels 
of the state n’. In Eq. (2), (| P|n’) is the contribution 
to P(n, n’) of the absorption transition n—n’, and 
(n’| P|n) that of the emission transition n/n. 

The temperature dependence of P(n, n’) enters 
through the population difference (V,—Ny). Ex- 
pressing V, and N,, in terms of Eq. (1), one obtains 


(N,.—Nw) = /6r(T) ]B(g, E, T), (3) 


where 
B(g,E,T) ={g(n) explL—E(n) /kT ] 
—g(n') expl—E(n') /kT ]}. 


Substitution of Eq. (3) into Eq. (2) yields the 
general relation giving the temperature dependence of 
an individual polarization term P(n, n’), i.e., 


2 (n| Mn’) 2 
SaN B(g, E,T) >” 
P(n,n', T) = wil. oe Sel etiiienn: 


4 
9h  6y(T) 4) 


y(n’, n) 
The ratio of the value of P(n, n’, T) at a temperature 
T, to that at a temperature 7; is then given, with the 
aid of Eq. (4), by the expression 
P(n, n’, T>) _ Beg, E, T 2) 0v(T1) 
P(n,n',T:) B(g, E, T:)@v(T2) 





As is evident from Eq. (3), the term B(g, E, 7’) and 
the vibrational partition function 6y(7T) are functions 
of the level degeneracies g(m). In the special case 
g(n) =1 for all , e.g., for diatomic molecules, one may 
write Eq. (5) explicitly in the following form 
P(n,n',T2) Oy(Ti) 


P(n, n’, T;) MY 


BO) pas 





Dees oar ca n, T> }} 
{1-exp[—u(n’, n, T:]}’ 


(6) 


x exp| _ 


where u(n’, n, T) is defined by the relation 
u(n’, n, T) = (he) /(RT)v(n’, n), 


where ¢ is the velocity of light. 

Equation (4) gives the general expression for the 
individual vibrational polarization terms P(n, n’). In 
order to develop expressions for the temperature de- 
pendence of the total vibrational polarization, the 
matrix elements and transition frequencies must now 
be expressed in terms of approximations permitting an 
explicit summation over vibrational states. The an- 
harmonic oscillator and harmonic oscillator approxi- 
mations will consequently now be given. 
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Anharmonic Oscillator—Rigid Rotor Approximation 


For diatomic molecules, one may write in this ap- 
proximation the following expressions for the quantities 


AND: C.: PP. 2SeyYTae 


substitution of these terms, for the polarization term 
associated with an individual transition, P(2%, %+j.), 


8rN 


which appear in Eq. (4): g(m) =1, for all n P(%, U+Je, T) = 


3 | (n| Mn’) |?= | (x, | M | un +je) |2 


b,b/ 


9h, ,.(T) 
Xexp[— E(%) /kT]{1—exp[—u(uty, v%, T) } 
E(n) = E(v%) =hv(v, 0) : | (r| M | mu+jx) |? 
y(n’, n) =v(%e+JE, Ue), V(UEA Jk, Ue) 


the 
Anes. 


is 


where 2, 
nK=1, y & 


vibrational quantum number and 


The vibrational matrix element may be approxi- 
One has then from Eq. (4), upon 


mated by the following expression®? 


| | | ‘ ° | | | 1o/ ° . zs wie 

| (0% | M | %+7%) he (O| M | jx) |? (m+ Je) '( jx!) 1( 0!) 1(1+-Jire Xe), (8) 
where a; is the anharmonicity constant. Equation (8) is contingent upon the assumption (2x%+j,)«.<<1, such 
that it diminishes in accuracy with increasing % or jx, or both. The use of Eq. (8) now permits one to write, 
with the aid of Eq. (7), an explicit expression for the summation of the terms P(%, %+j;,, T) over all 


Y%, namely, 


P(Avx,=j., T) = >> P(%, ut, I) 
Uk 4) 
8rN (O| M | 4.) |? 
~ OhO,,,(T) je! 


v,p=0 


Equation (9) allows the calculation of the anhar- 
monic oscillator polarization terms P(Ay%,=j,, 7) for 
various values of T as a function of the matrix elements 
1(O|M jx) |. The frequency terms v(%+jx, %) Which 
appear in Eq. (9) may be evaluated via Eq. (65), 
Part I, from the harmonic frequency a and the an- 
harmonicity constant a;. The total vibrational polari- 
zation in the anharmonic oscillator approximation is 
given by 


P(Av, T) =) P(An, T) =) {> P(An=jr, T)}. 
(10) 


Consequently, with the aid of Eqs. (9) and (10), the 
dependence of the total vibrational polarization on T 
can be calculated. 

The total polarization of an assembly of gas mole- 
cules at zero frequency may be written as 


, Te ae 
(P(n, 1’, P) + opp wT) ) dw, (11) 


P(v=0, T) =), 


n,n 


where ((u?(7) ))w is the average over all allowed energy 
states n of the time-average value, (u?(m) )w, of the 
®R. C. Herman and K. E. Shuler, J. Chem. Phys. 21, 373 
. C. Herman and K. E. Shuler, J. Chem. Phys. 22, 954 
. T. Zahn, Phys. Rev. 35, 1056 (1930). 


> 
Ss 

> 
N 


I 
7} 
8 ( 
® Reference 2, p. 194. 
© W. Gordy, W. V. Smith, and R. F. Trambarullo, Microwave 
1 A. L. Schawlow and C. H. Townes, Microwave Spectroscopy 
2 C. Schlier, Z. Physik 154, 460 (1959). 
8G, Griiff, Z. Physik 155, 433 (1959). 


oN exp[_ — hv (2%, 0) /kT ]{1—expL—u(ut+jr, %, T) J} 


(m+ Je) (AA rE) 
v(U%+IE; Ug) Vp! 


} o 


permanent dipole moment yu(m) of the molecule in a 
given state n, i.e.,®” 


((u2(T) ))w=O-* >, { (u2(2) wg (nn) exp[—E(n) /kT]}. 
(12) 


The summation Dnt n,n’, T) in Eq. (11) is the 
total distortion polarization, whose individual com- 
ponents P(n, n’, T) have the form of Eq. (2). For 
electronic transitions, V,<N, over a wide range of 
temperatures, owing to the large energy differences 
between electronic states. As a consequence, the terms 
P(n, n’) in Eq. (11) associated with electronic transi- 
tions are constant with T to a good approximation. The 
redistribution of the molecules among their vibrational 
states with a change in temperature affects the tem- 
perature dependence of the total polarization at zero 
frequency in two distinct ways: (a) through the tem- 
perature dependence of the vibrational polarization 
terms P(n, n’), and (6) through the temperature de- 
pendence of the average for the permanent moment, 
((u?(T) ) wy. The difference observed for the permanent 
moment of the molecule in different vibrational states 
in Stark effect measurements”~" indicates the necessity 

(1953). 
(1954). 


Spectroscopy (John Wiley & Sons, Inc., New York, 1953), p. 288. 
(McGraw-Hill Book Company, Inc., New York, 1955), p. 268. 
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for considering the average permanent moment term 
to be dependent upon 7. 

In the isolated instances that have been stud- 
ied,” the combined effect of the limited temperature 
range over which the dielectric constant at static 
frequencies was measured and the limited accuracy of 
the measurement make it impossible to draw any con- 
clusions concerning the temperature dependence of the 
vibrational polarization. Increased accuracy of meas- 
urement and determinations over wider ranges of 
temperature appear to be mandatory for the experi- 
mental investigation of this problem. Particularly 
suited to this type of experiment seems the resonant- 
cavity technique** for the measurement of the real 
part of the complex dielectric constant at microwave 
frequencies, which permits the calculation of the total 
polarization at zero frequency to rather high accuracy. 

A completely general expression for P(An=jx, T) 
requires the detailed knowledge of the variation of the 
molecular dipole moment with the vibrational dis- 
tortion over the entire range of the vibrational co- 
ordinates. It is possible to obtain a relation between 
Pv , v%+1) and the derivative of the molecular dipole 
moment with respect to the internuclear distance 7 by 
reducing Eq. (2) to the harmonic oscillator approxi- 
mation and substituting into it Eq. (52), Part I, 


h (ou 
%+1). (13) 
at) (m+ : 


One has then, upon using the relation between the 
normal coordinate Q, and r, for the case of a simple 
stretching vibration, Q, = m,!r,., where m, is the reduced 
mass of the harmonic oscillator, from Eqs. (2) and (13), 


1 Ou\? 
Plo +1) 5 AGn) 


XLN (m%) —N (e+1) Je (re) g(t +1) *(m% +1). (14) 


In a purely formal manner, one may apply Eq. (14) to 
the N(x) molecules in vibrational state ™% and the 
N(%+1) molecules in vibrational state (+1), as- 
signing to each vibrational transition an effective fre- 
quency o and an effective dipole moment derivative 
(Ou/0Q,)*, accounting for the deviation from harmonic 


| (v4 | M|o%+1) |2= 


4H. E. Watson, G. P. Kane, and K. L. Ramaswamy, Proc. Roy. 
Soc. (London) A156, 130, 144 (1936). (COs). 

4% C. T. Zahn, Phys. Rev. 35, 848 (1930). (CS:). 

16 H. E. Watson, G. G. Rao, and K. L. Ramaswamy, Proc. Roy. 
Soc. (London) A143, 558 (1934). (CHa, Sil’s, SiHy, SF's). 

1K. L. Ramaswamy, Proc. Indian Acad. Sci. A2, 364, 630 
(1935). (CF). 

18 * L. Ramaswamy, Proc. Indian Acad. Sci. A4, 108 (1938). 
(CCl). 

1 R. Linke and W. Rohrmann, Z. physik. Chem. B35, 256 
(1937). (BFs). 

2” R. Linke, Z. physik. Chem. B48, 193 (1940). (Ses, Tel’s). 

27. E. Coop and L. E. Sutton, J. Chem. Soc. 1938, 1269. 
(SnCh, SnBry, SnI,). 

2D. W. Magnuson, J. Chem. Phys. 19, 1614 (1951). (UFs). 

23 C, M. Crain, Rev. Sci. Instr. 21, 456 (1950). 

4 J. E. Boggs, C. M. Crain, and J. E. Whiteford, J. Phys. 
Chem. 61, 482 (1956). 
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l'ic. 1. Schematic representation of the molecular dipole 
moment u(r,), the dipole moment derivative (0u/drx)?, and the 
potential energy V(r.) as functions of the internuclear dis- 
tance rx. 


oscillator behavior by these nonconstant terms. Ap- 
plying these considerations to the general form of the 
function u(r.) expected for the heteronuclear covalent 
bond type™* permits then a schematic discussion of 
the variation of the term P(x, m%+1) with x in the 
anharmonic oscillator approximation. 

Figure 1 illustrates schematically the variation of 
u(r.) and (Ou/dr,)? with r for the stretching vibration 
of a typical covalent bonding system. Three cases must 
be distinguished under the criterion of the value of 
rx (Mmax), the value of ~ for which u(r) is maximum, 
relative to 7.(0), the equilibrium value of 7 for the 
ground vibrational state of the molecule. 


* B. F. Gray and H. O. Pritchard, J. Chem. Soc. 1957, 1032. 
See also, B. L. Moiseiwitch and A. L. Stewart, Proc. Phys. Soc. 
(London) A69, 480 (1956). 

*B. F. Gray and H. O. Pritchard, J. Mol. Spectroscopy 2, 
137 (1958). 
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Fic. 2. Schematic repre- 
sentation of the molecular 
dipole moment y(8), the 
dipole moment derivative 
(Ou/08)?, and the poten- 
tial energy V(8) as func- 
tions of the distortion 
angle 8 for a linear group 
A—B—A. 
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Case I: For 7,(0)<1rx%(umax), the vibrational dis- 
tortion from 7;,(0) in the ground state to 7,(%) in the 
vibrational state 1% is accompanied by an increase in 
the dipole moment u(r). The term (0u/0r,)? remains 
approximately constant until 7;,(%) closely approaches, 
with increasing 2, the value r;(umax) and the derivative 
drops sharply to zero. In the region where (du/0r;,)? is 
approximately constant, with 0?u/dr;? being small and 
negative, the vibrational matrix element 

| (v% | M|%+1) |? 
will vary in the harmonic oscillator approximation, 
according to Eq. (13), linearly with (+1). The more 
general expression for the matrix element, Eq. (8), is 
also based upon a linear dipole-moment function. It 
follows that for molecules exhibiting the behavior 
represented by Case I, Eq. (9) is not an unrealistic 
expression for the variation of P(Ay,=j,) with 7, 
in that it accounts for the variation of both the matrix 
element and the vibrational frequency with vibrational 
state which is expected for this class of molecules. It is 
evident from Fig. 1 that in the close vicinity of 7% (max) 
any relationship based upon a linear dipole-moment 
function becomes rather inaccurate, and that, owing to 
the complicated form of u(r.) in the region near 
Ti(Umax), P(%%, Me+1) exhibits a complicated depend- 
ence upon vibrational quantum number for the set of 
states in this region. 

An important criterion for the validity of Eq. (9) is 
then the relative position of 7(0) as compared to 
Ti (Mmax), the accuracy of the expression diminishing as 
r.(O) approaches r¢(Mmax). The temperature range over 
which Eq. (9) will hold is determined by the range in 
internuclear distance over which yp(r,) is a linear 
function of 7, to a reasonable approximation. When 
vibrational states 4% associated with values of 17;,(2%) 


ARO? CER 


SMYTH 


beyond this range acquire population terms [V(%) — 
N(u%+ jx) | large enough so that their contribution to 
P(%, %+Jjx) may not be neglected, Eq. (9) becomes 
increasingly inaccurate. However, for moderate tem- 
perature ranges in general, and in favorable cases for 
rather wider temperature ranges, Eq. (9) should be 
useful in treating the temperature dependence of the 
vibrational polarization for molecules belonging to the 
type characterized by Case I. 

Case II: For 7:.(0)>rx(umax), w(re) and (dp/dr,)? 
decrease with vibrational distortion from r;,(0) to 
r.(%). As a consequence, P(r, v%+1) will exhibit a 
variation due to both the change in (%+1) and in 
(Ou/Or,)? with x. A linear dipole-moment function 
is no longer maintained in Case II over as wide a range 
of values of 7; as in Case I. As a consequence, Eqs. (8) 
and (9) are limited in their applicability to a smaller 
range of vibrational states near the vibrational ground 
state. The exact treatment of P(Av,=j;, 7), for mole- 
cules exhibiting the behavior represented by Case I], 
over very wide ranges of T requires the more detailed 
knowledge of u(r). Case II distinguishes itself from 
Case I in that P(An,=j,, T) will decrease with T in the 
case of a singly degenerate vibration, whereas for Case I 
it increases until vibrational terms for which r;,(2%) is 
very close to ri(Mmax) become predominant in the 
population terms [.V (2%) — NV (a%+ 7x) J. 

Case III: This case represents the situation where 
7: (O) =re(Mmax), i.e., Where the minimum in the po- 
tential energy lies exactly at the point where u(r) 
exhibits a maximum and where, as a consequence, 
(Ou/Or,)* vanishes. The increase in r;, with vibrational 
distortion first leads to an increase and subsequently 
to a decrease in (0u/0r;,)*, complicating the dependence 
of P(%, %+1) upon x%. A molecule for which r(0) = 
’x(Mmax) Would exhibit overtone transitions v,=0<-> 
v% $2 more intense than the fundamental transition 
0<+1, which, owing to the vanishing value of the 
dipole-moment derivative for m=17(0), is of zero 
intensity in the harmonic-oscillator approximation. 
This preponderance in intensity of an overtone over the 
fundamental vibrational transition has been observed 
in only one instance, the molecule HD.” 

For a typical bending vibration, that of a linear 
group A—B—A, the molecular dipole moment u(8) 
as a function of the distortion angle 8, where B= (r—@) 
and @ is the angle ABA in a given vibrational state, 
may be represented schematically by a function of the 
form shown in Fig. 2. In this simple case, the vibra- 
tional potential function V(8) is symmetrical about 
8=0 and u(8) approaches an asymptotic value for 
large values of 8. For sufficiently small values of the 
distortion angle, (du/08)? is reasonably constant in 
this region where u(8) is approximately linear. 

In the general case of a vibrational distortion de- 
scribed by a vibrational coordinate more complicated 

27 G. Herzberg, Nature 166, 563 (1950); R. A. Drurie and G. 
Herzberg, Can. J. Phys. 38, 806 (1960). 
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than the simple variables r, and 8, the internuclear 
distance germane to a simple stretching vibration and 
the distortion angle associated with a simple bending 
vibration, the schematic considerations in the foregoing 
are no longer strictly applicable. The potential function 
and the dipole-moment function for a complicated 
vibrational distortion may no longer be represented by 
the simple models discussed above, but the analysis of 
the behavior of the polarization function with changing 
temperature has led to criteria which should be ap- 
plicable to the general case even though the exact form 
of the functions can no longer be indicated. 


[Harmonic Oscillator—Rigid Rotor Approximation 


In this approximation, the quantities in Eqs. (2) 
and (4) take on their special values for the harmonic 
oscillator, i.e., g(m) =g(v%) 


a (n|M|n’) |2=g(r%) g(v%e+1) | (re | M| rm +1) |2, 


where the summation over individual pairs of de- 
generate sublevels 6 and 0’ has been written explicitly 
as the product of the degeneracies of the lower and the 
upper vibrational state, g(u%,) and g(%+1), respec- 
tively; E(n) = E(v%, 0) =wxre; v(n’, m) =r. 

Upon substitution of these terms into Eq. (2), one 
has the polarization term P(%, %+1) in the harmonic 
oscillator approximation, namely, 


P(r, %+1) =(t%| P| +1) +(m%+1| P| re) 
= (8r/9h)[N (%) —N(%+1) ] 
Kong (vn) g(ve+1) | (ve| M|r%+1) |%. (15) 


The matrix element relevant to the transition 1,<07,+1 
can be written, according to Eq. (8) applied to the 
harmonic oscillator case, in terms of the matrix element 
for the 0<1 transition, i.e., 


| (ve | Mf | oe-+-1) |?= (ve+1) | (O|. | 1),|? 


It is then possible to write the summation of the terms 
P(%%, %+1, T) in Eq. (15) over all % as follows, 


(16) 


P(An=1, T) =>" P(m, n-+1, T) 


°K 


SN | (O]M11)s|? C(u, ge) 7) 


1 
9h Wk 6, *™(T) : ( 7) 


where 
C(ux, ge, T) 
= Dte(m) expl—ute ]—g(m%+1) expl[—m(m%+1) ]} 


X g(r) g(ve+1) + (u%+1)}. 


In Eq. (17), 4,¢*™( 7) is the harmonic oscillator vibra- 
tional partition function in the kth vibrational co- 
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ordinate, defined by 


6,» (T) = >> g(r) expl—mere ]=(1—expl—m ]) 


14.=0 


In the special case of a singly degenerate mode of 
vibration, ge=1, such that g(m%)=1 for all %, it is 
evident that C(m, gi, T)=(1—exp[—m])~!, and 
Eq. (17) reduces to the special case 


_8eN | (0| M14]? 


P(Ayx,=1 
( ™ ) 9h Wk 


(18) 


It is clear from Eq. (18) that for singly degenerate 
modes of vibration P(Axy,=1) is invariant with the 
temperature in the harmonic oscillator approximation. 
This finding is in accord with the invariance of the 
vibrational polarizability for singly degenerate modes 
with vibrational quantum number.¥ In the case of 
degenerate vibrational modes, P(Ay,=1) is not inde- 
pendent of the temperature, even in the harmonic 
oscillator approximation, and Eq. (17) must be em- 
ployed to calculate the vibrational polarization term. 
The degeneracies g(%) can be expressed explicitly in 
terms of % and the degeneracy of the vibrational mode 
gx With the aid of Eq. (47), Part I. The temperature 
dependence in the case of degenerate vibrational modes 
is due to the circumstance that when the level de- 
generacy varies with %, as it does for degenerate 
vibrational modes in the harmonic oscillator approxi- 
mation, the probability of a transition x%%%-+1 in- 
creases with 1%. This increase is reflected in the term 
g(v)g(%+1) in Eqs. (15) and (17), which multiplies 
the matrix element for a singly degenerate harmonic 
oscillator | (2% | M|o%+1) |= (+1) |(0|M]1),{2 in 
the equations. To the extent to which the degeneracies 
predicted in the harmonic oscillator approximation are 
removed by interactions in the real molecule, the 
transitions between the various pairs of degenerate 
sublevels become distinct, but their frequencies and 
matrix elements are still approximately equal to those 
predicted in the harmonic oscillator approximation. 

The temperature dependence of the total vibrational 
polarization of a polyatomic molecule, P(Av=1, T) 
will depend upon the behavior with T of the individual 
terms P(Ayn,=1, T), for each of the & infrared-active 
normal modes of vibration, i.e., summing over all R, 
one has from Eq. (17), 


P(Av=1, T) = — "| (19) 


“Oh” Wk 0,2" ( T) 


8xN O|M|\1)x|2 CC, gx, T 
yaa (te, 8k, T’) 


For polyatomic molecules whose symmetry is such that 
all the & normal modes of vibration are singly de- 
generate, i.e., g-=1 for all k, P(Av=1) will be inde- 
pendent of T in the harmonic oscillator approximation. 


*8 Reference 2, p. 186. 
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Temperature Dependence of the Vibrational It is of interest to examine briefly the change with T 
Intensity of the vibrational intensity in the anharmonic oscillator 
The foregoing treatment of the temperature de- and the harmonic oscillator approximations. 
pendence of the vibrational polarization has been given In the anharmonic oscillator approximation, one may 
in terms of the vibrational matrix elements and transi- write for the intensity of an individual transition 
tion frequencies, without reference to the closely re- 2% 0%+j,. with g(m%)=1 for all %, e.g., for diatomic 
lated experimental quantity, the vibrational intensity. molecules, 





. 2 aoe nee ; : f nae ee 
A(m%, Hj, T) = 3) [NU (r%) — (te je) (re Ie, Oe) | (re | ML | et jr) |? 
INC 


8M. ps ; ” ; ore 
= oe peexeL— E(u) /kT ]|{1—exp[—u(u+jr, ve, T) ]}v(v+Je, 2%) | (| M | v+jx) \?]. (20) 
SNC vk 
Approximating the vibrational matrix elements by Eq. (8), one may sum Eq. (20) over all % to obtain the total 
vibrational intensity associated with all transitions with the change in vibrational quantum number Ay,=);, 
centered in the neighborhood of the frequency v( j;, 0), namely, 


ee) 


A(An=jr, T) = D> A(%, U+je, T) 
v,=0 
Sern |(0|M\j.) |? @ ee oes ; ms 
= - ~— > | exp[— E(v) /kT]{1—expL[—u(u+je, ve, T) ]}v (r+ je, M%) 
3hO»,(T) in! 


%4=0 L 


(% +x) 1( 1 + JiVeXn) 
Y,! : 
(21) 
where 9% is the total number of molecules per cm*, and where the terms v(2+-Jx, 2%) may be calculated from Eq. 
(65), Part I. 
In the harmonic oscillator approximation, the intensity (2,| A |%+1) of the absorption transition of the N (2) 
molecules in the state 0%, %—%+1, is given by 
g(x) (% | A| (u,+1) = (82° /3hc) NM (v~) weg (%) gC VEL) + (r4+1) | (0|M | 1),|?. (22) 
The intensity (v,+1 | A | 2%) of the emission transition of the V(x%+1) molecules in the state (2%+1), %+1—2, is, 
analogously, 
(+1) (ve +1| A | 2%) = — (8a? /3hc) (re +1) ong (ve) g(ve +1) * (ve +1) | (O|M|1)4|*. (23) 
From Eqs. (22) and (23) one has the total intensity associated with the transition »<%,-+1, 
A (0, %+1) = (0% | A | e+1) +(2%+1| A | %) 
827 (I(r) MW(%+1) 
Ee ne weg (Ve) g( VK +1) * (%+1) | (0) M1 1),)% (24 
Sl gin) gad) 18 (Ve) B(De +1) * (te+1) | (O] M|1)x ) 
The terms 9U(2) can be evaluated by means of Eq. (1) applied to the harmonic oscillator case. The total vibra- 
tional intensity A,(7) associated with the kth normal mode of vibration, comprised of the terms A(%, 2%+1, T) 
summed over all %, is then found, with the aid of Eqs. (1) and (24), to be 


oc bet 397 D ’ ; a 
AAT OE A ee 


-| (O| M}1)%|? 25° 
r,=0 3he 6,,°( T) wr | ( | del ? ( 5) 


where 
D(u, gx, T) = +e {Cexp—[u, |—exp[— x(t +1) J] (0x) g(oe +1) + (v.41) }. 
o.=0 


In general, both D(m, g., T) and 6,,""™(T) are functions of the normal mode degeneracies g;. In the special 
case g.=1, i.e., for singly degenerate modes, D(a, gx, T) = (1—expL[— ])—, and consequently A; is not a func- 
tion of the temperature.” For multiply degenerate modes, however, A, varies with temperature and the intensity 


8 See also, I. M. Mills and D. H. Whiffen, J. Chem. Phys. 30, 1620 (1959). 
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ratio for temperatures 7; and 7; is given, in the harmonic oscillator approximation, by the expression 


Ax(T2) D( tis ge, T2) O""™(T1) 





Ai(T;)  D(thiy Sey T1) 80,2" (Tr) 


III. CALCULATIONS AND DISCUSSION 


Table I summarizes the calculations of P(Axn,=1, T) 
as a function of |(0|MJ|1),|* from Eq. (9) for a 
number of diatomic molecules at the temperatures of 
300°K and 600°K. The sum over % in Eq. (9) was 
evaluated by direct summation over the terms of 
the;converging infinite series in x. It is evident from 
the results presented in Table I that for diatomic mole- 
cules the vibrational polarization is independent of T 
to good approximation over a moderate range of tem- 
peratures, i.e., 300°K, even in the anharmonic oscil- 
lator approximation. The change in 6,(7) on going 
from T=300°K to T=600°K reflects the degree of 
redistribution of the molecules to upper vibrational 
states with increasing temperature. A considerable 
redistribution occurs in the cases of IC] and BrCl, 
owing to their relatively closely spaced vibrational 
levels, whereas, for the other diatomic molecules in 
Table I, @,( 7) is not strongly affected by a temperature 
change of 300°K. 

In the limit of vanishing anharmonicity, i.e., 2.0, 
Eq. (9), which applies to singly degenerate vibrations, 
reduces to Eq. (18) and the polarization term 
P(Av,=1) becomes independent of the temperature. 
The two molecules in Table I for which 0,( 7) changes 
markedly over the temperature interval studied are 
characterized by rather small values of a,. Through the 
entire series of molecules in Table I, the magnitude of 
the anharmonicity constant decreases with decreasing 
wz. As a consequence, for the molecules, particularly 
ICI] and BrCl, for which the small value of a, favors 
the redistribution of molecules to upper vibrational 
states with increasing 7, the small value of a, never- 
theless lessens the deviation from harmonic oscillator 
behavior, and tends to favor the temperature inde- 
pendence of P(Axn,=1). On the other hand, for the 
molecules for which x; is large in comparison, and where 
a marked deviation from harmonic oscillator behavior is 
observed, the concomitant large energy differences 
between vibrational states minimize the importance of 
higher terms in the summation over % in Eq. (9) and 
P(Ay,=1) remains constant over moderate tempera- 
ture intervals. If temperatures are reached at which an 
appreciable number of molecules exist in excited vibra- 
tional states for this latter set of diatomic molecules, 
the temperature independence of P(AyN%=1) will no 


longer be maintained. It is to be expected, however, 


that at such temperatures a linear dipole-moment 
function is no longer valid for the treatment, and Eq. 
(9) becomes inaccurate. 

Equation (7) permits the calculation of polarization 
terms P(v%, %e+jx, T) for a transition y%%+7,.. Ap- 


(26) 





plying this expression to the fundamental transition 
19% +1, one may evaluate the ratio of polarization 
terms P(x%, %+1, 7) arising from various levels and 
at various temperatures. Consider the transition 0-1 
at a temperature 7; and the transition 1<92 at a tem- 
perature 7». The ratio P(1, 2; 600°K) /P(0, 1; 300°K) 
for HCl is calculated from Eq. (7) to be 2.06X10-*. The 
same ratio may be calculated independently from Eq. 
(39), Part I, using the experimental vibrational in- 
tensities” pertaining to these individual transitions 
at the specified temperatures. The ratio thus obtained 
is 2.24X10~*. The calculation using Eq. (7) is seen to 
give the correct order of magnitude and approximate 
numerical agreement with the ratio calculated using an 
experimental value for the vibrational matrix element 
in terms of the measured vibrational intensities. If it 
is assumed that Eq. (7) holds more accurately for the 
transition 0<>1 than for 1<+2, one may conclude from 
this comparison that the vibrational matrix element 
| (2% | M|v%+1) |? increases slightly more rapidly with 
v%, in the case of HCl, than is predicted by Eq. (8), 
tending to increase the value of P(%, %+1, T) over 
that given by Eq. (7) as %% increases. The foregoing 
examination of Eq. (7) by comparison with experi- 


TABLE I. Vibrational polarization terms, in the anharmonic 
oscillator approximation, as a function of the temperature in terms 
of the vibrational matrix element | (0| | 1); |?, calculated 
from Eq. (9).* 

P(An,=1, T) 
—————.__ 9,(T Wk 
|(O|M|1).)2? ° ) (cm~) 


xx 107 
(°K) 


0.381 
600 


300 
600 


300 
600 


300 


0.339 


1904. 0.734 


-000 2144. 
2141. 


600 


300 
600 


.007 


.000 
.006 


300 .80 .000 
600 3. 80 .001 


HIF 300 41 1.000 
600 41 1.000 


2170. : 0.620 


2989. 1.741 


4138.5 2.176 





® The term P(Avx=1, T) | (0|M|1)x|-2 is given in units of 10-# erg-tsec!- 
mole~'cm. 
» First line refers to DCI", second line to DCI’. 


*®W. S. Benedict, G. E. Moore, R. Herman, and S. Silverman, 
J. Chem. Phys. 26, 1671 (1957). 
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TABLE II. Vibrational polarization terms, in the harmonic 
oscillator approximation, as a function of the temperature in 
terms of the vibrational matrix element | (0| M | 1), |?, calcu- 
lated from Eq. (17).* 


 P(dm=1, 7) 
I a ace 
xy [OM IIE 


8 yb 8T™ ( T) Lk Vk 
(cm™) 
CHF 300 .69 
600 .70 


.000 
.001 


3009 
CH;Cl 300 .67 
600 .68 


300 .66 
600 .67 


CHsI 300 .66 
600 1.67 


CH3F : 300 .50 
600 .38 


300 3:32 
600 .064 


CH;Br : 300 3.4 .002 
600 ; .066 


300 .002 
600 .067 


CH3F 300 -. .008 
600 a 123 
CH;Cl 300 ~F 013 
600 a 183 


CH;Br 300 a: .022 
600 7 .240 


300 , .031 
600 3.08 .295 


CeHe 300 Ly 014 
600 8.75 .189 


.000 
.001 


.000 
.001 


.000 
.001 


002 
063 


.002 


3041. 


CH;Br 3056 


3061 
1459. 


CH;Cl 


CHI 


CHsI 


300 ‘ee 647 
600 K 3.560 


300 : .006 
600 : .144 


300 ao. .160 : 632 
600 K .106 


300 “- .000 
600 - .002 


CF, K 300 ; 002 
600 oc my bs 


1306 


3020 


1276 


® The term P(Anj=1, T) |(o| | 1)x| 2 is given in units of 10-4 erg™'sec™- 
mole~'cm, 


ment constitutes a rather severe test of the validity of 
this equation, and therefore of Eq. (9) which is directly 
derived from it without further assumptions. The 
inaccuracy introduced in P(Ay,=j,, T) by the in- 
accuracy shown to occur in Eq. (7) in the instance cited 
will be strongly attenuated by the small Boltzmann 
factors expl|—/v(n’, n)/kT] for the upper states for 
which the equation becomes increasingly inaccurate. 
This is to say that the measure of agreement of Eq. (7) 
with experiment shown in the preceding calculation 
appears to be sufficient to ensure that the application 


AND “Cy Wis 


SMYTH 


of Eq. (9) to the temperature dependence of 
P(Avu,=jx) is not unrealistic. 

In Table II are given the results of calculations of 
P(Ay,=1, T), in the harmonic oscillator approxima- 
tion, as a function of |(0|M|1),|*, calculated using 
Eq. (17), for a number of degenerate vibrational modes 
of polyatomic molecules. It will be recalled that 
P(Axu,=1) is independent of 7, in the harmonic 
oscillator approximation, for the case of singly de- 
generate vibrational modes. In the calculations, w;, has 
been taken as the band-center frequency »% associated 
with the &th normal mode of vibration. 

The results collected in Table II demonstrate that 
in the case of degenerate vibrational modes a marked 
temperature dependence of P(Ax,=1) arises, even in 
the harmonic oscillator approximation, when a con- 
siderable redistribution of molecules to upper vibra- 
tional states occurs in the temperature interval con- 
sidered. For a degenerate vibrational mode, the term 
C(m, ge, T) in Eq. (17) increases with increasing T 
more rapidly than can be compensated by the ac- 
companying increase in 0,,™(7T). As a result, the 
term C(u, ge, T°) /O.,°*™(T) increases with tempera- 
ture, whereas for singly degenerate modes this ratio is 
strictly unity for all values of 7. With increasing 
spacing between vibrational levels, reflected by in- 
creasing values of wx, C(m, ge, TI) approaches the 
value g,. Since the partition function approaches unity 
in the same limit, the temperature dependence of 
P(AyH,=1) in a given temperature interval vanishes 
with increasing vibrational frequency. Conversely, with 
decreasing vibrational frequency, the temperature 
dependence is accentuated in the case of degenerate 
modes for any given temperature interval. The magni- 
tude of these trends may be seen from the calculations 
on the set of molecular vibrations of widely different 
frequencies given in Table II. An examination of the 
calculations on the highly symmetrical CH, and CF, 
molecules, both of whose two infrared-active vibra- 
tional modes are triply degenerate, bears out the 
intensification of the temperature dependence on 
going from g,=2 to g,.=3 for two modes of approxi- 
mately equal frequencies w,. The term C(m, gr, T) 
shows a much stronger dependence on exp(—1mtx) 
for g.=3 than for g,=2, and the temperature de- 
pendence of P(Av,=1, T) is consequently accentuated. 


APPENDIX 


The function C(u, gz, T) defined in connection with 
Eq. (17) may be written as the infinite series: 


C(tiy ge, T) ={g(1)[1—g(t)e*] 
+2g(1) (2) e*[g(1) —g(2)e™* ] 
+3g(2)g(3)e™_g(2) —g(3)e“#J+->> 
+ (04 +1) g(r) g(t +1) ee 


X(Ce(m) —g(mt ie +--+}. (AA) 
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Employing Eq. (A.1), one may evaluate C(m, gr, T) 
explicitly as a function of m= (hc/kT)o, and gy. It is 
then possible to write for the three cases of interest: 
(a) for ge=1, g(m) =1 for all 


C(m, 1, T) = (1-—e™*) 7 (A.2) 


(b) for ge=2, g(t) = (m+1) 
C( uy, 2, T) = (2+20e-“+-72€-2"*+ 1766-9 


+350e+612¢e++++)  (A.3) 
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(c) for ge=3, g(t) = (4) (ve +1) (u+2) 
C (az, 3, T) = (3+99e-“*+ 86424-42000" 


+14625¢e-**+-41013e%*+---). (A.4) 


The evaluation of the function C(m, gx, T) for 
gi~1 proceeds then by the calculation, term by term, 
of the expressions given in Eqs. (A.3) and (A.4) as 
applicable, until further terms in the expansion become 
negligible with respect to the preceding terms. 
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Atomic Polarization. V. Normal Mode Polarizability and the Additivity of the 
Vibrational Polarization* + 
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The vibrational polarizability of a molecule is derived in several degrees of approximation and is calcu- 
lated for a number of molecules. An extension of this treatment is then presented, terminating in the de- 
velopment of the properties of the normal mode polarizability. The criteria for the additivity of the vibra- 
tional polarization of a molecule in terms of the normal mode polarizabilities of its constituent segments 
are developed. Numerical calculations of the normal mode polarizability terms are given for a large number 


of molecules. 


I. INTRODUCTION 


N Parts I! and IF of this series, methods have been 

given which permit the calculation of the polariza- 
bility and polarization terms associated with vibra- 
tional transitions of molecules. The present work is 
concerned initially with the extension of the treatment 
of the vibrational polarizability, terminating in the 
development of the properties of the normal mode 
polarizability. Subsequently, the criteria for the 
additivity of the vibrational polarization of a molecule 
in terms of the normal mode polarizabilities of its 
constituent vibrating segments will be developed. The 
formal development of a series of approximations in- 
volving the normal mode polarizability defines the con- 
ditions under which the vibrational polarization of a 
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1K, H. Illinger and C. P. Smyth, J. Chem. Phys. 32, 787 
(1960) , hereafter referred to as I. 

2K. H. Illinger and C. P. Smyth, J. Chem. Phys. 35, 392 
(1961), this issue, 


molecule may be calculated as an additive quantity 
in terms of the normal mode polarizabilities, which are 
transferable to other molecules under the same condi- 
tions. Within this framework, the variation of the 
vibrational polarization among molecules can be ana- 
lyzed, and the magnitude of the total vibrational 
polarization of a molecule can be discussed in terms of 
the more detailed nature of the molecular properties 


determining the individual normal mode _polariza- 
bilities. 


II. THEORY 


The basic equation for the average polarizability of a 
molecule in the vibrational state m, summed over all the 
rotational states J belonging to the state m, in the 
presence of an external electric field of zero frequency, 
is given by the relation 


(nja|n)= >> (nla|n’) 


n! (n/n) 


Dovw |(n|M |n’) |? 


y(n’, n) 


=(2/3h) > 


» (2) 

n! (n/n) 
where the summation over ’ includes all bound and 
all continuum states ’+n of the molecule. In Eq. (1), 
|(n|M \n’) | is the dipole moment matrix element for 
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the transition between the states m and n’, which is 
associated with the absorption frequency v(m’, 2), and 
h is the Planck constant. The summation over 8, b’ 
corresponds to the sui over all individual pairs of the 
b,=6 degenerate sublevels of state m and the b,,=0' 
degenerate sublevels of state n’. When an upper state, 
formally designated in Eq. (1) by mn’, lies in the vibra- 
tional continuum, it is defined by its position in abso- 
lute vibrational energy alone, rather than by a set of 
quantum numbers. In the vibrational continuum, the 
energy of allowed states is no longer quantized; the 
transition frequency from a given bound state becomes 
consequently a continuous variable, and the summation 
in Eq. (1) becomes an integral. In I it was shown that, 
upon neglecting the rotational quantization of the 
molecular energy levels, each term (n/a|n’) in the 
summation in Eq. (1) can be expressed, in the rigid 
rotor approximation, as a function of the vibrational 
intensities A (m, n’) and vibrational frequencies v(m’, ) 


lim 


n 


Two cases must be distinguished. For transitions be- 
tween bound states, v(m’, 2) increases with increasing 
n’. If the final state m’ is higher in absolute vibrational 
energy than the initial state n, v(n’, n) and (n|a{n’) 
are positive; if the final state m’ is lower in absolute 
vibrational energy, »(n’, n) and (n|a|n’) are negative. 
Schematically, the infinite series in Eq. (2) may be 
subdivided into the following segments: 


n—1 re) 
(n\a|n)= >> (nla|n’)+ >> (nla|n’) 


n/=0 nf=n+1 


+ [(n\a|B)aB. (4) 


The first sum is the finite series of negative terms 
over all lower energy states n’. The final two terms are 
infinite series of positive terms, the first over all upper 
bound states n’, the latter over all continuum states 
n’=B. Since the first sum in Eq. (4) is finite, each 
of its terms (w|a}n’) being finite, the convergence 
condition given in Eq. (3) must be shown to hold for 
the last two sums in Eq. (4) only. In the first case, the 
summation over the upper bound states, v(m’+1, 2) 
approaches y(n’, m) in the limit n’—>2, owing to the 
convergence of the vibrational energy levels to the 
energy value equal to the dissociation energy of the 
molecule. As a consequence, Eq. (3) reduces to the 
simple convergence condition 

A(n, n’+1) 


lim 3 Ih 
A(n,n’) 


n/->co 


The integral in Eq. (4) can be formally written as the 
sum in Eq. (2) over continuum states n’=B in the 


{1—exp[—u(n’+1, n) ]}— exp{[v(n’+1, n) —v(n’, n) |/RT} A(n, n’+1) 2 


7 {1—exp[—u(n’, n) ]}7(n’+1, n)v?(n’, n) A(n, n’) 
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of the transitions n<>n’ as follows: 
(n|a|n) 


_ Oye {fi nest en n) |} "gnA me 
expl — E(n) /kT v?(n’, n) ; 


5 4 N n! (n!#n) 
(2) 


where g, is the degeneracy of the lower vibrational 
state, @y is the vibrational partition function, 9 is the 
total number of molecules per cm’, and u(mn’, n) is 
defined by the relation u(n’, n)=(hc/kT)v(n’, n), 
with ¢ the velocity of light, T the absolute temperature, 
and & the Boltzmann constant. 

Consider now the average vibrational polarizability 
of the molecule in a given bound state n, (n|a|mn), as 
given by Eq. (2). The convergence of the summation 
over n’ in this expression may be tested by applying 
the ratio test of consecutive terms in the limit of n’ 
approaching infinity, i.e., 


i. (3) 





limit Av=v(B+dB, n)—v(B, n) =dv, where dy can be 
decreased arbitrarily, transforming the sum into an 
integral. Under these conditions, Eq. (3) reduces once 
more to the form of Eq. (5), with A(m, n’+1) and 
A(n, n’) replaced by A(n, B+dB) and A(n, B), 
respectively. The condition for the convergence of the 
series in Eq. (2) or Eq. (4) is then that given by Eq. 
(5), where (n’+1) or (B+dB) refer to a state of 
vibrational energy greater than that of a state n’ or B, 
respectively, both these states being of higher energy 
than state . 

Experiment shows that for all cases observed, except 
the anomalous case of HD,’ A(n, n’) decreases rapidly 
with increasing m’, so that the condition for the con- 
vergence of (m|a|m) as given in Eq. (5) is met. Al- 
though a theoretical proof for the general validity of 
this condition is not available, since this would neces- 
sitate knowledge of the variation of the matrix element 
|\(n|M \n’) | with n’, approximate models lead to the 
same conclusion as the general experimental finding. 
In a model using harmonic oscillator wave functions 
but including anharmonic terms in the expansion of the 
dipole moment as a function of the vibrational co- 
ordinate, it can be shown™ that |(2|M|n’+1) |?< 
|(n|M |n’) |*. In the strict harmonic oscillator ap- 
proximation, the matrix elements, and consequently the 
intensities, vanish for all transitions non’ except for 
n'=(, V2, U3, ***%t1), with m=(%, v2, 3, ***%%). 
This reduces each of the summations in Eq. (4) to k 
finite terms, where k is the number of infrared active 
normal modes of vibration for the molecule. There are, 


3G. Herzberg, Nature 166, 563 (1950); R. A. Drurie and G. 
Herzberg, Can. J. Phys. 38, 806 (1960). (a) J. M. Jackson and 
N. F. Mott, Proc. Roy. Soc. (London) 137, 703 (1932). 
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of course, no continuum states in the harmonic oscillator 
approximation. 

The argument given above has shown that (7 |a|m) 
converges with respect to the summation of the terms 
(n|a|n’) over n’. This behavior of (1 |a|n) then per- 
mits the calculation of the polarizability of the molecule 
in a given vibrational state by means of approximations 
leading to equations involving sums over a series of 
converging terms over states n’. The first of these is a 
limiting case of the general expression for the terms 
(n|a|n’). The second is the anharmonic oscillator ap- 
proximation; the harmonic oscillator approximation, 
which is consistent with the normal mode polariza- 
bility, will be developed subsequently. 


General Limiting Case of the Anharmonic Oscillator 
Approximation 


It has been shown in I that, in the limit of a negligible 
population of the excited vibrational states n’, the con- 
tribution to the vibrational polarizability associated 
with the transition 0—n’ is given by 


(O|a|n’) = (c/4N) LA (0, n’)/v2(n’, 0) ]. (6) 


This limiting expression may be applied to all types 
of transitions 0-—n’, irrespective of the form of the 
vibrational matrix element. In particular, it holds as 
well for transitions in which more than one vibrational 
quantum number changes, viz., summation vibrations. 
Difference vibrations are not consistent with this limit, 
since the upper states are considered unpopulated. In 
the present approximation, the vibrational polariza- 
bility of the molecule in the ground vibrational state is 
therefore given by the simple expression 
(0|a|0) =(c/4e'M) D> [A(0, n’) /2(n’, 0). (7) 
n! (n/n) 
On combining Eq. (6) with Eq. I (36), one has the 
limiting equation for the total vibrational polarization 
in terms of the vibrational polarizability of the ground 
state, ie., 
P(Av) =(49/3)N >> (Ola|n’) 


n! (n!n) 
=(4r/3)N(Ola|0), (8) 


where N is the Avogadro number. 


Anharmonic Oscillator—Rigid Rotor Approximation 


In this approximation, one obtains Eq. I (40), for 
transitions of the type %,+7;., with only a single 
vibrational quantum number changing in the transi- 
tion. The vibrational polarizability of the molecule in 
the state , described by the set of vibrational quantum 
numbers (2, %%, ***%), is then given by the summation 
of the terms (2 |a@|%-+j,) in Eq. I (40) over all states 
n’, described by the set (1, 2, ***%+7,), namely, 


(m|or|n) = Dot DOL (m |x e+e) + (rm |x |re—Fe) J}. (9) 
k Ik 
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In Eq. (9), only transitions to bound vibrational 
states have been included since the explicit expression 
for the matrix element which is used in connection with 
(% |a|%+7.) is applicable only to low-lying vibra- 
tional levels, and since it has been shown that the terms 
converge over n’. It must be emphasized that the form 
of the matrix elements implicit in Eq. I (40) is ac- 
curate only for small values of %, such that (20,+jx) a< 
1, where x, is the anharmonicity constant. This leads 
to inaccuracy for values of (1% |a|o%+ 7.) for large % or 


jx, or both. Thus, Eq. (9) is best suited for the calcula- 


tion of the vibrational polarizability in the ground 
vibrational state, given by the expression [ is given 
by the set of quantum numbers (0, 0, «+-0) ] 


(10) 


(Ola|0) =f DO lalje)}, 
k ik 


where the emission terms (0|a|—j,) vanish owing to 
the fact that no emission transitions can originate in the 
ground state. The increasing inaccuracy of Eq. (10) 
with increasing 7, is ameliorated by the circumstance 
that the terms (0|a|7,) become increasingly smaller 
with increasing jx. 

Upon substitution of the Maxwell-Boltzmann law 
relations for the population difference into Eq. I (40), 
one has for the terms (0|a|j,) the relation 


(Oa | jx) = (Oy, /4°) [A (Ate =fe) /v( je, 0) J 


X[Dolexp[—u(m, 0) [[1—exp[—u(m +x, %) J] 


v,p=0 


XK v( U+ASks Vy) SoH (O%, Ik Xx) \ i a (11) 
bb! 


The terms (1% |a|v+7,) can be expressed as functions 
of the terms (0!a|7,), and one may write, with the 
aid of Eq. I (40), 


(0% |x | te+-Jx) 


v( jx, 0) 


= (0a | jx) [>A (vx, je, xx) /g(jx) J. (12) 


v(%+Je U%) bb 

In Eqs. (11) and (12), @,, is the vibrational partition 
function, in the anharmonic oscillator approximation, 
in the kth vibrational coordinate; g(j.) is the de- 
generacy of the upper vibrational state, A (Ax =jx) 
is the integrated intensity of all transitions Ax, =j,, and 
H(%, jx, Xe) is defined by the equation 


H(%, tk, XK) = (m+ jx) 1( 0%!) (fu!) (1A fever) . (13) 


If Eq. (12) is now combined with the expression for 
the vibrational polarization in the anharmonic oscillator 
approximation, one obtains, with the aid of Eq. I (8), 
the relation between (O!a!j,) and P(%, m+ jx), the 
contribution to the polarization of the N(%) and 
N(u+j.) molecules in the states % and %+jx, re- 





412 KARL FH. 
spectively, associated with their transition %%+J:, 
1.€., 


. v( jes Q) 
P(v ut) = - avctaal 
panthesitie 


v(m +e; Ur) 


LN (0%) —N (rej) JOO (ey jes xe). (14) 
bb! 


Summation over all % yields the anharmonic oscillator 
vibrational polarization term P(An =jx) 


P (Avg =jx) = (4/3) ( (0 |x | je) /g( jx) (jes 0) 


20.0-H (hy jy Xe) 
v(%+je, Ue) 


It is of interest to note that, when (0|a|j,) is used for 
the calculation of the vibrational polarization, the rapid 
convergence of the terms P(%, %+j,) with ™ renders 
the approximation for the polarizability implicit in 
Eq. (10) rather less severe for this purpose. That is 
to say, P(%, %+j:) is less sensitive to the approximate 
nature of the expression for the matrix element than is 
(a | |r + je). 


x > CN (1%) —N (r%+7x) J 


vp=0 


. (15) 


Harmonic Oscillator—Rigid Rotor Approximation 


In the present approximation, it can be shown by 
means of Eqs. 1(47) and 1(48) that the following 
relationships hold: 


(m |a|%+1) =(Ola| 1) D0 (m+1) Ve 
. b,b/ 


= (0 |a}1)x{ g(r) g(v%+1) + (m%+1) 1/ge} 


and 
(v% lax \y%.— 1) =_— (% —1 lay Uy ) 


=— (Ola|1)e{[g(m—1) g(a) - (te +1) Vee}, (17) 


where g is the degeneracy and (0|a]1), is the normal 
mode polarizability of the kth normal mode of vibra- 
tion. 

In Eq. 1(53), (O|a@|1), was given in terms of the 
dipole moment derivative 


(O Ja} 1), = (1/12n*) (g./e2) (Ou/OQe)e, (18) 


where (0u/0Q,)o is the derivative of the total molecular 
dipole moment with respect to the normal coordinate 
Q,, evaluated at the equilibrium position. 

Reduction of Eq. (9) to the harmonic oscillator ap- 
proximation yields 


(NM \aQ@ |) = do a(r%) =S{(n la |m%+1)+(% la lm,—1)}. 
k k 
(19) 


In the special case, % =0 for all k, one has from Eq. (19) 
the harmonic oscillator approximation for the vibra- 
tional polarizability of the molecule in its ground vibra- 
tional state, in terms of the normal mode polariza- 
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bilities, with the aid of Eqs. (16) and (17), 
(O Jar |0) = Die (O lax| 1). (20) 


From Eqs. (16) and (17) one may further evaluate the 
terms a(%) in Eq. (19), which are functions of the 
degeneracies of the normal modes, g;, namely, 


(re, ge) = (Ola |1)eL g(t) /ge J 
X {Le(m+1) —g(m%—1) Jute(mti)}. (21) 


If the expressions for the level degeneracies g(v), in 
terms of g, and 2%,‘ are substituted into the last relation, 
one obtains in the various cases: 

(a) for g.=1, 


a(t, 1) =(Ola}1), (22a) 


(b) for g=2, 
ox(r%, 2) =4(O || 1) 4 (m+ 1) (3m,4 2) 
(c) for g.=3, 
ce(t,, 3) = ay (O Jor |1) (1-1) 2(me-+2) 
XC(m%+2) (+3) —r? J]. (22c) 


Equation (22a) demonstrates that, in the case of 
singly degenerate vibrational modes, the harmonic 
oscillator polarizability of the molecule in the vibra- 
tional state % is independent of the vibrational quan- 
tum number. This is analogous to the situation which 
obtains in the treatment of the induced polarization as 
arising from a set of isotropic harmonic oscillators.° 
Equations (22b) and (22c) give the variation of the 
polarizability terms with »% in the case of multiply 
degenerate vibrational modes. It is easily verifiable 
that for »,=0 all a(0, gx) are equal to (O|a\1),, as is 
already implicit in the general relation, Eq. (20). This 
obtains since any vibrational ground state is singly 
degenerate, irrespective of the degeneracy of the 
normal mode by which excitation from this ground 
state occurs. 

It remains to derive the expressions giving the vibra- 
tional polarization in the harmonic oscillator approxi- 
mation as a function of the normal mode polarizability. 
To accomplish this, the harmonic oscillator approxima- 
tion of Eq. I(8), in a nonquantized average over 
rotational states, is combined with Eq. (16) to yield 


P(%, %+1) 
= (47/3) (0 |a|1)/ge JEN (tu) —N (m1) (+1). 


b,b/ 


(22b) 


(23) 


Upon summing Eq. (23) over all %, one has the vibra- 
tional polarization term P(Ay,=1), including the 


4G. Herzberg, Infrared and Raman Spectra of Polyatomic 
Molecules (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1945), p. 80 ff. See also, Eq. I (47). 

5 J. H. Van Vleck, Theory of Electric and Magnetic Suscepti- 
bilities (Oxford University Press, New York, 1932), p. 186. 
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contributions of all transitions 1,«>%-+- 1, 
P( Au =1) = (49/3) CS’ (ux, ge) /ge (0 |x| 1)x, 


where 


(24) 


S’ (ux, &) 


= DLN (me) —N (me +1) Tep(ve) g(t +1) + (+1) j. 
o.=0 

Finally, summation of the terms P(AyM=1) over all 
the & infrared active normal modes of vibration yields 
the total harmonic oscillator vibrational polarization 
function P(Av=1), in terms of the k normal mode 
polarizabilities of the molecule, the vibrational mode 
degeneracies g,, and explicit functions of the harmonic 
frequency w,;, namely, 


P(Av=1) = (44/3) Do{[S’ (me, ge) /ge}(Ola|1)4}. (25) 
k 


The function S’(1, ge) can be evaluated explicitly in 
terms of w, and g;, if the population terms N(m) are 
written out by way of the Maxwell-Boltzmann law, 
and the terms g(x) are formulated in terms of g and 
2 with the aid of Eq. I (47). In the harmonic oscillator 
approximation, the number of molecules contributing 
to the transition %—%+1, with ™ pertaining to the 
initial state, is given by the following summation over 
the number of molecules in the individual vibrational 
energy levels (1, v2, *** Uk, Uk’) : 


N (0%) = ze { > N(0, Va, °° °Up, U%?) } 


KI (klk) vy /=0 


=(N/oyrm) S° { >> o(m) expl—mr ]} 


RIRIAR) y= 
= (N/0,,>*™) g(r) expl— unr |, (26) 


where 6y"*™ is the total harmonic oscillator vibrational 
partition function, and @,,5*™ is the harmonic oscillator 
vibrational partition function in the kth vibrational 
coordinate, defined by 


Gy hrm = D'g(ve) expl— mre ]=[1—exp(— me) }-. (27) 
vp=0 

The function S’(a,, ge) defined in connection with Eq. 
(24) may be seen, by comparison to the definition of a 
function C(m, g., T) in Eq. IV(15),° to bear the simple 
relation to this term: S’ (az, ge) =(N/O,,2*™™)C (ux, ge, T). 
The latter term has been given explicitly in Eqs. 
IV(A2)-IV(A4). 


P(Av=1) as an Additive Property in Terms of the 
Normal Mode Polarizability 


In the foregoing treatment, P(Av=1) has been 
derived in Eq. (25) in terms of (Ola|1):, ge, and 


°K. H. Illinger and C. P. Smyth, J. Chem. Phys. 35, 400 
(1961), this issue. 
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explicit functions of w, and g,. The definition of (0 |a|1)x 
has been given in Eq. (18) in terms of (du/0Qx)0 and 
w,. It is evident from Eqs. (18) and (24) that the 
variation of P(An%=1) associated with the same 
vibrating system of nuclei in analogous normal modes 
of vibration in different intramolecular environments 
will arise from a variation of (du/0Q;)0? and a,. Fur- 
ther, Eq. (18) demonstrates that a constant term 
wi? (Ou/dQz)o? ensures the constancy of the normal 
mode polarizability in the various intramolecular en- 
vironments. By analogous normal modes are meant 
normal modes of vibration, involving identical vi- 
brating systems of nuclei in various intramolecular 
environments, preserving the symmetry species of the 
normal mode in every environment. Aside from the 
variation of w, and (du/0Q,)o? with intramolecular 
environment, the model in which a normal mode of 
vibration is assigned to a segment of a polyatomic 
molecule assumes that the vibration described by this 
normal mode is not coupled mechanically with the rest 
of the molecule. The absence of strong mechanical 
coupling is requisite in order that the form of the 
vibrational distortion remains constant for the various 
intramolecular environments. 

We shall now give the formal development of a series 
of approximations termininating in that of a constant 
normal mode polarizability for identical vibrating 
systems of nuclei which execute analogous normal 
modes in different intramolecular environments. 

For a vibrating system of 7 nuclei, forming identical 
groups and involved in the analogous normal modes k, 
the changes to be expected upon alteration of the 
intramolecular environment are associated with the 
accompanying changes in the electron distribution over 
the vibrating system. This holds strictly if it can be 
assumed that the form of the normal mode does not 
change, i.e., that the form of the vibrational distortion 
is separate from the intramolecular environment; then 
only the change in the electron distribution of the 
vibrating segment with changing intramolecular en- 
vironment affects the vibrational mode under con- 
sideration. 

The dipole moment 4, of the vibrating system of i 
nuclei, which constitutes the molecular segment in- 
volved in the kth normal mode of vibration, can be 
written as 
(28) 


Uk = de ik iky 
i 


where ex is the effective charge of the ith atom and 
qx is the symmetry coordinate of the ith atom. Differ- 
entiation of Eq. (28) with respect to Q;, the Ath normal 
coordinate, yields the general relation 


(0u/0Qx)e? = ch {eix(Oqix/OQk) +9 x (Oe x/OQk)} ?. (29) 


This result may be combined with Eq. (18) to furnish 
the expression which describes the dependence of the 
normal mode polarizability upon the change in the 
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charge distribution during a vibrational distortion 
(O |a@ |1),=(1/120*) (g4/cr") 


x e3 { C ix | 0g ik/OQk ) +9 ix (de ik/OQx) } |. (30) 
If the assumption is made that the effective charges ey, 
remain constant during a vibrational distortion, i.e., 
that (de %./0Q%)o=0, one has from Eq. (30) 


(O |av|1) 4 = (1/12n?) (gy/on?) [> ¢ x (Og ix/AQk) Je? 
=(1/12m?) (g./o2) [Do (ex)oLal. (31) 


The second equality arises because (0q%/0Qx)o is the 
ith element Lj, of the column of the L matrix corre- 
sponding to the &th vibrational mode.’ 

In a change in the intermolecular environment of a 
vibrating segment, both the effective charges ey and 
the coordinates gy of the atoms in the segment may in 
general change. Schematically, one may write the 
following relation to describe the change in the dipole 
moment of the vibrating segment with changing intra- 
molecular environment 

Aue =pe— we’ = > fengu—en’qir’}, (32) 

i 

where ex’ and gy’ are the effective charge and the 
symmetry coordinate, respectively, of the ith atom in 
the new environment. The change in ex and qi is 
caused by the alteration of the electronic charge dis- 
tribution about the nuclei. The changes in the terms ex 
are a direct consequence of the changes in the electronic 
charge distribution in the vibrating segment; the 
changes in gx arise through the alteration of the 
equilibrium positions of the nuclei which occur when 
the changes in the electronic charge distribution alter 
the vibrational potential function. 

In general, the dipole moment y(Q,) of the vibrating 
segment associated with the &th normal mode is a 
function of Q;, which in turn depends upon the sym- 
metry coordinates gx. Upon alteration of the electron 
distribution in the vibrating segment, the following 
effects may in general occur: (a) the function u(Q,) 
may change; (b) the equilibrium value of Q;, (Qk)o, 
may change; and (c) the value of w may change owing 
to the alteration of the potential function. Either 
or both of the first two effects may lead to a change in 
(Ou/AQ,)0?. If it is permissible to consider these changes 
in the molecular quantities upon alteration of the 
intramolecular environment as differential changes, i.e., 


Mik’ = pet Sue 
(Ox) o—> (Qk) 0’ = (Qk) 0+ 6(Qx) 0 


Ww” = ot bux ’ 
7E. B. Wilson, Jr., J. C. Decius, and P. C. Cross, Molecular 
Vibrations (McGraw-Hill Book Company, Inc., New York, 
1955), p. 73. 
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one may write 
( 1/w,”) (Op; dQ.) oe [1/ (w,’ ) > 1L( Op /OO% yor - 


=[1/ (wet dex)? [0 (ue + Sux) /8(Qi+5Q;) J? (33) 
The last relation formally defines the change in 
(O|a|1), with an alteration in the intramolecular en- 
vironment, by virtue of Eq. (18). In the limiting case 
(a) where there is no change in the equilibrium con- 
figuration of the vibrating segment considered, i.e., 
6Q0,=0; (b) where the harmonic frequency remains 
constant, i.e., dw,=0; and (c) where no change in the 
dipole moment of the vibrating segment occurs upon 
alteration of the intramolecular environment, i.e., 
dux=0, Eq. (33) reduces to 
[1, / (or, IL ( Ou, AQ, ) 0’ P = | 1/w,”) (Op, ‘OQ; 2. (34) 
In this limit, the normal mode polarizability is constant 
upon change of the intramolecular environment. If a 
constant term (0{a@|1), and a constant harmonic fre- 
quency a, are assumed, S’(m, gx) being then also 
constant, one may rewrite Eq. (24) as 
P(An,=1) = (42/3) ax, (35) 
where 
oy, =(S’ (ux, gx) / gx \(0 lav | 1 hme 


The term a; is a constant, in the present approximation, 
for analogous normal modes of vibration of identical 
vibrating systems in different intramolecular environ- 
ments. If it is possible to transfer values of (0 |a| 1), for 
all the k normal modes of vibration of a molecule, Eq. 
(35) may be summed over all k, yielding 


(36) 


P(Av=1) = (42/3) Dax. 
k 


When the conditions incorporated into the derivation 
of Eq. (36) are satisfied, the vibrational polarization of 
a molecule may be calculated as an additive quantity 
in terms of the normal mode polarizabilities of its con- 
stituent segments, which are transferable to other 
molecules under the same conditions. 

The approximations given in the preceding treatment, 
leading in the lowest order to a constant normal mode 
polarizability, apply to a vibrating system of identical 
nuclei. In particular, the individual masses of the 
nuclei remain constant in their various intramolecular 
environments. For the case of isotopic species, Craw- 
ford’ has shown that the summation over all coordi- 
nates k’ of the same symmetry species 


Yow? (Ou/dQk: er 
ki 


remains constant with isotopic substitution if either or 


8 B. L. Crawford, Jr., J. Chem. Phys. 20, 977 (1952). 
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TaBLe I. Vibrational polarizability terms and total vibrational polarizability of the molecule in the ground vibrational state in the 


(O|a|2) 
(10-*% cm!) 


(O|a|1) 
(1075 cm’) 





0.0661 
0.0514 
DCcl 0.0503 
HBr 0.028 
NO 0.059 
CO 0.17 
BrCl 0.0728 
ICI 0.599 


HCl 0.00029 
0.00021 
0.00009 
0.0005 
0.0003 

<0.0018 


<0.00033 





(O|a}3) 
(10°? cm*) 


0.000001 1 
0 .00000052 


anharmonic oscillator approximation, for the gas at T=300°K, p=1 atm, calculated from Eqs. (11) and (10), respectively. 








(O|a|0) 
(10-% cm?) 


Source of 
intensity value 





0.0661 
0.0517 
0.0505 
0.028 
0.060 
0.17 
0.0746 
0.599 


b W. S. Benedict, R. Herman, G. E. Moore, and S. Silverman, Can. J. Phys. 34, 850 (1956). 
©W. S. Benedict, R. Herman, G. E. Moore, and S. Silverman, J. Chem. Phys. 26, 1671 (1957). 


4 S$. S. Penner and D. Weber, J. Chem. Phys. 21, 649 (1953). 
© S. S. Penner and D. Weber, J. Chem. Phys. 19, 807, 974 (1951). 
f W. F. V. Brooks and B. Crawford, Jr., J. Chem. Phys. 23, 363 (1955). 


both of the following conditions hold: (a) that the 
molecule has a zero permanent dipole moment, and (b) 
that the symmetry species of the vibration in question 
is not the same as that of any rotation which moves the 
permanent dipole moment. When this condition is met, 
the invariance in the sum over k’ may be used to 
extend the treatment given above to isotopic systems. 
This is to say that for the set of vibrations k’ for which 
this isotopic invariance holds under the symmetry con- 
ditions specified above, it is possible to include isotopic 
substitution in the vibrating segment with the change 
in intramolecular environment. 

In order to judge the validity of the series of ap- 
proximations leading from Eq. (33) to Eq. (34), it is 
requisite to have available independent criteria for each 
of the assumptions that inhere in these relations. The 
approximation 6(Q,)o=0 may be investigated by the 
comparison of bond lengths and bond angles of the 
vibrating segment in the various intramolecular en- 
vironments. If the geometry of the segment remains 
constant, the validity of this assumption is supported. 
The validity of the assumption da,=0 can be ascer- 
tained directly from the experimental frequencies of 
the vibrating segment in the various environments. 
The final assumption du; =0 is not readily accessible to 
investigation since this would necessitate a knowledge 
of the change in the function »(Q,) with changing 
intramolecular environment. However, it is possible to 
examine the variation of (du/0Q,)o? by means of the 
experimental intensities of the analogous normal modes 
of vibration in the different environments. The rela- 
tionship between (0 |a|1), and the integrated absolute 
band intensity of the &th normal mode, A;, has been 
given in Eq. 1(49), namely, 


(O |a|1)4= (¢/4m*) [en /S (ux, ge) \(An/on), (37) 


where 
S( Uk, &) 


= >" {[9t(ve) —I( +1) Tyme) g(te+1) + (+1) } 


vyp=0 
=(N/Oy,0™)C (ue, ge, T). 
Combination of Eqs. (18) and (37) then yields 
(Opn /dQk) o? = (3¢/m) [Ax/S(m, gk) 3? (38) 


Equation (38) provides the relation by means of which 
the variation of (du/dQ;)o? with changing intramo- 
lecular environment can be examined by way of the 
change in the associated intensities. If the validity of 
assuming the constancy of the equilibrium value of the 
normal coordinate (Qx)o has been determined as dis- 
cussed above, this test of the constancy of (du/dQx)0? 
allows one to judge whether the assumption du,=0 is 
tenable. 

The treatment given in the preceding section has 
assumed implicitly that the influence of the inter- 
molecular environment remains constant among the 
various intramolecular environments considered for a 
given set of analogous normal modes of vibration. In 
general, this holds strictly only in the case of dilute 
gases. In applying the foregoing considerations to dense 
gases or to condensed states, account must be taken of 
the variation of (0 | @ | 1), with changing intermolecular 
forces. These effects have been treated in II.? The re- 
lationships among the molecular quantities, viz., 
(O| a | 1)k, we, (Ou/dQ;) 0, and P(An,=1), derived here 
are independent of the degree of molecular interaction. 
On the other hand, the relations between these molecu- 
lar quantities and the macroscopic measurement varia- 
bles must, for condensed states, include the effect of the 
internal field.? 
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TABLE II. Normal mode polarizabilities, total vibrational polarizability in the ground vibrational state, and associated vibrational 


polarization terms, in the harmonic oscillator approximation, for the gas at 7=300°K, »=1 atm, calculated from Eqs. (37), (20), and 
(24), respectively. 





(Ola|1), (O|a|0) P (An =1) Source of 
(10-* cm?) (107% cm’) (cm?) intensity value 








0.066 0.066 0.017 
0.051 0.051 0.013 
0.050 0.050 0.013 
0.028 0.028 0.0070 
0.059 0.059 0.015 
0.17 0.17 0.043 
0.073 0.073 0.018 
0.60 0.60 0.15 
1.30 0.44 
1.61 2.91 0.41 
0.52 0.13 
0.082 0.037 
3.32 3.93 0.84 
0.49 0.12 
0.19 0.074 
1.10 78 0.28 
0.00048 0.00012 
1.03 0.33 
0.073 : 0.018 
0.011 0.0027 
0.39 0.16 
0.065 , 0.016 
0.048 0.012 
0.15 0.11 
0.050 a 0.013 
0.011 0.0028 
0.11 0.096 
0.021 : 0.0054 
.26 0.067 
.53 0.39 
52 sam 0.38 
094 0.024 
94 03 1.25 
076 0.019 
09 g 0.90 
.032 


Re oe Eo oh O 


—) 


328 


a .-@ ¢.¢4:.4 20° 8 Bee ee eanan a 
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TABLE II (continued) 











(Ola|1), (O|a|0) P(Am=1) Source of 


(10-% cm) (107% cm) (cm) intensity value 





BUF, 1.83 0.46 
»;(E’) 4.12 1.04 
v(E’) .56 : 0.28 
BF,» ay mre : eee 
H.CO (Aj) .040 0.010 
vo(A}) e 0.071 
v3(A) . ‘ 0.015 
v4(By) , 0.048 
vs(Bi) . 0.011 
ve( Bz) UO 0.67 0.013 
v3(F2) . 0.035 
va(F2) n 0.42 .075 
v3(F2) 2.76 
v4(F2) : 10.36 Ad 
v3(F 2) : 2.06 
va(Fo) . 7.22 716 
r:(A1) ; .013 
vA 1) . . 0059 
v3(A1) ; .32 
v4(E) : .012 
v5(E) ‘ .0052 
ve(E) ; A .0034 
(A) ‘ .016 
vo(A;) . 0. 10 
vs(A}) ‘ 0.25 
v(E) , 0.013 
v;(E) i 0.0066 
vg(E) A i 0.00074 
(A1) . 0.014 
v2(A) 2.414 
v3(A,) ° 0. 11 
v4(E) 3 0.019 
v;(E) d 
ve(E) . va 0.074 
(A) “ 0.0067 
vo(A)) ‘ 0.013 
v3(A)) ba 0.15 
v4(E) i 0.0035 
v5(E) : 0.020 
v(E) ‘ ‘ 0.013 
CD;Cl vi(A)) , 0.0082 
v2(A;) ; 0.034 
v3(A1) 43 0.11 
vs(E) E 0.0033 
vs(E) , 0.021 
vo(E) , : 0.0062 
CH;Br v(A1) e 0.0061 
v2(A}) . 0.028 
v3(A;) r 0.078 
v,(E) .006: 0.0017 
v5(E) é 0.019 
vo(E) : 5 0.027 
CD;Br (Aj) -025 0.0063 
v2(A1) : 0.037 
v3(A1) . 0.068 
v4(E) 0055 0.0014 
v;(E) , 0.021 
vo(E) . ; 0.013 


~ 
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TABLE II (continued) 











(Ola|1), (O|a|0) P(An=1) Source of 
(10-* cm!) (107% cm) (cm’) intensity value 





0.017 0.0042 
vo(A,) 0.18 0.045 
v3(A}) 0.091 0.023 
v4(E) 0.0031 0.00078 
py;(E) 0.068 0.017 
ve(E) 0.14 ; 0.039 
”1(A}) 0.018 0.0044 
v2(A;) 0.20 0.052 
v3(A}) 0.052 0.013 
v4(E) 0.0017 0.00044 
v;(E) 0.072 0.019 
ve(E) 0.071 : 0.025 
CH;CN v1(A}) 0.0030 0.00076 
v2(A;) 0.0053 0.0013 
v3(A;) 0.0064 0.0016 
v4(A}) 0.018 0.0044 
v;(E) 0.0036 0.00090 
ve(E) 0.11 0.027 
v;(E) 0.027 0.0070 
vs(E) 0.037 5 0.026 
v(A}) 0.0036 0.00092 
v2(A}) 0.0051 0.0013 
v3(A}) 0.021 0.0054 
v4(A,) 0.014 0.0036 
pv;(E) 0.0066 0.0017 
ve(E) 0.12 0.033 
v;(E) 0.10 0.0029 
vs(E) 0.075 oy - 0.068 
¥7(Bix) .18 0.30 
vo(Bo,) .035 0.0087 
vi0(Bo,) O11 0.0027 
vi1(Bs,) .020 0.0051 
v12(B;,,) .062 sa 0.016 
cis-CoH2D° v(A}) .012 0.0030 
v;(B,) .0093 0.0024 
ve(B,) .0049 0.0012 
v7(Be) 30 0.34 
v9(A}) .019 0.0047 
vi1(By) .017 0.0042 
v;2(B;) .051 : 0.013 
trans-C2H2D.° w7(A,) .63 0.16 
vo(B,) .030 0.0071 
v10(B,,) .0014 0.00034 
v11(B,) .024 0.0061 
v12(B,,) .061 0.015 
vs(A,) m3 | RY 0.13 
v7(Biy) .08 0.27 
vy(Bo,,) .030 0.0075 
vi0(Bo,) .0017 0.00042 
vii (Bs,) .021 0.0053 
vi2(Bs,) .060 : 0.015 
v5(Fi,) 3.13 4.45 
ve( Fin) .76 Ss 0.62 
v;(Ao) .075 0.019 
ve(A >) .028 0.0071 
v7(E) 18 0.046 
vs(E) .083 0.021 
v9(E) 0.10 : 0.031 
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TABLE II (continued) 








P (Av, =1) 
(cm) 


(Ola|1), 
(10-% cm?) 


Source of 
intensity value 


(O|a|0) 
(10-*5 cm*) 





v5(A 2) 
v5(A 2) 
(BE) 
vs(E) 
v9(E) 
v5(A 2) 
(A 2) 
v;(E) 
vs(E) 
v9(E) 
vy(A 2u) 
i2( Eu) 
13( Eu) 
nia( Ey.) 


~ 


0.074 
0.034 
0.17 
0.10 
0.082 
2.55 
0.86 
6.89 
0.22 
0.17 
2.61 
0.085 
0.079 
0.10 


0.019 
0.0085 
0.044 
0.026 
0.032 
0.64 
0.22 
1.77 
0.098 
0.30 
0.66 
0.021 
0.020 
0.028 


ee ee te te 
=. . 


Nets Sete Gee 
~~~ 


—s 
= 


2.88 














® Value refers to the individual isotopic species in the naturally occurring isotopic mixture of BF3. 
b Value refers to the combined isotopic mixture of BFs. 

© Vibrational assignment is that given in footnote h’. 

4 Polarization term corresponds to P(Ave=1)+P(Avs=1). 

® See reference a, Table I. 

f See reference b, Table I. 

€ See reference c, Table I. 

» See reference d, Table I. 

i See reference e, Table I. 

1 See reference f, Table I. 
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III. CALCULATIONS AND DISCUSSION 


The results of the calculations of the terms (0 |a|j,) 
in the anharmonic oscillator approximation, via Eq. 
(11), are given in Table I for a number of diatomic 
molecules. In this table, (0|a|0), defined by Eq. (10), 


cerning the convergence of (w|a|m) is supported by 
these calculations. 

In Table II, the normal mode _ polarizabilities, 
(O|a|1),, the total vibrational polarizability in the 
vibrational ground state in the harmonic oscillator ap- 


has been calculated as the sum of the terms (0|a|j,) 
which are given in the same table. For diatomic mole- 
cules, the summation over k in Eq. (10) reduces to a 
single term, and all the degeneracies g( 7.) are unity. 
It is evident from the variation of the values of (0 |a | jx) 
with increasing j, that the previous conclusion con- 


proximation, (0|a@|0), and the associated vibrational 
polarization terms P(Ax,=1) are given. The assign- 
ments for the normal modes of vibration are those given 
by Herzberg,‘ unless it is otherwise noted. Since the 
harmonic frequencies «, are generally not known in the 
case of polyatomic molecules, the band center fre- 
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quencies % have been used instead in the calculations 
reported in Table II. The normal mode degeneracies gx 
are given implicitly by the designated symmetry species 
of the normal modes; i.e., g.=2 for the species e, 
E, m, and Il, g.=3 for f and F, and g,=1 for all other 
species.? Comparison of the values of (0|a@|0) for the 
set of diatomic molecules in Tables I and II indicates 
that the harmonic oscillator approximation with 
w®, =v, is in good agreement with the anharmonic oscil- 
lator approximation, corroborating the validity of 
using the harmonic oscillator approximation with the 
substitution w, = for polyatomic molecules. 

It is evident from the principles underlying the ap- 
proach given in the last section that, in the case of 
polyatomic molecules, the total vibrational polariza- 
tion, i.e., the unresolved sum of all vibrational transi- 
tions, cannot be directly correlated among molecules. 
This is due to the circumstance that it is the individual 
polarization terms, P(Ay,=1) in the harmonic oscil- 


® See reference 4, p. 272. 
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lator approximation, associated with the k normal 
modes of vibration that determine the value of 
P(Av=1). On the other hand, the treatment given 
above implies that the normal mode polarizabilities 
(O|a|1),; and the associated terms P(An%,=1) are 
amenable to significant correlation among molecules. 
A discussion of the dependence of the vibrational 
polarization upon the structure of the molecule must be 
based upon an approximation at least as refined as that 
predicting a constant and transferable normal mode 
polarizability for identical systems of nuclei executing 
analogous modes of vibration in various intramolecular 
environments. The application of this approximation 
to individual cases will be treated in detail in forth- 
coming communications. 
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It is shown that the vanishing of an interatomic force constant in a solid can produce specific heat anoma- 
lies very similar to the familiar “lambda point” phenomena. Possible application of this to higher order 


phase transitions is discussed. 


I. INTRODUCTION 


HE thermodynamic behavior of a solid depends on 

its vibrational frequencies, and these depend on, 
among other things, the strength and nature of the forces 
which hold the atoms together. Although the detailed 
frequency distribution is quite complex, it is true in a 
general way that strong interatomic forces produce high 
frequencies and weak forces low frequencies. Low 
frequencies, in turn, are the ones which have the 
dominating effect on the thermodynamic functions at 
low temperatures. A decrease in the strength of one or 
more of the atomic force constants should therefore 
produce an increase in the low-temperature specific 
heat of the solid." 


1 A crystal model in which forces are functions of temperature, 
but are harmonic at any temperature, has become known as the 
“quasi-harmonic approximation” in calculations whose main 
concern is with anharmonic properties. Our model may be taken 
either literally, or in the spirit of that approximation. People 
who prefer not to believe that force constants do directly change 
with temperature may instead think about the effect of the an- 
harmonic part of a potential, which will be stronger on the higher 
vibrational states, or at higher temperatures. 


The purpose of this paper is to put the preceding 
argument on a quantitative basis: We calculate the 
specific heat anomalies that might appear in a solid if 
one of the interatomic force constants changes with 
temperature and approaches zero at some critical 
temperature. 

The physical motivation for this calculation comes 
from the specific heat anomalies observed in various 
substances (sometimes called ‘lambda points” on 
account of the shape of the C, vs T curve). These are 
often associated with second- or higher-order phase 
changes, and it seems plausible that the occurrence of 
certain phase changes should indeed be accompanied 
by just such a decrease and vanishing of some force 
constant.? For it is precisely these force constants, 
which have the secondary effect of determining the 
lattice vibrations, which provide the basis for the 
stability of the lattice in the first place; the vanishing 


2 A somewhat similar argument has been given, in connection 
with the ferroelectric transition, by W. Cochran, Phys. Rev. 
Letters 3, 412 (1959). 
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of one such force constant might therefore produce 
instability and result in the atoms’ finding new equi- 
librium positions. 

It is generally believed that these phase transitions 
can be explained by alone considering the configurational 
changes. Vibrational effects are believed important, 
but usually treated, if at all, as secondary to configura- 
tional ones.’ By contrast, the present paper has nothing 
to say about the difficult question of the inlerplay of 
vibrational and configurational changes; rather, it 
treats the question, not previously considered, of the 
primary effect on the vibrational spectrum and the 
specific heat due to the decrease to zero of one of the 
force constants; configurational changes do not enter 
the calculation explicitly at all. 

In Sec. II, general formulas are derived for the effect 
of the vanishing of a force constant on the specific 
heat of a solid. In Sec. III, a simple example is worked 
out. It turns out that a C, vs T relationship very close 
to the familiar ‘‘lambda point” curve can be obtained. 

II. SPECIFIC HEAT CONTRIBUTION FROM A 

MINIMUM IN THE FREQUENCY DISTRIBUTION 

The molar specific heat C, at temperature T of a 
crystal is* 

zmax 
Cy=2NR(2887/8)*| sE(z)g(A)ds. (1) 
0 
Here N, k, and 2rh are, respectively, Avogadro’s, 
Boltzman’s, and Plank’s constants; s and \ are dimen- 
sionless quantities proportional, respectively, to the 
frequency w and to w’, 


2=hw/2kT, A= (tw)? (2) 


and g is the distribution of frequencies (in terms of \). 
The well-known ‘Einstein Function” 


E(z)= 


decreases monotonically from unity at the origin to 
z*e* for large z. As \ varies from zero to some Amax, 2 
will vary from 0 to Zmax=AAmax?/2ERT. At low tem- 
peratures, therefore, the exponential decrease of E(z) 
for high z permits us to replace the upper limit in 
(1) by ~, 


(2/sinhs)? (3) 


(4) 


C,=2NR(2ERT/h)? / "3E(2)g(A) ds. 
0 


A general criterion for the validity of this expression 
and the subsequent work is that the temperature be in 
the range in which the 7° law for specific heats would 


3 See generally G. H. Wannier, Elements of Solid State Theory 
(Cambridge University Press, Cambridge, England, 1959), 
Chap. 4; H. N. V. Temperley, Changes of State (Cleaver-Hume 
Press, London, 1956), p. 323 ff. For a review of the literature on 
the order-disorder transition, see T. Muto and Y. Takagi, Solid 
State Phys. 1, 193 (1955), p. 246 ff., for vibrational effects; also, 
P. J. Wojtowicz and J. G. Kirkwood, J. Chem. Phys. 33, 1299 
(1960). 

4 See, e.g., J. E. Mayer and M. G. Mayer, Statistical Mechanics 
(John Wiley & Sons, New York, 1940), Chap. 11. 
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hold in the absence of anomalies. A more quantitative, 
but too restrictive criterion, is that hw>2kT,* where 
z* =1.288 ...is the value at which z#(z) has its maxi- 
mum. (For example, an error less than one-half per cent 
will be incurred in doing this if Amax is of order unity 
and 2&&kT/h>8). 

In solids, the squared frequencies \ may be calcu- 
lated directly as the roots of a secular equation; this 
was the motivation for introducing \ in place of w into 
our formulas earlier. The elements in the secular 
determinant are functions of quasi-continuous variables 
¢r, 2, 3 (in a three-dimensional crystal), and for every 
value of d= (gi, 2, $3), 3” values of X (where n is the 
number of atoms per unit cell) can be computed. 

When plotting surfaces of constant \ in @ space, so- 
called critical points (i.e., maxima, minima, and in two 
or more dimensions, saddle points) will occur at certain 
points. In the following we will be interested exclusively 
in minima. There is of course always one absolute 
minimum, where \=0, and other minima may or may 
not exist, depending on the structure and forces in the 
crystal. It is when such other relative minima exist that 
the situation envisaged in the introduction may arise: 
the value of A=Amin at the minimum will in general 
depend on the various interatomic force constants and 
this dependence may be such that if one of the force 
constants approaches 0 the value of Amin at the mini- 
mum will itself approach 0. We therefore proceed to 
study the behavior of the contributions made to the 
specific heat as given by (4) by the part of g(A) that 
arises from near a minimum. 

Let us therefore consider a point ¢°= (1°, $2°, 3°) 
which is a minimum in ¢ space, at which \ takes on the 
value Xo, and let us write 


A=A—)o, 
$i =$:i—$?, 
The expansion of 4 about that point is then 
A= ad)’ +bd:'+cd,’, 


where the positive constants a, b, c, depend on the 
details of the lattice; linear terms, which would appear 
in expansions about ordinary points, are absent because 
we are expanding about a minimum, and terms higher 
than quadratic have been omitted, as have cross- 
products which, if present, can be removed by a simple 
rotation of coordinates. The distribution g(A) can for 
this case simply be written g(A) =dV/dA with V the 
volume enclosed by the surface f(¢) =A in @ space, 
where f(¢) is the right-hand side of Eq. (6). This 
volume is found by the mensuration formulas of ordi- 
nary geometry 


V =4nk!/3 (abc)! 
and therefore 


g(A) =2m(A/abc)! 


(5) 


(6) 


if A>O, and 0 otherwise, 


ifA>0, and 0 otherwise. 
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Fic. 1. C,/ 
r>0. 


T3 vs T with 








T 


The contributions to the specific heat C, from the 
minimum at Ap can, by (4) and (2), then be written 


Cy= (2ERT/h)*2e(abc)* J (2) (7) 
with 2 
zo= (h/2ERT) roi 
and 
fo 


J (2%) J ZE(z) (22—292) dz; 
z0 


the behavior of J is found to be® 


{ (a*/30) — (w22e?/1 
J (Zo) = 4 


2)+++, small z 
(9) 


| 
| 2zc"e az 


large 2. 
lil. AN EXAMPLE 


In this section we try to exhibit the meaning of (7) 
by means of an example. The example can not be too 
realistic for two reasons: First, because in any real 
situation neither the precise behavior of the dispersion 
relation as a function of the force constant parameters, 
nor the data which tell exactly how the force constants 
vary as a function of temperature are available; second, 
because the behavior of (7) would probably become 
inscrutably complicated if these data were actually put 
in. Nonetheless, it is necessary to use some example to 
illustrate the behavior of (7), simply for the sake of 
being definite. For as it stands, it is not only the 
minimum frequency 2 which depends on the force 
constants and thus indirectly on the temperature (and 
J is a function of zo), but also the constants a, ), c. 

As the simplest model capable of exhibiting the 
desired effects, we consider the monatomic simple 
cubic lattice with forces between 1st and 4th neighbors. 


Cy 


Fic. 2. C, vs T with r>0. 








t 


5 Terms of order a* and higher are omitted in the expansion for 
small z. Expansions of csc*z are involved; H. B. Dwight, Tables of 
Integrals (The MacMillan Company, New York, 1947), formulas 
657.8, 673.20. Leading terms follow from D. Bierens de Haan, 
Nouvelles Tables des Integrales Definies (Hafner, New York, 
1957), formulas 86.4, 86.5. 
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| 
y, 
a 
| 

To 


cy/T* 


Fic. 3. Same as Fig. 1, but 
with r<0. 








The dispersion relation is found to be® 


A= (a/y) (1—Ci) + (8/2) (2—C2-C3) +(1-C’) 


(10) 


if £ in A= (fw)? is taken as given by ?=m/2y, C;=cos¢; 
and a, 8, y are, respectively, force constants for central 
interaction between 1st neighbors, noncentral interac- 
tion between first neighbors, and central interaction 
between fourth neighbors. We plan to study C, as a 
vanishes. The noncentral force component described by 
8 was introduced as the simplest way of keeping the 
problem from degenerating into a one-dimensional 
one’; introducing interaction between 2nd neighbors 
would have accomplished the same thing in a physically 
more natural, but mathematically more cumbersome 
way. The minima appear at (di, ¢2, $3) = (0, 0, 0) and 
(x, 0, 0), the values of \ being 0 and \y=2a/7, respec- 
tively. By expanding we get (6) with a=1+(a/2y), 
b=c=£6/2y at point (0, 0, 0) and with a=1—(a/ dy), 
b=c=£8/2y at point (x, 0, 0), respectively, (7) thus 
gives contributions 


c -(' — 
2Vk \h/ By 


(J (0) 


x} 


*) she, mkT) 


from the absolute minimum 


(11) 
from the relative minimum 


Cy 


Fic. 4. Same as Fig. 2, but with 
r<0. 








6 By interchanging indices, two more dispersion relations may 
be obtained. These need not be considered further, because they 
are physically indistinguishable (except for a trivial /2 rotation) 
from the one we have written down. 

7 If in a multidimensional crystal the forces are such as to leave 
the motion of any atom in one particular direction unaffected by 
the motion of the other atoms in any other direction, then the 
problem becomes essentially one-dimensional. This happens, e.g., 
when only central forces between ne neighbors are considered 
in a simple cubic lattice. See, e.g., G. F. Newell, J. Chem. Phys. 
21, 1877 (1953). 
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and using the expansions (9) 
C, 
2NR(RT/h) 327? m?-eB-y 
| r/30 





from the absolute minimum 
(12) 
on 


h\? : Hy 
(=) from the relative minimum. 
m\k1 


IV. DISCUSSION 


The results for the contributions to C,, Eq. (12), can 
be summarized by 


C 1 contribution from absolute minimum 
v 


T? TO . . . at 
pr 1—ga/T? contribution from relative minimum, 
p and g being positive constants. If we now let a be a 
function of temperature, and allow it to approach 0 at 

ni I Pp 
the ‘‘critical” temperature T, 


a=r(T—T,) (13) 


valid for a>0, ie., for T>T,. if r>0 and vice versa, 
we get for the contributions to C, 


1 all T—contributions from 
absolute minimum 
(14) 
T2T if r20—contribu- 
tion from relative mini- 
mum. 


1—(gr/T*) (T—T.) 





The reason that the contribution from the relative 
minimum holds on one side of T only is that on the 
other side the phase change may have taken place and 
the calculation is not valid there. On the other hand, an 
absolute minimum, contributing as in the first line, will 
still exist. 
Taking r>0 for the moment, we can then write 

C, (1 | see AP 

— = (15) 

pi |2—sT-°(T-T.)  T>T. 
with s a positive constant. This is illustrated in Fig. 1. 
If we plot C, rather than C,/T* we obtain Fig. 2. 
With r<0 and the bottom line of (14) valid for 7<T, 


Cy 


l 
Te 








Fic. 5. Combination of Figs. 2 and 4. 


we get instead 


€. ( 1 > je 
(16) 


#3" \g—sP(T.—T) TT 


s again being a positive constant. This produces Fig. 3 
for C,/T*® and Fig. 4 for C,; i.e., the anomalous be- 
haviour occurs to the left of 7, rather than to the right. 
Although, as we have pointed out, one particular 
calculation, as in our specific example of Sec. III, can be 
valid on one side of T only, it seems reasonable that a 
similar approach to the transition temperature will 
occur on the other side as well. This would lead to Fig. 5, 
which is obtained by combining the behavior on the 
left for r<O with that the right for r>0. The resem- 
blance to the usual “lambda point” curves is apparent. 
We should again point out that the explicit calcula- 
tions done here are schematic only. Furthermore, the 
relation (13), although the simplest one that will let 
a—0 as T—T, (by virtue of being linear) is arbitrary 
and might well be replaced by a=r(T—T.)', t being 
any positive number. Nonetheless, it seems valid to 
conclude that the specific heat anomalies that should be 
expected from the changing vibrational properties of the 
lattice as a phase change is approached are quite 
similar to what is actually observed experimentally. 
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The effect of pressure is as measured on the spectra of four Cu* * salts, and on K;COKs and FeSiFs-6H.0. 
The four Cu* * salts have varying degrees of distortion from octahedral (or tetrahedral) symmetry. For the 
Tutton’s salt (the more distorted octahedral complexes) there were measurably larger effects on the shift 
and especially on the intensity of the transition. The Co** and Fe* + systems were compared to investigate 
the possibility of crossover from spin free to spin paired arrangement in the former. Fiom the data it is 


estimated that this should occur at 220-250 kbar. 


HE effect of pressure has been measured on four 

Cu** complexes, one Fett, and one Co** complex. 

The copper complexes were studied to investigate the 

effect of various degrees of distortion on the pressure 

induced ligand field shifts. The Fe*+ and Co** com- 

plexes were investigated to study the possibility of 
TABLE I. Complexes studied, and sources. 


Complex Source 








Powdered-prepared by evapora- 
tion of an aqueous solution of 
CsCl and CaCk in a mole ratio 
of 2:1 


(1) CssCuCh 


(2) CseCuBry 
(3) CuSiF.s:6H,O 


Same as (1) 


Powdered-obtained from A. D. 
Mackay Company 

(4) (NH4)2Cu (30,)2*6H2O0 Single crystal-obtained from T. S. 
Piper 

(5) FeSik’s-6H,O Single crystal-obtained from A. D. 

Mackay Company 

(6) KsCoFs 


Powdered-obtained from A. D. 


Company 





crossover from spin free to spin paired ground state 
induced by increased ligand field. The compounds 
studied and sources are listed in Table I. The high- 
pressure optical techniques have been described else- 
where.'? 

Cut+ COMPLEXES 


Data were obtained on four Cu*t systems, 
(NH,4)sCu(SO,)2*6H,O, CuSiFi-6H,O, CseCuCl,, and 
Cs.CuBry. In the first two complexes the Cutt is 
surrounded by a distorted octahedron of H,O ligands, 
with (NH 4»)Cu(SO,)2°6H,O, Tutton’s salt, having a 
tetragonal distortion, and CuSiFi-6H,O having a 
trigonal distortion, as is discussed by Bleaney, e¢ al.,3-7 


+ This work was supported in part by the United States Atomic 
Energy Commission. 

1R. A. Fitch, T. E. Slykhouse, and H. G. Drickamer, J. Opt. 
Soc. Am. 47, 1015 (1957). 

2 H."G. Drickamer, Rev. Sci. Instr. 32, 212 (1961). 

3B. Bleaney, K. D. Bowers, and R. S. Trenam, Proc. Roy. Soc. 
(London) A228, 157 (1955). 


and Abragam and Pryce.® The last two complexes have 
tetrahedral symmetry with a tetragonal distortion, as 
reported by Helmholz and Kruh.° 

Since Cu** is a d® system and thus equivalent to d! 
except for sign, there is only one ligand field transition, 
equal in energy to 10Dq, of ?E—*T, for a regular octa- 
hedron. This state will split for fields of lower symmetry 


—_—— 
/ 
2 / 
Ygpenmnenl 
I \ 
1 \ 
r 


a 


2 Nie 


OCTAHEDRAL 
SYMMETRY 





TRIGONAL 
SYMMETRY 


OCTAHEDRAL 


TETRACONAL 
SYMMETRY 


SYMMETRY 


(a) (b) 


Fic. 1. Taork of energy levels in Cut * by fields of lower 


symmetry (after Bleaney e¢ al.). 


and is shown for tetragonal and trigonal distortion in 
Fig. 1. The figure also applies to the distorted tetra- 
hedron case by inverting the levels. 

Thus, in a field of lower symmetry, there should be 
more than one transition observable. However, in this 


*B. Bleaney, K. D. Bowers, and D. J. E. Ingram, Proc. Roy. 
Soc. (London) A228, 147 (1955). 

5B. Bleaney, K. D. Bowers, and M. L. H. Pryce, Proc. Roy. 
Soc. (London) A228, 166 (1955). 
( 6 — and D. J. E. Ingram, Proc. Phys. Soc. A63, 408 
1950). 

7B. Bleaney, R. P. Penrose, and B. I. Plumpton, Proc. Roy. 
Soc. (London) A198, 406 (1949). 

8 A. Abragam and M. L. H. Pryce, Proc. Phys. Soc. (London) 
A63, 409 (1950). 

§L. Helmholz and R. F. Kruh, J. Am. Chem. Soc. 74, 1176 
(1952). 
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Fic. 2. Av, A10Dgq vs pressure for two Cut * complexes. 


work, pressure data were obtained on only the higher- 
energy component for each complex. A band at lower 
energy than the main band was observed for the 
tetrahedral complexes but could not be resolved. 

The shifts in energies and transition probabilities 
for these Cut+ systems are presented in Figs. 2-5. 
Where more than one curve occurs on a figure, data 
points have been left out to avoid confusion. The 
transition probabilities are normalized to a convenient 
reference pressure as the atmospheric pressure data 
contained some scatter. The transition probabilities 
for CseCuBr, were qualitatively similar to that of 
CseCuCly. 

It can be seen that the shift in energy of 
(NH,)2Cu(SO,)2°6H,0 is greater than that of CuSiFi- 
6H,0, even though both are hexahydrate systems. This 





qT i ‘ 

CsaCuCla (Va) aax” 9800 cw 
~~ = -CS2CUBTe (4 )wax79000 CMY 
i 


TRANSITION: 2T,—* 2€ 


: 
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Fic. 3. Av, A10Dq vs pressure for CsgCuCl and CseCuBry. 
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Fic. 4. A/Aw vs 
pressure, CseCuCh. 
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could be due to the greater distortion of the Tutton’s 
salt, as CuSiFs:6H,O has a relatively small trigonal 
component** compared to the tetragonal component 
of (NH,4)2Cu(SO,)2°6H,O; indeed, the latter system 
has a rhombic component in addition to its tetragonal 
symmetry*~*, 

It may be noted that the transition probability for 
(NH,4)2Cu(SO,)2*6H2O showed a great increase with 
pressure. This is consistent with increased distortion 
which would increase the transition probability.’ 

The peaks of both tetrahedral systems showed a 
peculiar but reproducible shift in energy, shifting a 
great deal with pressure above about 35 kbar. It may 
be noted that the transition in the tetrabromide shifted 
slightly more than that of the tetrachloride as might 
be expected from the greater polarizability of the 
bromide ion. 





T i q 


TRANSITION: 2€—» 27, 


Fic. 5. A/Ay vs 2 
pressure, (NH,)2Cu-< 
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(SO,4)2°6H20. 2.0 
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 K. B. Keating and H. G. Drickamer, J. Chem. Phys. 
(1961). 
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Fic. 6. Av, A10Dgq vs pressure, FeSiFs-6H2O and K;COg. 


d° SYSTEMS 


Both Fe** and Co** have the d® configuration of 
outer electrons. Both the complexes studied are spin 
parallel although most Co*+ complexes are spin paired. 
For FeSiFi-6H,O spin allowed transition is °7.—°E is 
at 10 500 cm™. For KsCoF it is located at 19 300 cm“. 
This is equal to 10Dq according to Tanabe and Sugano." 


1 Y, Tanabe and S. Sugano, J. Phys. Soc. Japan 9, 753, 766 
(1954). 
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Fic. 7. A/Ayg vs pressure, K;Col’s. 


From their diagram it can be estimated that crossover 
should occur near 21 300 cm~. A comparison between 
the Fe** and Co** spectra should indicate if this is 
occurring. Figure 6 illustrates the pressure shifts. The 
Fet*+ complex shows a much larger fractional change 
in Dq probably due to a higher compressibility and due 
to the fact that dipolar ligands give fields which vary 
as R* rather than R~*. The maximum energy for the 
transition reached for the KiCoF is 20 750 cm~. It is 
estimated that crossover would occur at 220-250 kbar. 
Figure 7 shows the fractional change in intensity of the 
transition. There was no sign of disappearance of the 
peak, or of the appearance of new peaks. 
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The effect of pressure has been measured on the spectrum of ruby, both parallel and perpendicular to the 
C axis, to 120 kbar. From these data it is possible to calculate the change in crystal field strength Dg in 
interelectronic repulsion B and in trigonal field distortion (—$K). The crystal field increases with increasing 
pressure, while the interelectronic repulsion decreases, indicating increasing covalency. The trigonal dis- 
tortion is constant to about 60 kbar, and then increases markedly at higher pressures. The fractional change 
in Dg with pressure follows the R~ law closely to 30 kbar, the upper limit of the p-v data. 


HE effect of pressure to 120 kbar has been measured 

on the spectrum of ruby (Cr** in the Al,Os lattice). 
The ruby samples were obtained from D. S. McClure 
of RCA Laboratories. The Cr** substitutes for an Al** 
ion and is surrounded by an octahedron of O™ ions. 
There is an appreciable trigonal distortion of the field 
which has been calculated in the work of Sugano, 
Tanabe and Tsujikawa.'? On approximating the 
trigonal component as belonging to the Ai(72) repre- 
sentation of C3», they obtained the splitting shown in 
Fig. 1. The *A,—>'c(T2) and 4A,—>‘c(7)) transitions are 
observed with perpendicularly polarized light, while 
the 44:>1A,(7T2) and 44,—‘'A2(T)) transitions are 
observed with parallel polarized light. Sugano ef al. 
used a splitting parameter K. They determined the 
atmospheric value of — K to be 350 cm“. 
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Fic. 1. Energy level diagram for ruby (after Sugano, Tanabe 
and Tsujikawa). 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1S. Sugano and Y. Tanabe, J. Phys. Soc. Japan 13, 880 (1958). 

2S. Sugano and I. Tsujikawa, J. Phys. Soc. Japan 13, 899 
(1958). 


The high-pressure optical system used has been de- 
scribed elsewhere.** Polarized light is partially de- 
polarized by the strained NaCl. The polarized spectrum 
was obtained by using crystals cut perpendicular and 
parallel to the C axis of the crystal. It is not difficult to 
show that the spectra taken perpendicular to the C 
axis is perpendicularly polarized. It can also be shown 
that from measurements taken perpendicular to the 
C and A axes and known crystal thicknesses in both 
directions it is possible to calculate the absorption by 
parallel polarized light from the following equations: 


2(I/To)a— (1/To) -x=exp(—auXa), 


where 7=intensity of light through the crystal, Zo= 
intensity of incident light, (7/Jo).=absorption per- 
pendicular to C axes=exp(—a,X,), and (1/Io)ci1= 
exp(—a,X4). The results are discussed below. The 
shifts of the polarized spectra are shown in Figs. 2 and 
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Fic. 2. Av vs pressure, AlpO3:Cr*+; 4A2(F)—4T2(F). 


®R. A. Fitch, T. E. Slykhouse, and H. G. Drickamer, J. Opt. 
Soc. Am. 47, 1015 (1957). 


4H. G. Drickamer, Rev. Sci. Instr. 32, 212 (1961). 
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TABLE I. Predicted and experimental values of Dq/Dgqo. 








Dq/Dqo 
Pressure (kbar) Predicted Exptl 





1 1.00000 1.00000 
10 1.00594 1.0060 
20 1.01184 1.0119 
30 1.01805 1.0176 





3. The changes in 10 Dg for constant value of the inter- 
electronic repulsion parameter (B=810 cm™) are 
shown in Fig. 4, as calculated from the equations of 
Tanabe and Sugano.’ The agreement is qualitatively 
good, but the discrepancy is distinctly greater than 
experimental error. On using 10 Dg from the *72(F) 
transition, B was calculated as a function of pressure 

. (see Fig. 5). As one would expect, B decreases with 

. > KiLopars o increasing pressure. This is consistent with previous 

ic. 3. Av vs pressure, AleO3:Cr°*; 442(F)—'7,(F). findings.® 

For point charges it can be shown’ that Dg varies as 
-——————--—_— R- (p*/8). Bridgman® has published density data to 30 
— 4t2(F) kbar. The measured and predicted values of Dg/Dqo are 
wane 4 shown in Table I. The agreement is very good, showing 
that there is little or no relaxation of the lattice near 
the Cr** ion, perhaps due to the stiffness of the corun- 
dum lattice. Other data for transition metal ions is 
ZnS and Mg0O, to be published later, show larger re- 
laxation effect. 

In Fig. 6 is shown the change in the trigonal field 
component —} A, with pressure. There is little or no 
change below 60 kbar (it could be changing propor- 
tionally with Dg, but this would be smaller than our 
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1G. 4. A10 Dg vs pressure, AlsO3:Cr°*. 
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Fic. 6. Trigonal splitting (—$K) vs pressure, Al,O;:Cr*+. 


— and S. Sugano, J. Phys. Soc. Japan 9, 753, 766 
(1954). 
®D. R. Stephens and H. G. Drickamer, J. Chem. Phys. 34, 
937 (1961). 
, 7D. S. McClure, in Solid State Physics, edited by F. Seitz and 
50 100 D. Turnbull (Academic Press, Inc., New York, 1959), Vol. 9, 
P,KILOBARS p. 490. 
8P. W. Bridgman, Proc. Am. Acad. Arts and Sci. 77, 187 
>. 5. B vs pressure, AlgO3:Cr**. (1949). 














EFFECT OF PRESSURE ON 
error in calculation). Above 60 kbar there is a marked 
increase with pressure indicating increasing lattice dis- 
tortion. Bridgman measured linear compressibilities 
at 10° and 90° to the C axis to 30 kbar, and found them 
to be essentially identical. This is consistent with our 
low-pressure data. 
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Effect of Pressure on Tetrahedral Ni++ and Co++ Complexes* 
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The effect of pressure has been studied on the spectra of five tetrahedral Co** 


complexes and two tetra- 


hedral Nit* complexes. Calculations have been made for the change in the crystal-field parameter 10 Dg 
and for the change in the interelectronic repulsion B. The increase in 10 Dg and the decrease in B correlates 
strongly with the polarizibility of the ligands. For the Cot*+ complexes the effect of pressure on the spin- 
orbital splitting was studied. The splitting increased with pressure to an extent determined by the mass 
and polarizability of the ligand. For ZnS compressibility data were available. It was found that the frac- 
tional change in Dg for both Cot+ and Ni** was greater than that predicted from the bulk compressibility 
of ZnS. This is attributed to relaxation in the neighborhood of the foreign ion. 


i ipaas effect of pressure has been measured on the 
spectra of five tetrahedral Cot + complexes and 
two tetrahedral Nit + complexes. Table I lists the 
complexes and the sources. The high-pressure optical 
techniques have been described previously.':? The re- 
sults for Cot + and Ni** will be discussed separately 
in that order, with a common section at the end. 

The ground state of tetrahedral Cot + is *A2(F), 
with three spin-allowed transitions, *A2(F)—‘72(F), 
44,(F)—‘T,(F), and 4A2(F)—'7\(P). The 4A2(F)— 
47,(F) transition was not observed as it was located 
at too low an energy to be detected with our apparatus. 
Both the 442(F)—>‘7,(F) and 4A,(F)—>*7,(P) transi- 
tions are split by spin-orbit coupling; however, only the 
average energy shifts of the 47\(P) peaks were obtained 
due to experimental difficulties. Intensity data, nor- 
malized to a convenient reference pressure, were ob- 
tained for the ‘7,(F) transition for all five complexes 
and for the ‘7\(P) transition for Cs,CoCl, only. The 
shifts in energies for the peaks in these complexes are 
shown in Figs. 1 through 10, where A, B, C, etc., denote 
bands due to spin-orbit splitting of the *7\(F) state. 
On figures where several curves are drawn data points 
are omitted to avoid confusion. The discussion of these 
data will be divided for convenience into three parts: 
calculation of Dg and B, spin-orbit splittings, and 
intensity effects. 

* This work was supported in part by the U. S. Atomic Energy 
Commission, Chemical Engineering Project 5. 

1R. A. Fitch, T. E. Slykhouse, and H. G. Drickamer, J. Opt. 


Soc. Am. 47, 1015 (1957). 
2H. G. Drickamer, Rev. Sci. Instr. 32, 212 (1961). 


CALCULATION OF Dg AND B 


If the spin-orbit splittings are not considered at 
present, but an average energy shift of the 47\(F) tran- 
sition taken, Dg and B can be calculated using the 
equations of Tanabe and Sugano.® The average shift 
of the *7;(F) transition was obtained by averaging 
the shifts of the split peaks, e.g., (Ava+Avg)/2 in the 
case of CseCoCly. The results are shown in Figs. 11 
and 12. 

It can be seen that both Dg/Dqo and B/By are strong 
functions of the ligands, with the order of increasing 


TaBLE I. Compounds studied and sources. 








Compound Source 





(1) CseCoCh, Powdered, prepared by evaporation of an 


aqueous solution of CsCl and CoClk 
in a mole ratio of 2:1 


(2) Cs.CoBry 
(3) CseCol, 
(4) Cot*:ZnS 


Same as above 
Same as above 


Single crystal-obtained from 
McClure-RCA Laboratory 


Same as (4) 
Same as (4) 
Powdered, obtained from T. S. Piper 


D. S. 


(5) Cot*:ZnO 
(6) Ni**:ZnS 
(7) (¢sAs)2NiCL*® 








® gsAs=tetraphenyl arsonium. 


3Y. Tanabe and S. Sugano, J. Phys. Soc. Japan 9, 753, 766 
(1954). 
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(Y)4 = 6285 cm™ 
(U,)¢ = 5400cm™ 
(Ye) p = 4985 cm™ 
ji (%e)e 4750 cm" 
TRANSITION: 4Ag(F)—~ 41, (F) 
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Fic. 1. Av vs pressure, Csz CoCh, 4A2(F)—4T,(F). 








i=) 
(Y, Imax® 14,380 cm™ 
TRANSITION: 4Ay(F)—©4T, (P, 


Fic. 2. Av vs pres- 
sure, Cs: CoCh, 
4Ao(F)—*'T,(P). 
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(Ula = 5770cm™" 
(%)g = 5160 cm™ 
|. TRANSITION: 4Az(F) —e47, (F) 
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I'ic. 3. Av vs pressure, Csp CoBrs, 4A2(F)—>'T;(F). 


600 





(2) max * 13 700 em" 
TRANSITION: “4, (F)—= 41,(P) 


Fic. 4. Av vs 
pressure, Csp CoBr,, 
*A2(F)—*T, (P). 
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effect being roughly 

O°<Br-<Ci-<S°<I-. 
Although the compressibilities of these systems are 
undoubtedly not the same, it is still of interest to note 
the correlation of these effects, particularly of B, to 
the polarizability of the ligands, which is a measure of 


the deformation of the electron cloud by an electric 
field. Fajans and Joos‘ obtained polarizabilities for the 





(U_)4 = 5215 cm" " on 
(lg =49790¢m™"' 


TRANSITION: 44g (F) ——47;(F) 
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Fic. 5. Av vs pressure, Csp Coly, 4Ao(F)—'Ti(F). 


~ 4K, Fajans and G. Joos, Z. Physik 23, 1 (1924). 





TETRAHEDRAL Nit+* 





(Yelmax® 13 400 cm™ 


TRANSITION: 44,(F) ——»41, (F) 
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Fic. 6. Av vs pressure, Cs Coly, *Ao(F)—*Ti(P). 


ligands of interest in this work; their work was criti- 
cized by Bottcher® who obtained different values for 
the halide ions. These values are summarized in Table 
II. It can be seen that the order of polarizability seems 
to be O-<CI-<Br-<I-<S™. This seems to provide a 
rough correlation with Dg/Dqo and B/By. Taking the 
compressibilities of each system into account would 
probably improve the correlation considerably. 


SPIN-ORBIT SPLITTINGS 


The spin-orbit splitting of the ‘7;(F) state increases 
with pressure, as can be seen from Figs. 1, 3, 5, and 9. 
It may be noted that in general the ‘7;(F) state seemed 
to split into at least three components, and in the 
case of Cs,CoCl,, there were at least five bands, al- 





(%)4 = 7600 ¢m™" 
(%)g +7210 em” 
(Ue) p = 6230 cm”! 
TRANSITION: 44g (F) ——9 1, (F) 


A 8 
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Fic. 7. Av vs 
pressure, ZnO:Co**, 
*A2(F)—*T)(F). 


Av (em"') 
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'C. J. F. Bottcher, Rec. trav. chim. 65, 19 (1946). 
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(Y,) max = 16 000 cm™' 
TRANSITION= 44(F) —e 47, (P) 
Or 


Fic. 8. Av vs pres- 
sure, ZnO:Co*t, 
*A2(F)—4Ti(P). 
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(U,) max = 6850 cm™ 
TRANSITION 443(F) —=4T,(F) 
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Fic. 9. Av vs pressure, ZnS:Cott, 4Ao(F)—'7,(F). 





2 
"" (U,) max= 14 500 cm™ 
TRANSITION 44g(F) —~47, (P) 
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Fic. 10. Av vs pressure, ZnS:Co**, 4A2(F)—*7;(P). 


though pressure data could not be obtained for all of 
them. 

The spin-orbit splitting of the ‘7,(F) state was ob- 
tained for each ligand from the difference in energy of 
the most widely split states which were resolved. No 
spin-orbital splittings were obtained for Cot +:ZnS, 
only the average shift of the peaks. The change in the 
splittings, 5/59, with pressure is shown in Fig. 13 and 
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Fic. 11. Dg/Dqo 
pressure, tetrahedral 


Cot. 
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Fic. 12. B/Bo vs 
pressure, tetrahedral 
Cor”, 
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Fic. 13. 6/60 vs pressure 
tetrahedral Cott. 


Taste II. Polarizabilities. 








(10-* cm) 


Polarizability Fajans and Joos Bottcher 


3.013 
4.267 
6.48 


it can be seen that again the pressure effect is a strong 
function of the ligand, the order being O~-<CIl-< 
Br-<I-. This order correlates very well with the 
nuclear charge, and thus 0V/dr, of the ligand. It also 
correlates with polarizability; however, the effect of 
the nuclear charge is probably of much greater im- 
portance in this case. 

Taking 6 as the energy difference of the farthest split 
peaks is perhaps arbitrary, so in the case of CseCoCl,, 
this was checked, and the relative splittings of different 
spin-orbit peaks with pressure was found to be inde- 
pendent of the pair used. 


INTENSITIES 

There were many interesting intensity effects in 
these systems. Figure 14 shows the change in transition 
probability for the ‘7\(F) state in CsgCoCl,. It can be 
seen that the transition probabilities increase at low 
pressure, in agreement with prediction®; however, at 
about 80 kbar there is a very great loss of intensity, 
and in the case of Cl, the peak almost completely 
disappears. The Br~ and I~ show this same tendency, 
and data similar to Fig. 14 were obtained, although the 
effect was not as marked. Further, there seemed to be 
an indication in much of the data of a new peak grow- 





Transition: 44,(F) — 47, (F) 


| | 
50 100 
P., KILOBARS 


Fic. 14. A/Ao vs pressure, Csz CoCh, 4A2(F)—'7;(F). 











6 K. B. Keating and H. G. Drickamer, J. Chem. Phys. 35, 140, 
143 (1961). 





TETRAHEDRAL 


Ni++ 





Transition: *Ag(F)-© 47, (P) 


105 kilobars 


Fic. 15. I/Io vs pres- 
sure, Cse CoClh, 4A 
( F)—*T;(P). 


LOG (I,/I) ( Arbitrary Scale) 


82.9 kilobors 


418 kilobors 
| 











ing in these systems at approx 9000 or 10 000 cm™, at 
about the same pressure, 80 kbar, where there was a 
great loss in intensity for the ‘7;(/) transition. This 
effect was not certain as it occurred at the higher pres- 
sures where the resolution was the poorest. The *7\(P) 
transition for the tetrahalides also exhibited similar 
effects. At low pressures the transition probability in- 
creased for Cs,CoCly Quantitative higher pressure 
data were not obtained for intensities, due to experi- 
mental difficulties. However, a new peak seemed to 
grow with pressure for both the Cl~ and Br-, (see 
Fig. 15). 

In both the Cl- and Br-, the new peak seems to be 
located at a higher energy than the 47\(P). 

An explanation that seems to fit these results is 
that there is change of coordination from tetrahedral 
to octahedral with pressure. If this were the case, 
using Br~ as an example, 10 Dg at 100 kbar would 
change from approximately 3600 to (—9/4) (3600) or 
8100 cm™', and one would predict from Tanabe and 
Sugano’s* matrices, two new peaks, the lowest 47)(F) 
at approximately 7000 cm™ and the ‘4A2(F) at about 
15 000 cm. The 47\(P) state would be located at a 
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l'ic. 16. A/Ao vs pressure, ZnO:Co**, 4A2(F)—'T,(F). 
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Transition: 4Ag(F) —= 47, (F) 
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Fic. 17. A/Ao vs pressure ZnS:Cot*, *A2o(F)—'7T,(F). 


much higher energy. These estimations are rough, but 
they do indicate the validity of assigning this effect to 
a change to octahedral coordination, as there seem to 
be new peaks growing at about 9000 and 16 400 cm" 
for this system, which are in fair agreement with the 
transitions predicted. 

Another possible explanation of these effects is that 
of a first-order phase transition. However, there was 
no indication of such an effect; for example, the sample 
never became opaque at any pressure, as is the case 
during a phase transition. Further, a phase transition 
in the tetrahalide systems should only effect the sym- 
metry of the Cs* and CoX; and not the symmetry or 
radii of the halides about the Cot *. 

Transition probabilities for Co*+:ZnO were ob- 
tained for the ‘7\(F) peak and are shown in Fig. 16. 
The large decrease in intensity shown in this complex 
is undoubtedly due to the first-order phase transition 
reported by Edwards, Slykhouse, and Drickamer’ who 
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Fic. 18. Av vs 
pressure, ZnS:Ni**. 
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7A. L. Edwards, T. E. Slykhouse, and H. G. Drickamer, J. 
Phys. Chem. Solids 11, 140 (1959). 
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Fic. 19. Av vs pressure, (¢4As) 2NiCly. 


attribute it to a wurtzite-zinc blende transition. How- 
ever, Cot + in this case would still be surrounded by a 
tetrahedral array of Om, as zincblende yields a tetra- 
hedral structure, as was mentioned previously. Thus 
the large drop in intensity over the phase transition is 
not easily explained. Figure 17 shows the transition 
probability for the ‘7;(F) peak in Cot + ZnS, and as 
can be seen the intensities here have no anomalies. 


TETRAHEDRAL NICKEL 


The ground state for tetrahedrally coordinated 
Nit+* is *7\(F) with three spin-allowed transitions 
observed in this work of *7,(F)—*7,(F), *7\(F)—-> 
84o(F), and *7,(F)—*7,(P). All of these transitions 
were obtained for Nit +:ZnS, while only the *4o(F) 
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Fic. 20. Dg/Dqo vs pressure tetrahedral Ni**. 
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Fic. 21. B/Bo vs pressure, tetrahedral Ni**. 


and *7;(P) transitions were obtained for (@,As)> 
NiCly, as the *7.(F) transition could not be resolved 
from the C—H overtones of the arsonium radical. The 
shifts in energy for these peaks are shown in Figs. 
18 and 19.5 

The changes in 10 Dg and B for Nit +:ZnS and 
(@sAs)2 NiClq were calculated from the equations of 
Tanabe and Sugano’ for d* in a tetrahedral field, 10 Dg 
and B for (@;As)2 NiCl, were solved for simultaneously 
from the equations for the *A2(F) and *7,(P) transi- 
tions. For Nit *:Zns, 10 Dg was obtained from the 
differences in energy of the *A2(F) and *72(F) transi- 
tions, and B was then calculated from the *7\(P) 
transition. In principle a check could be obtained by 
calculating B from the *72(F) or *A2(F) transitions, 
but unfortunately these two transitions were so sensi- 
tive to the change in B that meaningful values could 
not be obtained. The changes in 10 Dg and B are shown 
in Figs. 20 and 21 for these complexes. It can be seen 
that again, as in the case of octahedral Ni*+ + com- 
plexes, Dg increased and B decreased with pressure. 





Fic. 22. Dg/Dqo 
vs pressure :ZnS, 
comparison of theory 
and experiment. 
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8 The *T2(F) and *7;(P) states were split due to spin-orbital 
coupling, but the individual peaks could not be resolved suffi- 
ciently. Therefore, the change in energy shown is the average shift 
of the peak. 





TETRAHEDRAL Nit? 


R-> LAW 


It can be shown from theory’ that, for a field of 
point charges Dg should vary as R~*(p*/*). Compressi- 
bility data to 100 kbar are available from Bridgman” 
for ZnS. Figure 22 shows the predicted changes in Dg 
together with the measured fractional changes for 
Cot + and Ni*+*. The experimental shifts are larger 
than the calculated ones, with Ni*+* greater than 
Cot +. The ionic radii are Zn*+ +, 0.83 A; Cot +, 0.82 
A; Nit +, 0.78 A. It seems to us that the larger shifts 


9D. S. McClure, Solid-State Physics (Academic Press, Inc., 
New York, 1959), Vol. 9, p. 406. 
10 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 55 (1948). 
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AND 
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are due to relaxation in the neighborhood of the foreign 
ion rather than to any violation of the R~® law. Cr** 
in Al,O;" follows the R~* law rather closely, as one 
might expect for the rigid corundum lattice. 
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The coordination state of the boron atom in boron compounds may be correlated with the properties 
of the nuclear magnetic resonance (NMR) signals arising from the boron nuclei. Characteristic resonance 
line shapes occur when the NMR transitions are perturbed by interactions between the B" nuclear elec- 
trical quadrupole moment and the electric field gradient at the boron site. In polycrystalline borates, 
boron in trigonal and tetrahedral coordination may be resolved by analysis of first and second-order quadru- 
polar effects on the NMR transitions. The B" quadrupole coupling constants have been measured for the 
simple trigonal BO; and tetrahedral BO, groups. The analysis has been extended to include polyborate 
structures having both trigonal and tetrahedral boron atoms. Results of the NMR study of simple, known 
bonding configurations are discussed and correlated with measurements of alkali-borate glasses and of 


miscellaneous borate and mineral compounds. 


INTRODUCTION 


HE stereochemistry of the borates is complicated 

by the presence of boron in trigonal and tetrahedral 
coordination. The former configuration is common to 
the anhydrous borates, while the latter prevails in 
hydrous- and hydroxy-borates and borosilicates. There 
are, also, numerous hydrated alkali-polyborate struc- 
tures' composed of ring trimers of trigonal and tetra- 
hedral boron atoms. 

The interpretation of the boron-oxygen bonding in 
the borates can be facilitated by the correlation of 
x-ray and nuclear magnetic resonance (NMR) data.” 
Splittings of the NMR signals from B" nuclei often 
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occur *~* due to interactions between the B" nuclear 
quadrupole moment and inhomogenous electric fields 
at various B" sites. In the present work, these nuclear 
electrical quadrupole interactions have been studied 
in a number of polycrystalline borates whose structures 
have previously been determined by x-ray analysis. A 
recording spectrometer of the Pound-Watkins type*4 
was used in the investigations. The magnetic field em- 
ployed in most cases was 5250 gauss which places the 
B" NMR frequency at 7.177 Mc/sec in the absence 
of quadrupolar effects. 

The results of the present NMR analyses and pre- 
viously published structural data on the borates are 
tabulated for comparison and discussed in relation to 
the bonding character. The quantitative methods have 
been based upon earlier NMR studies of the B" 


! . Silver, Ph.D. Thesis, Rensselaer Polytechnic Institute, 
A. H. Silver, and P. J. Bray, J. Chem. Phys. 29, 984 (1958). 
A. H. Silver, J. Chem. Phys. 32, 959 (1960). 

. Silver and P. J. Bray, J. Chem. Phys. 32, 288 (1960). 
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resonance in alkali-borate glasses*:* and a number of 
boron-containing compounds.°:® 


QUADRUPOLE COUPLING CONSTANTS AND BONDING 
STRUCTURES 


The main contribution to the field gradient of B" 
is due to the unbalanced 2 electron. The Sternheimer’ 
electron-core polarization and the external B** ion- 
charge* corrections have been neglected as they pre- 
sumably nearly cancel each other. The atomic 
quadrupole coupling constant egV.: for the boron atom 
has been calculated to be 5.39 Mc/sec by Wessel’ from 
atomic beam experiments. 

The quadrupole coupling constant, designated here 
as egQ, is primarily dependent upon the coordination 
of the boron atom. The trigonal planar BR; group with 
zero ionicity should be characterized by having eqgQ 
close in value to 5.39 Mc/sec, being comparable to 
atomic boron. The presence of the resonating ionic 
structure 


containing one double bond lowers the B" coupling 
constant since the value of egQ for this configuration 
is zero.‘ The effects of other configurations, particularly 
in the case of the BO; group, have been discussed 
elsewhere.*:*:° Of special interest is the trigonal planar 
structure 

O O 


B 


O 


exhibiting only single bonds using localized s-p hybrid 
wave functions. Bassompierre” calculated egQ to be 2.6 
Mc/sec for B" in this structure. For the purely iso- 
metric charge distribution of the tetrahedral BR, 
group, the electric field gradient and quadrupole 
coupling constant are zero. 


LINE SHAPES AND EXPERIMENTAL CONSTANTS 


The shape of the B“ NMR pattern observed for a 
polycrystalline sample depends* upon the magnitude 
and symmetry properties of the electric field gradient 
at the boron site. If the field gradient is weak, one may 
expect to observe the m= +}7+3 satellite transitions 
split out from the m= + 4«>— } central transition by a 
first-order quadrupole perturbation. This charac- 
teristic pattern should occur in the case of tetrahedrally 
bonded B" for which egQ would be zero if the tetra- 


7 R. Sternheimer, Phys. Rev. 84, 244 (1951) ; 95, 736 (1954). 
8 T. P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 
°G. Wessel, Phys. Rev. 92, 158 (1953). 

0 A. Bassompierre, Compt. rend. 237, 39 (1953). 
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hedron were perfect and the generally weak contribu- 
tions from charges outside the tetrahedron vanished. 
Patterns of this type appearing in Li? NMR spectra 
have been discussed elsewhere" as have similar B" 
resonances® occurring in some metal borides, boro- 
fluorides, and borohydrides. This pattern of a central, 
unperturbed m=+}—} transition with sym- 
metrically disposed m= -+}<>+3 satellites is also found 
[Fig. 1(a) ] in the mineral teepleite which contains 
tetrahedral B(OH), ions. 

The larger quadrupolar interactions associated with 
boron atoms in the trigonal configuration produce a 
sizeable second-order perturbation of the m=+}0—}3 
transition. Consequently, the line shape of this transi- 
tion is broadened into the characteristic asymmetric 
response which has been observed for B" in glassy 
B,O3, alkali-borate glasses, and several crystalline 
compounds.®* This pattern is displayed in Fig. 1(b) 
which is the line shape for the B"™ resonance arising 
from the trigonal BO; group of lanthanum orthoborate. 
In these cases of quadrupolar effects sufficiently large 
to perturb the m=+}>—} transition, the satellite 
transitions in the powders are spread over such a wide 
frequency region as to be unobserved. 

In the case of either first or second-order quadrupolar 
perturbations, the NMR line shape in polycrystalline 
material is also influenced by the symmetry properties 
of the electric field gradient. It is quite common to find 
that there is an axis about which the field gradient 
possesses cylindrical symmetry. Departures from this 
condition are measured by an asymmetry parameter 7 
which is defined and discussed elsewhere.*:4" In 
analyzing lines arising from m=+}<>—} transitions 
perturbed in second-order by quadrupolar effects, the 
value of 7 is arbitrarily taken to be zero in the absence 
of other information. The coupling constant egQ is 
then extracted from the relation 


Avy, = 25 (egQ)?/192v, (1) 


where Av, is the separation in frequency of the 
positive and negative peaks of the recorded first 
derivative of the resonance line [Fig. 1(b) ]. The quan- 
tity v is the B"' resonance frequency, unperturbed by 
quadrupolar effects, in the particular magnetic field 
employed. A discussion of the possible influence of a 
nonvanishing asymmetry parameter 7 on this analysis 
is given in reference 4. The analysis of satellite transi- 
tions in powders when 7=0 is presented in reference 11. 

The presence of both tetrahedral and trigonal borate 
groups is indicated in the resonance spectrum of borax 
[Fig. 1(c)] by the relatively narrow central line 
(small coupling constant for B" in tetrahedral coor- 
dination) and the broader response which is weaker 
than, but otherwise identical to, the resonance in 
lanthanum orthoborate (large coupling constant for 
B" in trigonal coordination). 


J. F. Hon and P. J. Bray, Phys. Rev. 110, 624 (1958). 
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In the absence of first-order satellites or recognizable 
second-order quadrupolar effects, the linewidth of the 
observed resonance may be used to deduce*'** an upper 
bound on the quadrupole coupling constant. The pro- 
cedure involves application of Eq. (1), assuming that 
the observed peak-to-peak separation Av,_, of the re- 
corded line is caused entirely by second-order quadrupo- 
lar effects. Such an analysis will generally yield‘a very 
high upper bound on egQ since the linewidth, and hence 
the value of Av,_,, may arise wholly or in part from di- 
polar interactions among the resonating nucleus and 
its neighbors 











& 


Fic. 1(a). Nuclear magnetic resonance (NMR) pattern of B" 
in teepleite. This recorder tracing is the first derivative of the 
B" absorption in a magnetic field of 5250 gauss. Satellite 
(m=+}3<>+4) transitions appear symmetrically about the 
central (m= 4<>—}) transition in this case of a weak quadrupolar 
interaction. 


The presence of four nonequivalent boron atom sites 
in kernite has been indicated by the single crystal NMR 
analyses,’-!* and a qualitative comparison of the ob- 
served field gradient tensors" and calculated Pi-electron 
distributions in kernite was attempted by Das.'’® A 
re-examination by x rays of the structure of kernite 


was made during this investigation in view of the dis- » 


crepancies between the NMR data and the proposed 
crystal structure.'®” The single crystal NMR analysis 


22H. L. Blood and W. G. Proctor, Phys. Rev. 96, 861 (1954). 

13H. Waterman, Phys. Rev. 96, 862 (1954). 

4H. H. Waterman and G. M. Volkoff, Can. J. Phys. 33, 156 
(1955). 

6 T. P. Das, J. Chem. Phys. 27, 1 (1957). 

6 J. L. Amoros-Porteles, Euclides (Madrid) 5, 599 (1945). 

V. Ross and J. O. Edwards, Acta Cryst. 12, 258 (1959). 
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Fic. 1(b). The B" response in lanthanum orthoborate. The 
low-frequency (LF) and high-frequency (HF) peaks in this 
first derivative of the B" absorption curve are both portions of 
the m=4<>—} transition perturbed by a strong quadrupolar 
interaction. The apparent splitting of the high-frequency (HF) 
peak is spurious, arising from noise inherent in the high instru- 
ment gain settings necessary for observation of this weak response. 


of colemanite by Holuj and Petch'* established the 
presence of one trigonal and two tetrahedral boron 
atoms in the polyanion in accordance with the x-ray 
structure determination.’ Attempts to gain quantita- 
tive information on the ratio of tetrahedral boron to 
trigonal boron in these cases and in borax and potassium 
pentaborate were made here. The results were somewhat 
encouraging but not of an accuracy sufficient to warrant 
publication at this time. In view of the importance of 
this ratio in consideration of structures and bonding in 
the hydrated polyborates,' further work on the quanti- 
tative aspects of the NMR spectra obtained from 
polycrystalline samples is anticipated. 

Related NMR studies of crystalline borates include 
the analyses of potassium and calcium metaborate by 
Silver and Bray for which both first- and second-order 
quadrupole effects were absent. Silver' has more re- 














Fic. 1(c). The B" response in borax. The low-frequency (LF) 
and high-frequency (HF) portions of the response from trigonally 
bonded boron atoms are visible on opposite sides of the more 
narrow response from tetrahedrally bonded boron atoms. 


‘8 F, Holuj and H. E. Petch, Can. J. Phys. 36, 145 (1958). 
” C, L. Christ, J. R. Clark, and H. T. Evans, Jr., Acta Cryst. 
7, 453 (1954). 
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Structure 
Compound ref. 


Lanthanum orthoborate LaBO; 
B.O;-glass 

Orthoboric acid H;BO; 

Metaboric acid-III HBO,-orthorhombic 
Potassium metaborate K;B;0¢ 


Calcium metaborate CaB.0, 


Boron phosphate BPO, 
Boron arsenate BAsO, 


Teepleite Na2B (OH) ,Cl 


O’KEEFE, 


ROSS, 


TABLE I. Experimental NMR data. 


AND 


TATSUZAKI 








B" bonding 
configuration 


(a) Trigonal borates 
Discrete trigonal BO; 
Trigonal BO; 
Trigonal B(OH); 
(B;0.)~ rings of trigonal BO; 
(B;0¢)~ rings of trigonal BO; 
Trigonal BO; in (BO:),"~ chains 


(b) Tetrahedral borates 
Tetrahedral BO, 
Tetrahedral BO, 
Tetrahedral B(OH) .~ 


(c) Trigonal and tetrahedral borates 


Borax Na2B,O;-10H,O 27 


Potassium pentaborate KB;Os-4H2O 


Colemanite CasBe0On*5H2O 


Meyerhofferite CasBeOu-7H2O 
Soda-borate glass B.O;-nNa,O 


Metaboric acid-II HBO.—monoclinic 


(d) 


Kernite NasB,O;+4H2O0 17 


Tincalconite Na,B,O7-5H.O 
Ulexite NaCaB;O,-8H20 
Sodium peroxyborate tetrahydrate 


NaBO;-4H:0 


Metaboric acid-I HBO2-cubic 





2-trigonal BO.OH 
2-tetrahedral BO;OH 


4-trigonal BO.OH 
1-tetrahedral BO, 


1-trigonal BO; 
1-tetrahedral BO,;OH 
1-tetrahedral BO2(OH). 


1-trigonal BO.OH 
2-tetrahedral BO.(OH)>2 


Trigonal BO; 
Tetrahedral BO, 


2-trigonal BOs 
1-tetrahedral BO, 





2.74+0.05 
2.76+0.02 
2.56+0.02 
See text 
<0.95 
<0.81 


.0504+0 .0005 


<0.4 
0.09+0.01 


2.62+0.03 
<0.6 


2.51+0.1 
<0.6 


2.540 
0.436 
0.309 


2.62+0.04 
<0.5 


2.76 
<0.6 


See text 





Undetermined borate structures 


Postulated: 
2-trigonal BO; 
2-tetrahedral BO;0H 


2.567 
2.567 
0.645 
0.588 


2.75+0.02 
<0.72 


2.62+0.03 
<0.06 
<0.06 


<0.85 





Boracite Mg;B70.3 38 


Tourmaline 39 


® B. E. Warren, H. Krutter, and O. Morningstar, J. Am. Ceram. Soc, 19, 202 (1956). 


> W. H. Zachariasen, Acta Cryst. 7, 305 (1954). 


(e) Miscellaneous borate structures 


Tetrahedral BO, 
pyramidal BO;-O 


Distorted trigonal BO; 


<0.77 
2.704-0.02 


See text 








© J. Biscoe and B. E. Warren, J. Am. Ceram. Soc. 21, 287 (1938). 
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cently studied orthoboric acid and monoclinic and 
orthorhombic metaboric acid. The cubic form of 
metaboric acid is included in this study. In regard to 
papers”*> published on high resolution spectral data 
in solution, comparison with the solid data is difficult 
in view of possible changes of molecular configuration 
of the borates in aqueous solution. 


OUTLINE OF MEASUREMENTS 


The scheme of NMR study of the crystalline borates 
that was employed is: (a) analysis of compounds known 
to contain only triangularly-coordinated B"™ such as 
lanthanum orthoborate; (b) analysis of compounds 
known to contain only tetrahedrally-coordinated B" 
such as boron phosphate and teepleite; (c) analysis 
of borates in which both kinds of coordination are 
known to occur, such as borax and potassium penta- 
borate; (d) application of information obtained from 
the known borates to interpretation of the analyses 
of borates of undetermined or doubtful structures, i.e., 
tincalconite and sodium peroxyborate; and (e) analysis 
of borates containing an intermediate four-fold or dis- 
torted bond-type for B", i.e., in such minerals as 
boracite and tourmaline. The results of our analyses 
of these borates plus previously published data are in- 
cluded in Table I. This is followed by a discussion of the 
individual borate structures in relation to the NMR 
data. 

The synthetic and mineral samples for this study 
have been analyzed by x-ray powder diffraction. 


CORRELATION OF NMR AND X-RAY STRUCTURAL 
DATA 


(a) Trigonal Borates 


1. Lanthanum orthoborate. Lanthanum borate as- 
sumes the aragonite strucutre,”! which consists of paral- 
lel triangular-planar (BO;)* groups interlayered with 
close-packed lanthanum ions. Crystalline material 
was prepared by heating pellets of lanthanum oxide 
and boric acid in the stoichiometric ratio for five days 
at 625°C. The samples were ground and reprocessed 
until complete crystallinity was indicated from the 
sharpness of the x-ray powder diffraction spectra. 

The NMR analysis of a compressed polycrystalline 
sample of lanthanum borate failed to produce evidence 
of quadrupolar splitting. The response characteristic 
of an m=+}>—} transition exhibiting a sizeable 
second-order quadrupolar perturbation [Fig. 1(b) ] 
was observed finally after the sample had received 50 
mega-r Co” gamma irradiation. The effect of such 
irradiation is discussed elsewhere." 

2. Potassium metaborate. Zachariasen” determined 
the structure of potassium metaborate to consist of 

20 (a) W. D. Phillips, H. C. Miller, and E. L. Muertterties, J. 
Chem. Soc. 81, 4496 (1959) ; (b) T. P. Onak, H. Landesman, R. E. 
Williams, and I. Shapiro, J. Phys. Chem. 63, 1533 (1959). 

21'V. M. Goldschmidt and H. Hauptmann, Nachr. Ges. Wiss. 


Gottingen Math. physik. KI. 53, (1932). 
* W.H. Zachariasen, J. Chem. Phys. 5, 919 (1937). 
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(B,Og)* rings of trigonal BO; groups. A slight devia- 
tion from three-fold symmetry was observed. The 
NMR analysis of potassium metaborate was repeated 
during this investigation owing to the absence of first 
and second-order effects noted by Silver and Bray.® 
Anhydrous material was prepared by fusing potassium 
carbonate and boric acid in the stoichiometric ratio at 
950°C in a platinum crucible. The crystals were rapidly 
cooled in a vacuum desiccator over P:O;. The NMR 
investigation was carried out with the crystals under 
CCl, in a sealed Pyrex tube to prevent hydration. No 
discernible satellite peaks were observed on the B" 
resonance at 7.177 Mc/sec in a magnetic field of 5250 
gauss. The calculated upper limit of the quadrupole 
coupling constant was found to be consistent with the 
previously published value,® but it is inconsistent with 
the values of the quadrupole coupling constant antici- 
pated for trigonal B". 

Studies of glassy boron oxide,‘:® orthoboric acid,° 
and calcium metaborate’ have been reported previously. 


(b) Tetrahedral Borates 


1. Boron phos phate and boron arsenate. The structure”® 
of boron phosphate is analogous to that of cristobalite 
consisting of BO, and PO, tetrahedra linked by shared 
oxygen atoms to form a three-dimensional network. 
Fine-grained synthetic material was obtained by re- 
fluxing a solution of triethyl borate and phosphoric 
acid. Subsequent annealing at 750°C produced a crys- 
talline aggregate. The first-order satellites observed in 
the NMR pattern yield a very small quadrupole 
coupling constant (50.4+0.5 kc/sec). 

Boron arsenate, whose structure” is analogous to that 
of the phosphate, except for a minor variation in the 
oxygen atom sites, does not exhibit satellites. It is 
probable that egQ in the arsenate differs from that in 
the phosphate but only an upper bound of 400 kc/sec 
can be determined from the width of the observed line. 

2. Teepleite. The presence of tetrahedral boron in the 
mineral teepleite has been confirmed by infrared** and 
NMR”* analyses. The structure of teepleite” consists 
of discrete tetrahedral B(OH), ions and metal ions 
octahedrally coordinated by oxygen and chlorine atoms. 
The NMR analysis of synthetic teepleite has yielded 
symmetric satellites characteristic of a small first-order 
quadrupolar perturbation [Fig. 1(a)]. A coupling 
constant of this size may arise from charges external 
to a B(OH), ion of perfect tetrahedral geometry or 
from a very slight distortion of the tetrahedron. 


(c) Trigonal and Tetrahedral Borates 


1. Borax. The structure of borax” consists of eight- 
atom boron-oxygen rings, each comprised of two tetra- 


°3G. E. Schulze, Z. physik Chem. B24, 215 (1934). 

*4 J. O. Edwards, G. C. Morrison, V. F. Ross, and J. W. Schultz, 
J. Am. Chem. Soc. 77, 266 (1955). 

25'V. Ross and J. O. Edwards, Am. Mineralogist 44, 875 (1959). 

26M. Fornaseri, Periodico mineral. (Rome) 18, 103 (1949). 

27. N. Morimoto, Mineral. J. Japan 2, 1 (1956). 
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hedral BO;OH and two trigonal BO.OH groups and 
having the molecular formula B,O;(OH) 4: Na2-8H,0. 
The eight-membered rings are bridged by a single oxy- 
gen atom and both types of polyhedra are distorted in 
the cradle-shaped or bent molecule. 

Figure 1(c) displays the NMR pattern exhibited by 
synthetic borax. The broad transition from three- 
coordinated boron is present and yields a coupling 
constant (2.62+0.03 Mc/sec) between the values 
found for trigonal boron in lanthanum orthoborate and 
orthoboric acid. Also present is a considerably more 
narrow line arising from four-coordinated boron atoms. 
An upper limit of 0.6 Mc/sec for the coupling constant 
of the tetrahedral boron is deduced from the line width 
of the central transition. 

2. Potassium pentaborate. The structural unit® of 
potassium pentaborate consists of two perpendicular 
trimeric boron-oxygen rings fused by a common tetra- 
hedral boron atom. The four remaining boron atoms 
(two in each ring) are in trigonal coordination. Four 
hydrogen atoms may be assigned to hydrox! groups at- 
tached to the trigonal boron atoms on the basis of 
proton resonance studies* to give the formula 
KB;0¢(OH) 4-2H2O. Resonances from both the trigon- 
ally and tetrahedrally coordinated borons appear in 
the NMR response of the synthetic pentaborate. 

3. Meyerhofferite. The crystal structure” of meyer- 
hofferite contains polyions related to those of cole- 
manite consisting cf two BO.(OH)» tetrahedra and a 
BO.OH triangle linked to form a ring of composition 
{ Bs;03;(OH); P-. Again, resonances from the trigonally 
and tetrahedrally-coordinated borons are both clearly 
seen in the NMR response of a mineral sample. 


(d) Undetermined Borate Structures 


1. Kernite. A re-examination of the crystal struc- 
ture’ of kernite was prompted by the inconsistencies 
between the NMR data" and the proposed structure." 
During the present NMR investigation of the simple 
borate configuration, it was apparent that one pair of 
boron atoms was in tetrahedral coordination and the 
other pair in trigonal coordination in the unit molecule. 
As the result of preliminary Fourier analyses based upon 
the correct space group and atom sites. designated from 
the orientations of the field-gradient tensor principal 
axes, a new structure was postulated which is related 
to that of borax. The proposed molecular formula is 
Nae? ByOg(OH) 2° 3H20, the units of which are probably 
linked by shared oxygen atoms to form parallel chains. 
The relatively large values of the coupling constants 
and asymmetry parameters for the tetrahedrally co- 
ordinated boron atoms indicate appreciable distortions 
of the tetrahedra. Routine NMR analysis of synthetic 
polycrystalline kernite during this study resulted in a 

*° W.H. Zachariasen, Z. Krist. 98, 266 (1957). 

A. A. Silvidi and J. W. McGrath, J. Chem. Phys. 30, 1928 
(1959). 

* C. L. Christ and J. R. Clark, Acta. Cryst. 9, 830 (1956). 
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value of eg2=2.5+0.1 Mc/sec for the trigonally co- 
ordinated boron and an upper bound of eqQ<0.7 
Mc/sec for the tetrahedrally coordinated boron atoms. 
This is in general agreement with the results published 
from the single crystal analyses by Waterman and 
Volkoff.!* 

2. Tincalconite. Tincalconite is formed by the de- 
hydration of borax. Since the process is easily reversible, 
it is probable that the structures of the two minerals 
are related. A structure* has been proposed for tincal- 
conite but the validity appears doubtful in view of the 
poor agreement between the calculated and observed 
x-ray intensities. 

Tincalconite has been synthesized by crystallization 
from aqueous solutions of borax above 55°C and by 
the dehydration of borax to constant weight. The poly- 
crystalline samples were coated with paraffin to prevent 
hydration. 

The observed NMR pattern shows the presence of 
boron in both trigonal and tetrahedral configurations. 

3. Ulexite. The structure of the double salt, ulexite, 
was postulated'? on the basis of principles governing 
the structures of the hydrated polyborates to be related 
to that of potassium pentaborate tetrahydrate. The 
predicted polyanion Bs;0.(OH).«*~ would consist of two 
trigonal BO,OH groups, one tetrahedral BO, and two 
tetrahedral BO.(OH)2 groups in the double-ring 
system. 

Analysis of the NMR responses from mineral samples 
of ulexite yields quadrupole coupling constants charac- 
teristic of both trigonal and tetrahedral boron atoms. 

4. Sodium peroxyborate tetrahydrate. The crystal 
structures of the peroxyborates are still unknown in 
spite of all the molecular configurations depicted in 
the literature. The most common phase is derived from 
the combination of one mole each of hydrogen peroxide 
and sodium borate, i.e., NaBO3-4H2,O or NaBOs2- 
H,O.-3H.O, which dehydrates first to form the tri- 
hydrate and ultimately the monohydrate. No data are 
available to preve the existence of a linkage of the type: 


O O 


p= ae 
/ | 


O O 


O—B—O—O 


with the peroxy group intimately associated with the 
boron as implied from cryoscopic and osmotic 
studies.*:*8 

Single crystals of sodium peroxyborate tetrahydrate 
were prepared by slow evaporation at room tempera- 
ture of a solution containing borax, sodium peroxide, 
and hydrogen peroxide. The NMR pattern of the 


31G. A. Invers, Structure Repts. Intern. Union Cryst. 2, 429 
(1951); edited by A. J. C. Wilson. 

8H. Menzel, Z. anorg. u. allgem. Chem. 167, 193 (1927). 

% A. H. Fathallah and J. R. Partington, J. Chem. Soc. 1949, 
3420. 
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synthetic crystals consisted of a single symmetric line 
without first-order satellites. An upper limit of 0.6 
Mc/sec for the B" coupling constant is obtained from 
the width of the resonance line. This result would be 
anticipated from the tetrahedral configuration de- 
picted above. 

5. Cubic meta-boric acid. There are three known 
polymorphs of meta-boric acid: HBO.—I (cubic), 
HBO.—II (monoclinic), and HBO,—III (ortho- 
rhombic), in order of decreasing temperature of forma- 
tion. The orthorhombic form*® is composed of layers 
of trimeric rings of BOs triangles conected by hydrogen 
bonds. The NMR analysis of this phase by Silver® 
confirms the presence of trigonal B". 

The structure of monoclinic meta-boric acid was 
approximately determined by Zachariasen® and _ is 
more fully described by Edwards and Ross! to consist 
of chains of ring-trimers containing both trigonal and 
tetrahedral borate groups. The influences of both types 
of polyhedra have been noted in the NMR analyses by 
Silver.® 

The x-ray crystallographic study” of cubic meta- 
boric acid suggests the presence of tetrahedral B" as a 
result of the high diffraction symmetry and similarity 
to cristobalite (SiO.). This is confirmed by the NMR 
analyses of B" by Paul J Ring of Brown University 
in a sample prepared by M. Kilday and E. J. Prosen 
of the U.S. National Bureau of Standards. A symmetric, 
relatively narrow (Av,p=13.2 kc/sec) line was ob- 
served when investigated in a magnetic field of 5248 
gauss. Application of Eq. (1), assuming that Av,_, is 
due solely to quadrupole effects, yields an upper bound 
of 0.85 Mc/sec on egQ. However, in light of the com- 
plete symmetry of the observed line, it is probable 
that the actual value of egQ is much closer to zero. No 
indication of boron in trigonal coordination was found. 


(e) Miscellaneous Borate Structures 


1. Boracite. The crystal structures® of the alpha and 
beta forms of the mineral boracite are basically similar 
consisting of rigid, three-dimensional networks of 
BO, tetrahedra and BO;O pyramids. The BO; groups 
have been described to be not strictly planar, forming 
flat trigonal pyramids with boron at the apex and an 
acute pyramid with a fourth oxygen atom that is 1.78 
A distant. The NMR analysis of mineral boracite from 
Saxony, Germany, yields the characteristic pattern ob- 
tained when both trigonally and tetrahedrally coor- 
dinated boron atoms are present. The effect of the 
fourth oxygen atom appears to have little influence on 
the trigonal quadrupole coupling constant. 


*« F.C. Kracek, G. W. Morey, and H. E. Merwin, Am. J. Sci. 
35a, 143 (1938). 

3 H. Tazaki, J. Sci. Hiroshima Univ. A10, 55 (1940). 

% W.H. Zachariasen, Acta Cryst. 5, 68 (1952). 

37V. Ross, Acta Cryst. ( to be published). 

%T. Ito, N. Morimoto, and R. Sadanaga, Acta Cryst. 4, 310 
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2. Tourmaline. The structure® of tourmaline con- 
sists of SigOis rings of SiO, tetrahedra which are super- 
imposed by distorted triangular BO; groups. In the 
refined structure “ two of the B—O bond distances of 
the triangles are quoted as 1.47 A, which is longer than 
the usual 1.37 A for the third bond. An oxygen atom 
from the underlying SiO, group may exert a slight 
influence on the position of the boron, displacing it 
from the center of the triangle, even though it is 2.76 
A distant. The NMR investigations of transparent 
tourmaline crystals have not yielded an observable 
resonance. It is probable that the narrow central transi- 
tion from tetrahedrally coordinated B" atoms would 
be observable if present in spite of the low boron con- 
tent in tourmaline. A broad m=}<>—} transition 
arising from approximately trigonal BO; groups is 
presumably present but of insufficient intensity to be 
observable. 


CONCLUSIONS 


By referring to the table of NMR data for the solid 
borates, it is apparent that the coordination state of 
the boron atom may be diagnosed by analyses of the 
characteristic nuclear quadrupole resonance effects. 

The highly symmetric BO, group in boron phosphate 
and the ion B(OH), in teepleite exhibit symmetric 
satellites and first-order splittings with quadrupole 
coupling constants approaching zero. The case of boron 
arsenate (isostructural with boron phosphate) lacking 
first-order satellites is characterized by eqQ<0.4 
Mc/sec. 

The upper limits on the egQ values for the tetrahedral 
BO2(OH): and BO;OH groups in the hydrated poly- 
borates are of magnitude ranging from 0.3-0.7 Mc/sec, 
and, where known, the asymmetry parameters are 
large. 

The B" quadrupole coupling constants of the trigonal 
borates are all, with two vivid exceptions, found to lie 
in the range from 2.5-2.8 Mc/sec. These values ob- 
tained from the analyses of second-order effects may be 
explained on the basis of sp?-hybrid covalent bonding 
with a significant degree of ionic character (see text). 
For different kinds of trigonal borates, small variation 
in egQ is observed; also, there appears to be no discerni- 
ble trend to facilitate the differentiation of BOs, 
BO.OH, and B(OH); groups. Such effects as the extent 
of oxygen-sharing and the distortion of the polyhedra 
in the ring polyborates must be considered in the in- 
dividual cases. 

The exceptions are calcium and potassium metab- 
orate, for which only upper bounds on eqQ have been 
calculated (see text) and these values appear to corre- 
spond to those observed for tetrahedral boron. Ac- 
cording to the x-ray structure studies”:*' of the metab- 


%® G. Donnay and M. J. Buerger, Acta Cryst. 3, 379 (1950). 

 T. Ito and R. Sadanaga, Acta Cryst. 4, 385 (1951). 

‘'W. H. Zachariasen and G. E. Zeigler, Z. Krist. 83, 354 
(1932). 
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orates, trigonal BO; groups are present and one could 
infer a system of resonating structures® having as much 
as 0.85,excess electrons on the boron. However, it has 
been noted in the case of the alkali-borate glasses,‘ the 
hydrated alkali-polyborates,! and an anhydrous alkali 
borate” that the amount of tetrahedral boron can be 
correlated with the total cationic charge. On this basis, 
one might expect the metaborates to have tetrahedrally 
bonded boron. Therefore, until the early x-ray struc- 


# J. Krogh-Moe, Acta Cryst. 13, 889 (1960). 
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ture analyses are adequately refined, detailed specula- 
tion on the source of the inconsistency seems premature. 
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The isotropic hyperfine structure of the electron paramagnetic resonance spectrum of the dimesitylmethy] 
radical has been observed. Nearly 300 of the 910 theoretical lines have been resolved and analyzed in terms 
of the coupling constants of the various nuclear species. A spin-density distribution throughout the molecule 
has been deduced from the measurements and is compared with recent theoretical calculations. 





INTRODUCTION 


ITH recent improvements in instrumentation 

and experimental technique, it has become pos- 
sible to resolve and analyze the isotropic hyperfine 
structure observed in solution of some of the more 
complicated organic free radicals. Two species of 
considerable theoretical interest are the triphenyl- 
methyl and dimesitylmethyl free radicals, whose EPR 
spectra were first reported by Jarrett and Sloan.’ Since 
the geometrical configuration of these molecules is so 
critical in determining the spin-density distribution it 
is imperative that accurate experimental data be 
obtained with which to test the various theoretical 
models and methods of calculation. An analysis of the 
spectrum of the triphenylmethyl radical has been 
reported previously’; in the present paper we report 
the analysis of the completely resolved spectrum of the 
dimesitylmethyl radical. 


H3C CHz H3C 


2 


CHs 


CH; Ly CHs 
f 


Dimesitylmethyl 


Dimesitylmethyl provides an especially favorable 
system for comparison with theory in that each species 
of coupling nucleus can be unambiguously identified 
and the spin-density distribution throughout the entire 
molecule can be derived from the experimental results 
and accepted theoretical concepts. It is of particular 
interest to compare the present experimental results 
with McLachlan’s recent valence-bond calculations.’ 


EXPERIMENTAL 


The radical was prepared in the manner described by 
Sloan and Vaughan.‘ The experimental conditions, line- 
widths, and degree of resolution reported for an earlier 

1H. S. Jarrett and G. J. Sloan, J. Chem. Phys. 22, 1783 (1954). 

2D. B. Chesnut and G. J. Sloan, J. Chem. Phys. 33, 637 (1960). 

3A. D. McLachlan, J. Chem. Phys. 32, 1488 (1960). 

4G. J. Sloan and W. R. Vaughan, J. Org. Chem. 22, 750 (1957). 


investigation of triphenylmethyl* are applicable in the 
present situation. Since adequate resolution was ob- 
tained at room temperature, the effects of temperature 
were not investigated. The acceptance of the data 
analysis was based on the ability to index all observable 
lines® and to obtain agreement between observed and 
calculated intensities. When the amplitude of the first 
derivative of each line was used as a measure of its 
intensity, a reliability factor (Z|AJ|/Z/) of 9% was 
obtained. In view of the approximations inherent in 
such an approach, this is considered to be satisfactory 
agreement. The errors in the coupling constants are 
estimated to be about 2-3% and arise mainly from the 
absolute calibration of the magnetic field. Magnetic- 
field differences were calibrated by measuring proton 
NMR frequencies at fields corresponding to positions of 
specified lines in the spin resonance spectrum. Final 
values of the coupling constants were determined from 
a least-squares fit of the stronger lines of the spectrum. 


RESULTS AND DISCUSSION 


The first derivative of the absorption of a 5X10~% 
molar solution of dimesitylmethyl in toluene at room 
temperature is shown in Fig. 1; nearly 300 of the 910 
theoretical lines can be observed. The observed span 
of the spectrum is approximately 50 gauss although the 
true total spread is calculated to be about 65 gauss; 
the 15.24-gauss separation between lines of maximum 
intensity shown in the figure represents the coupling 
constant of the bridge (site 1) proton. In Table I are 
given the measured coupling constants a, for the various 
sites 2 as labeled in the drawing. The magnitudes of the 
“observed” spin densities were determined from the 
equation 

an=Qpn, (1) 


where the values |Q| =23 gauss for ring (and bridge) 
protons’ and |Q|=25 gauss for freely rotating methyl 
protons’ were employed. The signs of the spin densities 
were assigned from McLachlan’s theoretical work’ and 
the knowledge that an alternation of signs is to be ex- 
pected in an odd-alternant free radical.** The spin 


5 There are a large number of accidental degenericies in the 
spectrum. 

6 (a) H. M. McConnell and D. B. Chesnut, J. Chem. Phys. 28, 
107 (1958); (b) H. M. McConnell and H. H. Dearman, ibid. 28, 
51 (1958). 
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Fic. 1. The first derivative of the absorption of a 5X10~* M solution of dimesitylmethy] in toluene at room temperature. 


density at site 2, which is not directly measurable here, 
was calculated by requiring the sum of the spin densi- 
ties to be unity. The above Q values were used in order 
that a direct comparison might be made with McLach- 
lan’s calculations. It is interesting to note that using a 
ring proton |Q| of 22-23 gauss and requiring the 
spin densities to be normalized puts an upper limit of 
26-27 gauss on the methyl proton Q if alternation of 
signs in the molecule is to be maintained. This value of 
Qcn, is close to that predicted theoretically’ and re- 
cently found experimentally.’ 


TABLE I. Coupling constants and spin densities for the 
dimesitylmethy] radical. 


Site | dn | Pn pn, calculated* 


¢ ~60-70° 


1.000 
—0.069 
+0.054 
—0.040 
+0.043 


n (gauss) “observed” ¢=0° 


+0.605 
—0.263 
+0.243 
—0.128 
+0.230 





15.2440.1 +0.663 
(—0.009) 
+0.083 
—0.060 


+0.132 


2.07+0.02 
1.38+0.02 
3.3140.02 


* See work cited in reference 3. 


7A. D. McLachlan, Mol. Phys. 1, 233 (1959); D. B. Chesnut, 
J. Chem. Phys. 29, 43 (1958). 

8 R. W. Fessenden and R. H. Schuler, J. Chem. Phys. 33, 935 
(1960); W. D. Phillips and R. E. Benson, ibid. 33, 607 (1960). 


In Table I are also listed the spin densities calculated 
by McLachlan’ for both the planar (6=0°) molecule 
and the twisted molecule where ¢, the angle of rotation 
of the benzene rings measured from the plane of the 
HC,C, (or HC,C,,) group, is 60-70°. An examination of 
the “observed” and calculated spin densities shows that 
in all but the case of p. the observed values fall between 
the results for the planar and rotated model. Using 
McLachlan’s approach and the fact that the total spread 
of the spectrum is closer to 65 than to 51 gauss, some- 
what better agreement is obtained for the rotated 
molecule with an angle of twist near 50-60°; molecular 
models show this to be a not unreasonable value. It 
should be pointed out that the calculation for the 
nonplanar molecule assumes the coupling between 
bridge and ring carbon atoms to be small and amenable 
to a perturbation treatment. As a consequence of this 
assumption , is restricted to a value near unity. The 
fact that an appreciably lower value of p; is observed 
experimentally raises the question of whether or not a 
perturbation treatment is applicable in this particular 
system. It is felt, however, that the experimental and 
theoretical results do provide evidence for a nonplanar 
configuration of the dimesitylmethyl radical. Now that 
the experimental coupling constants are known it should 
be possible to obtain better theoretical estimates of the 
degree of nonplanarity in systems such as the dimesityl- 
methyl and triphenylmethyl free radicals. 
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The frequency factor of a unimolecular dissociation rate is enhanced if the molecular vibrations are 
loosened during the approach to the activated state; this loosening may be regarded as affecting the parti- 
tion function or entropy in the nonreactive degrees of freedom. These ideas are illustrated here in terms 
of cubic potential surfaces, with examples of linear molecules and of the effect of freeing an internal rota- 
tion. As a more general but related point, the uniqueness of the reaction coordinate of transition-state 
theory is discussed with some reference to isotope effects. 


I. INTRODUCTION 


HIS paper was first drafted at the suggestion of 

Steel and Laidler to develop some points in their 
paper,' but my first draft led to some further questions 
which somewhat increase the scope of the work. Atten- 
tion is confined to high-pressure unimolecular dissocia- 
tion of a gas, and in particular to the transition-state 
theory of dissociation. Steel and Laidler attribute 
large frequency factors of dissociation rates to a loosen- 
ing of vibrations as the molecule approaches the transi- 
tion state; in connection with this they picture vibra- 
tional entropy as a function of molecular configuration, 
the entropy increasing steadily as we pass along a 
reaction coordinate toward the transition state. In 
Sec. II, I illustrate the loosening of vibrations at the 
transition state in terms of a cubic potential function, 
and in Sec. III, I consider the partition function of a 
“quasi-molecule” with the potentially reactive co- 
ordinate held fixed; this gives plausibility to the concept 
of entropy as a function of configuration. In Sec. IV, 
Steel and Laidler’s diagram of the potential surface of a 
triatomic molecule is related to the model cubic po- 
tential function. 

To this material, drafted to illustrate Steel and 
Laidler’s work, I have added in Sec. III a sketch of the 
effect of a loosening internal rotation and in Sec. IV 
an illustrative account of a linear pentatomic molecule. 
There is also an Appendix on the determination of 
reaction coordinates; this may help to clear up diffi- 
culties which I, and perhaps others, have encountered 
concerning transition-state theory. 


II. CUBIC POTENTIAL SURFACE 


In the transition-state theory of a unimolecular 
dissociation, the molecular potential energy V=V (qi, 
+++, dn) in terms of m internal coordinates is pictured as 
a hypersurface, having a minimum (say V=0 at 
m=*t*=qn=O0) representing the equilibrium of the 
undissociated molecule, and a barrier beyond which 
lie the dissociated states. On the barrier there is in the 
simplest case a single saddle point S where V= Fp, 


1C. Steel and K. J. Laidler, J. Chem. Phys. 34, 1827 (1961). 


the minimum energy for dissociation. By “‘saddle point” 
we mean that (a) S is a turning point, so that the 
expansion of V— E for small displacements Ag, from 
S begins with a homogeneous quadratic in the Aq,; 
and (b) for any linear transformation of the Aq, 
reducing this quadratic to the form 


1yr02, (1) 


n—1 of the A; are positive and one, which will be re- 
labeled to become \u, is negative. The kinetic energy in 
the velocities g, or momenta , has the form 


ox 1D Dd arslirde a De Do grsPrPo- 


If the transformation from Ag, to Q; is so chosen that, 
in terms of the Q;, 7’ has no cross terms Q,Q,(s=2, 
++, m), then Q, is called the reaction coordinate. The 
necessity for a definition of this type will be discussed 
in the Appendix. 
A simple cubic potential is 


(2) 


V=3>0b,92— cag? /3—3q 2097, 
1 2 


(3) 


with the 5, and ¢, positive. If q:’=q:—q, where q=)i/c1, 
we may rearrange (3) as 


V= Eo- toun?+3>, (b,— C79) Qr° 


—q'{ aag/3+4 208 «:-& 


where = b,q?/6 is the value of V at the point S with 
coordinates qi=q, @2=***=qQn=0. We see from the 
quadratic terms in (4) that provided 


b,/¢r>bi/e.(=q) n), (5) 


then S is a “saddle point”; it is in fact the only one. To 
avoid a more involved transformation of coordinates 
removing cross terms in the kinetic energy, we shall 
assume in connection with the model potential that 


(r=2, se, 
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a,=0 (s=2, +++, m) in (2); then q:’ (or equivalently 
gi with critical value g) is the reaction coordinate for 
this potential. 

The general unimolecular (high-pressure) rate con- 
stant k is the proportion of an equilibrium distribution 
flowing per second over the energy barrier to dissocia- 
tion. This is usually put into the form 


k= (kT/h) (F*/F) exp(— Ep/kT), (6) 


where F and F? are the partition functions at tempera- 
ture 7, of a normal molecule and of a “modified ac- 
tivated complex,” namely, a quasi-molecule with the 
reaction coordinate Q; fixed at zero and the term in 
Q, omitted from the kinetic energy. With the approxi- 
mation of representing the vibrations both of normal 
molecules and modified complexes as harmonic, with 
frequencies 1, +++, v, and y2*, +++, va*, we have 


F=[Ipt),  F=[[pi), 


where 
pi(v.)=kT/hvy, or  }csch(hy,/2kT), (8) 


according as we use classical “high-temperature” 
statistics or quantum statistics (reckoning in the latter 
case from zero potential of the oscillator). The omission 
of over-all rotational partition functions in (7) is in 
the classical case compensated by ignoring the change 
in size of the a,, in (2) between normal and activated 
states. 
An alternative form of (6) is 


k= (kT/h) e+ exp(AS*/k) exp(— Ey)/kT), (9) 


where AS? is the entropy excess of modified complex 
over normal molecule. The £p in (9) is strictly the same 
as in (6) only in the classical harmonic case, when the 
entropy per oscillator is k{1+1n(pf)}, and F*/F 
corresponds exactly to e-exp(AS*/k). 

For the model potential (3), the normal frequencies 
vy are given by the terms 1 "bg? with the kinetic 
energy (2). The “modified complex” frequencies »,* 
are given by the potential 3°s"(b,—cq)q [putting 
gi’ =0 in (4) ], with the kinetic energy (7) omitting the 
term 3di19;°. This leads to the evaluation of the rate 
constant (6)—(8). For example, in the classical ap- 
proximation the complete ‘‘frequency factor” 


[k exp(Eo/kT)] 
of (4) is 


v= (vyvo* + *¥_/v2*+ + *yn*) 
= 2a (br/an) [1 0be/ (br—erg) J}. (10) 
This form shows clearly how +» is increased by the “‘loos- 


ening” of the vibrations of the complex; in the model 
the force constants b,—c,g involved in the frequencies 


NOEL B. 


SLATER 


of the complex could be made as small as we please by 
increasing the c,. There is a similar effect with quantum 
partition functions. It may be noted that the term 
in g® in (3) determines the position of the saddle 
point, while the cross terms weaken the vibrations. 
The effect of a solitary g,3 term was discussed earlier,” 
and in particular the anharmonic correction it requires 
in the (classical) partition function. This effect tends 
to reduce the frequency factor, but is probably small 
compared with the general loosening effect seen in (10). 
III. CONTINUOUS VARIATIONS OF PARTITION 
FUNCTIONS 

The model potential (3) will be used here to elucidate 
Steel and Laidler’s concept of entropy as a function of 
displacement along the reaction coordinate. If we think 
of entropy, or equivalently of a partition function, as a 
function of q:, clearly we must exclude g; from the 
process of forming the sum over states. The natural 
way to do this is to treat the “quasi-molecule” or 
system obtained by fixing q; in the potential and putting 
gi:=0 in the kinetic energy; this system passes into the 
modified activated complex when qi= 4. 

For the quasi-molecule, by (2) and (3) we have with 
no approximation 


V= E+4>> (b,— Gir) Gr’, T’= By Dd arGrdes (1 1 ) 
2 2 


where with g=b,/c, as before 
E,= dbigr (1— 291/39). 


The partition function of this strictly harmonic system 
is 


F (q)= exp(—Ex/KT)T] pfte(a)}, (12) 
where the oscillator partition functions are as in (8) 
and the v,(q:) are the frequencies of the system (11) 
for fixed q:, decreasing steadily to the activated values 
ve? aS gi approaches g. The exponential in (12) repre- 
sents the “profile” of the reaction coordinate energy. 
On omitting this term, we have in the classical case 


F (q1) = (24kKT/h)""{ A w/II (b,—qicr) }}, 


where A, is the determinant of a,, for r, s=2, +++, n. 
It is seen that F (q:), and similarly the entropy of the 
quasi-molecule, increases steadily with qi. A more 
realistic concentration of these increases into the region 
near gi=q, could be obtained by replacing the cubic 
terms in (3) by higher powers or other functions. 


Freeing a Rotation 


A special case is that of an angular coordinate, q. 
say, which in the normal molecule has harmonic 


2N. B. Slater, Theory of Unimolecular Reactions (Cornell 
University Press, Ithaca, New York, 1959), p. 125. 
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oscillations or a “restricted rotation,” but in the 
activated complex has a free or fairly free rotation. The 
situation will be oversimplified here by assuming that 
Gz appears in the kinetic energy in a single term }/4.2= 
}p:?/T only. 

If the small motion in g: in the normal molecule is 
harmonic, we may take the terms involving q in the 
potential to be exactly as in (3), namely, 


V’=3/fq2", 


although qe will be limited to the range (—7z, 7) of an 
angular coordinate. In case g2 is a more conventional 
restricted rotation with, for simplicity, just one stable 
position, we could take the terms in qg to be, with f 
as in (14), 


f=be— qier, (14) 


V’=f(1— cosqs). (15) 


The contribution of q2 to the classical partition function 
of the quasi-molecule with a given value of q; is 


F2(q) 
=f” exp(—pt/20kT) dppf exp(— V’/kKT) dqe, 
(16) 
which in cases (14) and (15) gives, respectively, 
2n(KT/h) (I/f )} erf{x(g/2)4}, 


(8m JKT)! eI (g)/h, (17) 
where g=f/kT7, and erf x and J)(x) are the error and 
Bessel functions, respectively. 

As q; increases from zero, f in (14) decreases, and it 
follows from (16) or (17) that F2(q:) steadily in- 
creases; this is another example of increase with loosen- 
ing of the vibration or rotation. There is here, however, 
a change of type of partition function. For if b» is 
large, the limiting form of either expression (17) at 
m=O is 


F.(0)~kT/hn, (18) 


where v.= (b./I)!/2m is the harmonic frequency for the 
normal molecule. If the rotation becomes just free in the 
activated complex, so that f=0 when qi=gq, we then 
have 


F;(q) = F2*= (8a IKT)!/h, (19) 


corresponding to a free rotation. The contribution of 


this coordinate to the frequency factor of the rate . 


constant in (6) is then 


F.*/F2(0) = (2rbo/kT )}. (20) 
If the partition functions at q:=0 and q are not of the 
limiting forms (18) and (19), the contribution to the 
frequency factor will be not so large as in (20). 
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IV. TRIATOMIC AND PENTATOMIC MOLECULES 


Two simple examples will be given of cubic poten- 
tials for linear molecules; attention will be confined to 
linear vibrations. 


Triatomic Molecule 


Steel and Laidler' have a useful diagram of the 
potential surface for a triatomic ABA. The essential 
features may be reproduced by the most general cubic 
potential in the stretches x, y of the AB and BA bonds, 
namely, 


V = hi (?+y") +huvy— fh (3+y*)—luxy (x+y), (21) 


which in terms of the coordinates qi, ge= (x+y)/V2, 
corresponding to symmetric stretching and antisym- 
metric motion, respectively, takes the form 


V =} (ign? +-b2q2") — crgs?/3— 2e2qnge’. (22) 


This is the case n=2 of the potential (3). Moreover 
if m, is the mass of the central atom, ms of an end 
atom and M the molecular mass, 


T= bom, (2+ mui /M). (23) 


Thus, as in Sec. II, if the single condition (5) is 
satisfied there is a unique saddle point at q=q, q@=0; 
the symmetrical stretching q; is the reaction coordinate, 
and the motion in gq, at the saddle represents the 
“modified complex.” By writing here and later for any 
frequency vi, 


A= (27 ;)?, (24) 


we have for the small motions near equilibrium \\= 
b;/me in coordinate g, and \2»=b.M/mymz in qe. For the 
frequency of the complex [compare (4) ], 


hot = (b2—c2q)M /myme. (25) 


This shows the loosening of the q vibration as we pass 
along g: toward the activated configuration, as in 
Steel and Laidler’s diagram. The frequency factor (10) 
of the dissociation rate constant varies as (b:— cq) 
in the classical case, and so may be considerably 
enhanced. 


Pentatomic Molecule 


The linear vibrations of a straight molecule ABCBA 
provide a fuller illustration. We shall consider the two 
central bonds to be mainly involved in the dissociation, 
the outer bonds being stronger and having light atoms 
A at the ends. Let the stretches of the bonds AB,BC, 
CB, and BA in this order be x3, %1, %2, and xs. The 
potential will be assumed, with positive coefficients, 


V=Vi.tV3, Ve= $ki (x? +22°) +kyxyxe+ 3k (xe+xe ) ’ 
V3= —fi (xy-+-x2°) /3 — fixe (x1+22) 


— fis (x13? xo%4). (26) 





448 


We shall consider ky:/k; to be fairly small (as is often 
the case in quadratic terms) and likewise fi//i. 


Saddle Points 


The cubic V has 16 turning points (where dV /dx,=0, 
so that V= V2/3 at these points). One is the minimum 
at the origin. Twelve turning points with x; and x, 
not both zero are not saddle points; there remain three 
points with x;=a,=0. One of these, S’, has x= %, 
corresponding to symmetrical stretching of the central 
bonds. Here, however, V is maximum along two 
principal directions, so that S’ is not a saddle in the 
sense of Sec. II. [In terms of symmetry coordinates 
XytX2, Xgckxy, (26) is nearly of the form (3) with 
gi=%1+22; but there is not a saddle point as in Sec. II 
because of a failure of one condition (5). ] 

There remain two turning points which can be saddles 
provided fis/fi< (Ai t3ku)/(5ki—ku). To simplify the 
algebra without affecting the essential nature of the 
argument, we shall impose the condition (which obeys 
the inequality mentioned ) 


fu/fi=Ru/ (2k:—ku). (27) 


The two remaining turning points S; and 5S», then 
have coordinates *;=24,=0 and 

ae X11, X2= 3x(1lta); So: 1, X2= $x(1a), ( 28) 
where x= (2ki—ky)/2f/; and a= { (ki +tku)/(ki— ku) }}, 
which is slightly larger than unity. The energy at S, or 
S. is Eo= (kitku)a*/6. For a small displacement 
y,= Ax, from 5S, we have as far as quadratic terms 


V = Eo— $hi' (yr? — yo?) +33 ys? + ha ye, (29) 


where 


k= (ky — ky?)}, ks’, k,'= k3—figx Ate). (30) 
The expansion of V near S» is as in (29) and (30) 
with k,’ and a@ reversed in sign. It follows that if k; 
is reasonably large, S; and S: are saddle points with 
the same energy /o; S; corresponds to a large stretch 
of the central bond x; (with x.~0) and has V maximum 
along the x; direction; S2 is similarly related to x2. We 
cannot identify x, and x2 as “reaction coordinates” 
in these cases, because of the nature of the kinetic 
energy, but it is worth noting that S; and S, are well 
separated in configuration space, and also that the 
energy at the spurious saddle, the point S’ mentioned 
earlier, is 2Ep. 


Vibrations and Reaction Coordinates 


Let m;, mo, m3 be the masses of atoms C, B, A, 
respectively, and py=m,1, and write wi. for witpe, 
etc., so that the total mass M=m,+2m.;. The Hamil- 
tonian kinetic energy, with p, conjugate to x, (or to 
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y, near a saddle) is 
T’ =} { wre (prt po*) +23 (ps’+ pe?) } — wrprpre 
—po(pPipst pops). (31) 


For the frequencies of small vibrations near equilibrium 
the quadratic terms V2 in (26) give [with the notation 
(24) ] 

ArdodAgdg = hy 2k M / (mym?m:;" ), 


where ky? =k?— ky’. 

If we assume that the end masses m; are small and 
k; rather large, we may approximately separate the 
normal vibrations* into a fast pair associated with x3 
and a4, and a slow pair associated with x, and ax. For 
the fast pair we keep only the terms «x;’+-x,? and p;?+ 
p; in V2 and 7”, and so find the approximations 


A3= y= Repos. 


(32) 


(33) 


For the slow pair, we keep only the terms in x; and x2 
in V2 and the terms in a and #: in the Lagrangian 
kinetic energy, namely, 


Tt" = (me3/2M ) { M23 (a+2-" ) 4 Qmtogt co | ° 
This gives 


M= (kitkhu)/mos, 


(34) 


ho= (ki — ki) M /mymn;. (35) 


These approximate frequencies have in fact the correct 
product (32). 

For motion near the saddle point S, of (28), we must 
diagonalize the kinetic energy sufficiently to isolate the 
reaction coordinate. To do this without heavy analysis, 
we assume we can pick out fast vibrations in ys, 4 as 
in the last paragraph, even although one of the slow 
vibrations is now imaginary. From the terms in y,’ and 
ye in (29) and p;’+p¢2 in (31) we have approximately 
for the fast vibrations of the activated complex 


dz? - ks’ ues, hI 3 kg’ us, (36) 


where by (30) 
ks’ ka! = (ks—fisx P—fis2x?a". (37 ) 


Comparison with (33) shows that there is necessarily 
some slowing or “loosening” here at the transition 
state. 

For the remaining ‘‘slow vibrations” of the complex, 
we use the potential —}h;’(y,°—y”) from (29) and 
again the Lagrangian kinetic energy (34), with 4, 
for <,. The transformation 


Q,= 1 cosh0+-y2 sinhé, 


’ 


O.= y. cosh6+y,; sinhé, (38) 


> 
mee 


with sinh20=m»;(Mm,)~, gives for these energies 


V=—4h (Q?-Q#), T’=4mn(m/M)(Q2+Q2). 


(39) 
3 E. B. Wilson, Jr., J. C. Decius, and P. C. Cross, Molecular 


Vibrations (McGraw-Hill Book Company, Inc., New York, 1955), 
p. 74. 





TRANSITION 


The corresponding roots of the secular equation are 


—i? =a? = hy’ (M/my)*/mos. (40) 


The forms (39) show that (in this approximation) Q; 
is the reaction coordinate, and v= (2r)—+/d;! is the 
imaginary frequency in this coordinate. The real fre- 
quency v2* of the activated complex is the geometric 
mean of the normal frequencies »; and v2 of (35). 

The frequency factor of the reaction rate (6)-(8) 
can now be calculated for classical or quantum partition 
functions, using the approximate frequencies 11, +++, 4 
of (33) and (35) and v*, v3, v* of (36) and (40). 
(Attention is confined to saddle S$, although saddle S, 
adds an equal contribution to the reaction.) If we 
use classical functions, the frequency factor is vy, where 


Mite “Ng k3? ky’M} 


f 1 
(2xv)?= ——_—_— = —_.. ——_. 
AotAs*Ag? yh! mesons! 


(41) 


The second factor in this last expression is also the 
—;,* of (40); the general result this exemplifies is that 
the mass factor in the classical (or high-temperature ) 
v for the present type of complex is the same as the 
mass factor in the imaginary frequency; this is of 
interest in isotope substitutions.‘ 

The first factor in (41) represents the enhancement 
of the reaction rate by the loosening of the “fast” 
vibrations. By referring back to the original numbering 
of the coordinates and to Eqs. (28) and (30), it is 
seen that at saddle S, the main stretching is of the 
central bond 2; and the loosening is of k;’ the effective 
force constant of the outer bond x; adjacent to x. 


APPENDIX. 
DETERMINATION OF THE REACTION COORDINATE 


Let a potential function in coordinates qi, ++, 


gn have a saddle point of energy Fo, the energy at a 
small displacement Ag,= y, from this point being 


(A.1) 


n 
V = Ky— bhive+ } om DP hrsVeVss 
9 


where k;>0 and the remaining sum is positive definite. 
Let the kinetic energy be 

n 

T= 4 Deantheihe (A.2) 

1 
with no restriction on cross terms. Then classically the 
proportion of an equilibrium distribution flowing per 
second (from y,<0) over the boundary y,;=0 can be 


put into the form (with harmonic vibrations approxi- 
mately representing the normal molecules) 
k'=y' exp(— Eo/KT), 


vp’ =p +yn/ (vo*++ey,*), 


(A.3) 
4M. Wolfsberg, J. Chem. Phys. 33, 21 (1960). 
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where the v; are the frequencies of the normal molecule 
and the v,* are the frequencies of the system with 
and % zero in the energy forms (A.1) and (A.2). 
I argued previously that this flow k’ represents the 
unimolecular reaction rate, and that to assume the 
cross terms a;,(s=2, +++, m) in (A.2) to be zero is a 
matter of convenience rather than of necessity.’ These 
arguments are incorrect, but an examination of the 
reasons for this will help confirm the generally accepted 
basis of transition-state theory. 

Because the sums >" in (A.1) and >" in (A.2) 
are positive definite, there is a nonsingular trans- 
formation 


= Dor 0; (r=1,+++,n), (A.4) 
1 


which reduces (A.1) and (A.2) to 


V—Ey=4> 302, T’'=4D002, (A.5) 

1 1 
where Ay}<0<).'<+++<A,', assuming the positive 
\,* all distinct. The coordinate Q, so found is the usual 
reaction coordinate of transition-state theory; and the 
unimolecular rate constant, as the flow over Q:=0 
(from Q,:<0) can be expressed in the classical approxi- 
mation as 


k=v exp(— E)/kT), (A.6) 


v=py2**v,/ (vet>*ev,*), 


where (2mv,;*)?=d,* (i=2, +++, m) and the v; are as in 
(A.3). Expression (6) used earlier is effectively an 
equivalent form of (A.6) allowing more general classical 
or quantum distributions to be formally introduced. 

The frequencies v;* in (A.3) are those of system 
(A.1), (A.2), or equivalently of (A.5), with y con- 
strained to be zero, so that by (A.4) 


Ts 2 .= 0. 
1 


Assuming the Q; vary as exp(i/M), the Lagrangian 
equations of system (A.5) with constraint (A.7) are, 
with 8 an undetermined multiplier, 


(A—\*)0 =Bari 


Eliminating 8 by means of (A.7) gives the secular 
equation 


(A.7) 


¢= 1, see, n). 


dia?/(A—-A#)=0, (A.8) 
1 

with roots A=A ;*= (2av,*)? (i=2, +++, m) reproducing 
the v,;* in (A.3). These roots are positive; suppose 


them arranged in ascending order. Then examination 
of (A.8) shows that 
O<r2* <2? <Ag*< Agi <8 <n *<AyE. (A.9) 


5N. B. Slater, reference 2, pp. 107 and 116, 
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Thus the frequencies y,;* in (A.3) are, respectively, 
less than the »;* in (A.6), so that not only is the flow 
k’ of (A.3) greater than the k of (A.6), but this would 
still be true if we used quantum oscillator distribu- 
tions in both cases. It follows that the flow (A.6) is a 
minimum compared with the flow over any coordinate 
yi which is separated (as a negative squared term) 
in V— Ep but not in 7”. 

There is no doubt that (A.3) correctly represents the 
flow over the boundary y,=0 of points coming from 
yi<0. But it can easily be shown that some of these 
points, after crossing the boundary, double back to the 
region y,;<0 [having orbits involving cosh (t\/—),*) 
rather than sinh ], so that the corresponding molecules 
do not dissociate. Thus k’ as a rate constant is an over- 
estimate, and would require correction by a ‘“‘transmis- 
sion coefficient.” The minimized flow given by (A.6), 
or the equivalent with quantum partition functions, is 
therefore the correct rate constant in the harmonic 
approximation. It is not necessary to diagonalise 
V—E, and T’ completely to find the reaction coordi- 
nate, but merely to eliminate cross terms in both 
V—E, and T’ between Q,, Q, and the other coordinates 
and velocities [compare the intermediate definition in 
Sec. II between Eqs. (2) and (3) ]. 

The pentatomic model in Sec. IV provides a simple 
illustration. If we represent V in (A.1) by (29) and 
calculate the outflow (A.3) over y:=0, using the exact 
frequencies (32) of the normal molecule and the exact 
frequencies v ;* of the system (29), (31) with y:=0, we 
find that (27v’)? in (A.3) is given by (41) except that 
the mass terms there are replaced by 

Be= my +m", (A.10) 
which is certainly larger than the mass term in (41). 
Thus the “rate constant” k’ is an overestimate, in 
accordance with the general theory of this Appendix. 

In conclusion, here are three more general comments: 

(1) In the primary text® on transition-state theory, 
the diagonalization of 7’ as in (A.5) is performed so 
that the motion of the representative point in configura- 
tion space may be made analogous to the sliding of a 
mass point on a potential surface. Such a point crossing 
over a quasi-harmonic saddle will clearly continue to 
dissociation. But the arguments presented above on the 
minimization of flow of representative points are a 


5S. Glasstone, K. J. Laidler, and H. Eyring, The Theory of Rate 
Processes (McGraw-Hill Book Company, Inc., New York, 1941), 
p. 100 
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useful supplement to what at first sight appears merely 
an argument by analogy. 

(2) In my “harmonic oscillator theory’” the po- 
tential is of the form (with g,=0 the equilibrium 
undissociated configuration ) 


-" 2D Dibnadey 


with a cutoff at the plane gi:=q; any representative 
point crossing this plane gives a dissociation with no 
chance of doubling back to safety. Thus a formula of 
type (A.3) here gives the unimolecular rate correctly 
(in so far as the theory can be considered a valid 
approximation), and in this case the formulation has 
also been extended to lower pressures. 

(3) Bigeleisen and Wolfsberg** have pointed out the 
different isotope effects given by the theory (2) just 
mentioned and by transition-state theory; this is 
essentially due to the different treatment of the energy. 
For example, if we apply the theory of (2) to the break- 
ing of a central bond (x) of the pentatomic molecule 
in Sec. IV, using the potential V2 of (26) for (A.11), 
we find the mass factor in y? (the square of the fre- 
quency factor in the reaction velocity) is given by 
(A.10); this is the reciprocal of the reduced mass of 
the atoms B and C of the breaking bond. The order of 
magnitude suggested by Bigeleisen and Wolfsberg for 
the mass factor of a transition state v’ is the reciprocal 
reduced mass of the two whole fragments into which 
the molecule breaks. For the pentatomic molecule this 
is My23-'+-me;"'. It is interesting to observe that 


(A.11) 


myo3 + mos << Mm tes! < my em. (A.12) 
Thus the mass factor in the specialized approximation 
(41) for the transition state v? is intermediate between 
Bigeleisen and Wolfsberg’s suggested factor and the 
factor given by the theory of (2). 
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Vaporization of aluminum arsenide was studied, using the Knudsen effusion method. Aluminum arsenide 


decomposes according to the reaction 


AIAs(s)—Al(g) +4AS2(¢)- 
Als) +As,.)—AlAS;s) ’ 


For the reaction 


AHoys is found to be —35.4+3.1 kcal. 





INTRODUCTION 


HE compounds of Group III and Group V ele- 

ments have recently been attracting attention for 
practical as well as theoretical reasons. These com- 
pounds hold promise as high-temperature semi- 
conductors. 

Most investigations of these compounds have been 
concerned with electronic properties and little is known 
about their thermodynamic properties. Published data 
appear to be limited to the heat of formation of InSb, 
GaSb, and InAs and the low-temperature heat capacity 
of InSb.' M. Hoch and D. White? have studied the 
vaporization of boron nitride and aluminum nitride to 
determine their vapor pressures and their accommoda- 
tion coefficients in the range 1600-1900°K. It is the 
object of this research to extend a similar study to 
aluminum arsenide in order to determine some of their 
thermodynamic properties. 


APPARATUS AND EXPERIMENTAL PROCEDURES 


The apparatus used was described earlier.* The heat- 
ing was done either by a 10-kw Ecco ora 20-kw Ther- 
mionic induction heater. 

The Knudsen effusion cells were machined from 
graphite rods supplied by the National Carbon Com- 
pany. The dimensions were 1} in. high, ? in. diam, and 
the wall thickness about } in. The effusion holes were 
drilled into the top. Three different sizes of effusion 
holes (orifices) were used, namely, 0.042, 0.094, and 
0.2559 in. in diam. As the orifices were not knife edged 
but had finite wall thickness, the Clausing correction‘ 
had to be applied. The effective hole area for the three 
different sizes was 0.0025, 0.019, and 0.1104 sq. cm, 
respectively. The AlAs was in a pellet form in the bot- 


* This research was supported in part by the Aeronautical 
Research Laboratory, WADD, Air Research and Development 
Command, U. S. Air Force. 

1W. F. Schottky and M. B. Bever, Acta. Met. 6, 320 (1958). 

2M. Hoch and D. White, Technical Research Reprint Mcc 
1023-TR-214, Oct. 29, 1956, Ohio State University Research 
Foundation, paper No. 69 presented at the Am. Chem. Soc. 
meeting, Dallas, 1956. 

3M. Hoch, J. Appl. Phys. 29, 1588 (1958). 

4S. Dushmann, Scientific Foundations of Vacuum Techniques 
(John Wiley & Sons, Inc., New York, 1949), p. 99. 


tom of the Knudsen cells. In all cases these pellets had 
a diameter of 0.25 in. 

Before introducing the samples, the Knudsen cells 
were degassed by heating for several hours in the 
vacuum furnace at 1800°K until constant weight was 
obtained. 

Aluminum arsenide was prepared by passing vapors 
of arsenic through a bed of hot aluminum in an argon 
atmosphere. The temperature of aluminum was main- 
tained at 900-1000°C. X-Ray diffraction pattern taken 
on the prepared AlAs showed a fcc lattice, with a= 
5.655+0.002 A. The AlAs was pressed into pellets, 
0.25 in. high, 0.25 in. in diam, and one pellet was 
introduced into the Knudsen cell. 

The dynamic pressure p is calculated from the rate 
of effusion’ using equation 


p=m(2rRT/M)}, (1) 


where # is the pressure in atmospheres, R the molar gas 
constant, 7 the absolute temperature (°K), m the rate 
of effusion in gm/(sq cm) (sec), and M the molecular 
weight of the vapor. 

The equilibrium pressure p° is related to the dynamic 
pressure p by the equation‘ 


p= p'la/[(h/s) +a]}}, (2) 


Where a is the accommodation coefficient, /# the effu- 
sion hole area, and s the area of the evaporating sample. 

Thus it is evident that if 4/sKa, p=p°, and if 
aXh/s, p= p'La(h/s) }. 

Experimentally the condition for the determination 
of the equilibrium vapor pressure is tested by deter- 
mining the rate of effusion from Knudsen cells of 
different h/s values. If dynamic pressure p is inde- 
pendent of these ratios, then the dynamic pressure 
calculated from Eq. (1) will be the equilibrium pres- 
sure and will indicate an accommodation coefficient 
very close to unity. 

To determine the decomposition products when AlAs 
is heated in vacuum, a sample of AlAs was heated to 
1500°K in vacuum until 70% by weight was vaporized. 


5 R. Speiser and H. L. Johnston, Am. Soc. Metals preprint, No. 
11, 1949. 
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TABLE I. Vapor pressures of Al and As, above AlAs. 











Effective 
Temp. Time orifice Pasy X10" paiX10° 
Run °K min area cm? atm atm K = paipaso X10" 





1455 , ‘ 0.0025 41.0 34.7 703 
1457 ; 45.6 38.6 825 
1497 , : 46.3 39.2 844 
1397 a as: 11.8 139 
1506 . K ; 58.8 1550 
1472 3. 64. 54. 1397 
1378 . 0.01905 4.: 30. 
1389 3.73 24. 
1434 
1434 
1470 


1517 


mn 


1356 So. 0.1104 


1378 


“In fH NS WwW 
ar 


1395 
1405 
1428 
1453 


— 
Coo eo 
z 


1456 : 3 19. 


TABLE II. Heat of reaction AlAs¢.)—Al(g) +3A 





Run Temp. °K log K Rink 


[ (AF — H° 298) /T\ AH°o98/ T AH “a9 kcal 


1455 —8.153 — 37.31 S567 93. 

1457 —8 .084 ~ 36.99 92. 

1497 -8.074 ~36.95 92. 

1397 8.856 

1506 .810 

1472 —7.855 
<1 
.607 
.882 
.720 -39, S. 137. 
458 -38. ; 138. 
.365 33. : 135. 
.582 if < 134. 
.274 -42. ; 135. 
.219 ; : 136. 
.176 —41. 2 337.3 
.116 : 7. 139. 
.649 — 39.58 be 138.5 
.622 - 4 S. 138.6 


Average 136.9+1.4 kcal 











VAPORIZATION OF 


The x-ray diffraction pattern of the residue showed 
again only AlAs lines with very weak Al,O; lines, indi- 
cating that no condensed decomposition products are 
formed. As with AIN, AlAs decomposes to the gaseous 
elements Al (gas) and As, (gas). In the temperature 
range 1300-1600°K and at a pressure of 10-* atm As» 
is the major gaseous arsenic species.® AlAs thus decom- 
poses according to 


AIAs(s) Al gy +3 ASo@). 


The experimental data are shown in Table I. The 
pressures of Al and Ase vapor are calculated by Eq. 
(1) and shown in Table I. The equilibrium constants 
calculated by the relation K= paipas,! for all the three 
different orifice sizes give the same value for the same 
temperatures. The K and p are independent of //s, 
indicating an accommodation coefficient close to unity 
and thus p= po. 

For the determination of the heat of reaction (see 
Abstract) the third-law method has been applied. It 
is assumed that the change in free-energy functions for 
the decomposition of AlAs is the same as that for the 
decomposition of AIN. From the data of Elliot and 


6 J. F. Elliot and M. Gleiser, Thermochemistry for Steel Making 
(Addison-Wesley Publishing Company, Inc., Reading Massa- 
chusetts, 1959), Vol. 1. 
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Gleiser® this value of the change in the free-energy 
function AL (F—H°xs/T | for the reaction 


AIN—Alg)+2N 22) 


has been calculated as —55.7 eu. This value is used for 
the reaction 


AlAs—Al,g)+ 5Asag)- 


The value of the heat of reaction thus calculated is 
given in Table II. The average is 136.9+1.4 kcal. The 
error limit of +1.4 kcal does not take into account any 
possible errors in the free-energy functions, but these 
are probably not off by more than 2 entropy units, 
giving an uncertainty of +2.8 kcal in AH xg. 

The heat of reaction has also been determined by 
measuring the slope of the plot of log K vs (1/T°K). 
The heat of reaction thus determined is found to be 
130 kcal, which is in close agreement with the value 
determined by the third-law method. 

If the heat of vaporization of Al (77.5 kcal) and that 
of 4Ase (24 kcal)® is subtracted from the heat of forma- 
tion of AlAs from gaseous elements, the heat of forma- 
tion of AlAs from solid elements, e.g., for the reaction 


Aly As ¢s)— »AIAS«s), 
is found to be AHo,= —35.4+3.1 kcal. 
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The saturated heat capacities of trifluoroacetonitrile have been measured from 12°K to the normal 
boiling point 205.47°K. The vapor pressure of the liquid to 1 atm is represented by the equation 


logioPmm = — 1337.916/ T —4.02312 logioT +18.69693. 


The solid-liquid-vapor triple-point temperature is 128.73°K. The heat of fusion at the triple point and 
the heat of vaporization at the normal boiling point are, respectively, 1187.7 cal/mole and 4262 cal/mole. 
The experimental value of the entropy of the gas at the normal boiling point, 65.010.20 eu/mole, is in 
excellent agreement with the theoretical value of 64.96 eu/mole calculated from spectroscopic and molecular 


data assuming a symmetrical top molecule. 


INTRODUCTION 


HE following thermodynamic study is one of a 
series being carried out with simple fluorine-con- 
taining molecules. 


CALORIMETRIC SAMPLE 


The sample of trifluoroacetonitrile used in the 
calorimeter consisted of approximately 50 g purified 
from a raw sample obtained from the Peninsular Chem- 
ical Research Company, Pensacola, Florida. The 
purification was achieved by a series of isothermal 
bulb-to-bulb  distillations followed by distillation 
through a low-temperature fractionation column in 
which a temperature control of +0.1 deg was main- 
tained. Infrared spectra of the sample taken at various 
stages of the purification procedure were compared 
with the spectrum reported by Edgell and Potter.' The 
results of a triple-point study with the calorimetric 
sample which are presented in Table I showed a liquid 
soluble-solid insoluble impurity of 0.04 mole % and a 
triple-point temperature for the pure compound of 
128.73°K. 

EXPERIMENTAL 


The measured saturated heat capacities C, of the 
condensed phases are listed in Table II. Corrections 
by the method of Bockhoff et a/.2 were applied for the 
effect of compression and changes in volume of the 
condensed phase. The temperatures were observed with 
a platinum resistance thermometer having an ice-point 
resistance of 25.5 ohm which had been calibrated at 
the National Bureau of Standards. The heat capacities 
at rounded temperatures are listed in Table III. 

The data for the heat of fusion are listed in Table 
IV. A sensible heat correction for the temperature rise 
of the calorimeter and a premelting correction were 
applied to the heat input measured in each of the runs. 


1W. F. Edgell and R. M. Potter, J. Chem. Phys. 24, 80 (1956). 
? F. J. Bockhoff, R. V. Petrella, and E. L. Pace, J. Chem. Phys. 
32, 799 (1960). 


The vapor pressure measurements for trifluoroaceto- 
nitrile presented in Table V were obtained with a 
Gaertner precision cathetometer used in conjunction 
with a standard meter bar. The usual gravity, meniscus, 
and temperature corrections were applied to the data. 
The data were fitted by the equation 


logioPmm= — 1337.916/T — 4.02312 logioT'+ 18.69693, 
(1) 


which was derived by the method of least squares. A 
normal boiling point of 205.47°K was calculated from 
this equation. Also, a comparison of the measured 
values with those calculated from Eq. (1) are given 
in Table V. 

The method described by Bockhoff et al.” was used 
to obtain the heat of vaporization data contained in 
Table VI. The vapor pressure and its known tempera- 
ture coefficient were used to determine both the average 
temperature and the temperature change of the vapori- 
zation. Run 4 was made at about 50% greater heating 
rate than run 3 in order to remove doubt concerning 
the effect of the heating rate on the heat of vaporiza- 
tion. Corrections for (1) the temperature rise of the 
calorimeter, (2) the heat leak to the surroundings, and 
(3) changes in volume of the liquid and vapor phase, 


Taste I. Equilibrium temperatures of fusion of trifluoroaceto- 
nitrile (0°C =273.16°K; triple-point temperature= 128.73°K). 








Equilibrium Fraction 
temperature melted 
(°K) r 





128.63 
128.66 
128.68 
128.69 
128.72 
128.73 (extrapolated) 


0.138 
0.276 
0.415 
0.691 
0.829 








454 





THERMODYNAMIC PROPERTIES OF TRIFLUOROACETONITRILE 


Taste II. Molar heat capacity of trifluoroacetonitrile (mol wt = TABLE III. Molar heat capacity of trifluoroacetonitrile at round- 
95.028; 0°C =273.16°K; 1 cal=4.1840 abs. joule; series 3, 4,5, ed temperatures (0°C=273.16°K; 1 cal=4.1840 abs. joule; mol 
and 6, 0.55286 mole; series 7, 8, 0.53885 mole; series 9, 10, 11, wt=95.028). 

0.54943 mole). —— 


= emi Temp. C, Temp. C. 
°K cal/deg/mole °K cal/deg/mole 

















8 
Series T 3 cal/deg/mole 








15 : 115 17.115 
490 20 3.970 120 17.53 
480 25 .426 17.948 
.667 a ? ; 
660 30 705 .73 melting point 
043 35 .824 z 28.74 
878 40 .808 5 28.68 
oo 45 674 28.60 
819 50 45 4 28.54 
518 55 14 28.49 
60 .76 28.44 
.34 28.41 
70 .88 28.37 
.39 28.34 
.89 28.32 
37 28.30 
28.29 
28.27 
28.26 
28.24 
28.23 
205.47 normal boiling point 


9 
9 
10 
9 
10 


CSeOOHNIDAUS SwONNHE 











® Extrapolated. 


4 
3 
4 
3 
4 
8 
4 
3 
8 
4 
3 
8 
4 
3 
4 
11 
7 
3 
4 


Taste IV. Molar heat of fusion of trifluoroacetonitrile (mol 
wt=95.028; triple point=128.73°K; 0°C=273.16°K; 1 cal= 
4.1840 abs. joule). 














Temp. Sensible Premelt Heat of 
interval input heat corr. fusion 
°K cal/mole cal/mole cal/mole  cal/mole 


— 
We Co 


124.91-132.69 1505.4 — 326.2 8.9 1188.1 
127.02-131.45 1355.7 — 191.2 21.6 1186.1 
126.00-132.08 1433.3 — 260.9 13.9 1186.3 
119.87-131.72 1645.8 — 456.0 0.3 1190.1 





av = 1187.7 cal/mole 
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Iting point TABLE V. Vapor pressure of trifluoroacetonitrile (normal boiling 
ne: ae point = 205.47°K ; 0°C=273.16°K). 








Prove Prato Poate Pore 
int. mm Hg int. mm Hg int. mm Hg 
3.007 4.015 1.008 
13.134 12.496 —0.638 
34.052 34.088 0.036 
84.117 84.041 —0.076 
143.73 143.32 —0.41 
251.82 252.15 0.33 
377.23 377.84 0.61 
505.65 506.16 0.51 
607.81 609.32 2:38 
760.00 
205.556 766.55 763.79 —2.76 


DAADMNAMNAMNAMAMMNAMWUAWAH 


205.47 normal boiling point 
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TasLe VI. Molar heat of vaporization of trifluoroacetonitrile. (mol wt =95.028; normal boiling point=205.47°K; 1 cal=4.1840 abs. 
joule; molar liquid volume=68.9 cc; molar vapor volume=16.10 1). 








1 


205.49 
0.1053 
0.05107 

4293.1 


Mean temp. of vaporization, °K 

Heating rate, cal/sec 

Moles vaporized 

Total energy, cal/mole 

Sensible heat correction, cal/mole 

Heat leak correction, cal/mole 

Corr. energy, cal/mole 

Heat of vaporization at normal boiling point 


Av, cal/mole 


were applied. Temperature gradients of the order of 
0.3 deg were present within the calorimeter but these 
would not be expected to yield uncertainties in the heat 
of vaporization greater than 0.1%. 


RESULTS AND DISCUSSION 


The calculation of entropy from the experimental 
data as summarized in Table VII followed well-estab- 
lished procedures in general. However, the entropy 
contribution of the condensed phases was determined 
by use of analytical procedures in conjunction with an 
IBM 650 computer. The heat capacity C, of the solid 
and liquid phases, which was used in the computation 
of the entropy, was fitted with equations of the form 


C,=A+BT+CT? «++ + KT", (2) 


using a program formulated by Chapman.’ The 
in the equations ranged from 3 to 8. 


TaBLeE VII. Molar entropy of trifluoroacetotrile (mol wt =95.028; 
0°C = 273.16°K; 1 cal=4.1840 abs. joule). 


0-13.00°K, Debye extrapolation 0.59+0.03 eu/mole 


(@= 104, 6 degrees of freedom) 
13.00-111.00°K fC,(dT/T) (analytical) 18.42+0.08 
111.00-128.72°K fC,(dT/T) (graphical) 2.54+0.01 
Fusion 1187.7/128.73 9.23+0.01 


Entropy of liquid at solid-liquid-vapor 30.78+0.13 eu/mole 


triple point 
128.73-205.47°K fC.(d7/T) (analytical) 13.30+0.03 
Entropy of liquid at normal boiling point 44.08+0.16 eu/mole 
Vaporization 4262/205.47 20.74+0.02 
.19+0.02 


Entropy of ideal gas at 205.47°K and 1 65.01+0.20 eu/mole 
atm 


Gas imperfection correction 0 


3F. K. Chapman, Least Squares Fitting on Unequally Spaced 
Points; A 650 Program for Curve Fitting with Orthogonal Poly- 
nomials (Computing Center No. 1006, Case Institute of Tech 
nology, Cleveland, Ohio, 1958). 





205.47 
0.0917 
0.05113 

4299 .0 
+1.3 
—21.7 
4278.6 
4260.4 


205.22 
0.1361 
0.05692 

4285.3 

+5.9 
—10.9 
4280.3 
4259.6 


0.05022 
4262.1 
+14.0 
+10.6 
4286.7 
4268.5 


The gas imperfection correction AS;, assuming a 

Berthelot gas, can be cast in the form? 
AS;=[12R(1—2) ]/(6-—T)/T.), (3) 

in which Z is the compressibility factor, 7, is the 
normal boiling point, and 7, is the critical temperature. 
A compressibility factor of 0.955 was determined from 
a molar vapor volume of 16.10 liter at the normal boil- 
ing point calculated from the Clapeyron equation. The 
ratio 7,/T. was assumed to be 0.62, a reasonable value 
for most compounds.‘ The entropy calculated from 
molecular parameters and spectroscopic data is pre- 
sented in Table VIII. 

The translational and rotational entropy contribu- 
tions, S,° and S,°, were computed from the relations® 


S,°= 6.8635 logM + 11.4391 logT— 2.3141 


S,0= 2.2878 log (Tall c* 10") +6.8635 logT 


— 4.5757 logs—0.0332, (4) 


in which M, the molecular weight, was 95.028 and s, 
the symmetry number, was 3. Here 74= 147.4 10~* 
g cm? and Ip=I¢=284.7X10- g cm? in accordance 
with a symmetrical top model were taken from the 


TasLe VIII. Molar entropy of trifluoroacetonitrile from molecular 
and spectroscopic data. 


298.16 


Temp. °K 


39.567 

23.999 
7.691 

71.26 


S,°, eu/mole 
, 

S,°, eu/mole 
S,°, eu/mole 


Total, eu/mole 








4S. Glasstone, Thermodynamics for Chemists (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1947), p. 502. 

5D. D. Wagman, J. E. Kilpatrick, W. J. Taylor, K. S. Pitzer, 
and F. D. Rossini, J. Research Natl. Bur. Standards 34, 143 
(1945). 
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microwave data of Sheridan and Gordy.® The electron- 
diffraction results of Dandord and Livingston’ give 
moments of inertia which are in good agreement with 
those from microwave data. 

The analysis of the infrared spectrum by Edgell and 
Potter and the Raman spectrum of the gas and liquid 
by Gullikson and Nielsen* agree on a C3, point group 
for the molecule with four type A and four doubly de- 
generate type E fundamental frequencies. The fre- 
quency assignments of Edgell and Potter have been 
used in the calculation of the vibrational contribution 


6 J. Sheridan and W. Gordy, J. Chem. Phys. 20, 591 (1952). 

7M. D. Danford and R. L. Livingston, J. Am. Chem. Soc. 
77, 2944 (1955). 

5C. W. Gullikson and J. R. Nielsen, J. Mol. Spectroscopy 1, 
155 (1957). 


PROPERTIES 


OF TRIFLUOROACETONITRILE 


to the entropy. These are: type A; 2271 cm™', 1228 cm |, 
801 cm™, 521 cm™, and type E; 1215 cm™, 625 cm™, 
464 cm™, 192 cm. 

The experimental value of the entropy of the gas at 
the normal boiling point, 65.01+0.20 eu/mole, is in 
excellent agreement with the theoretical value of 64.96 
eu/mole calculated from molecular and spectroscopic 
data. 
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Empirical study of cubic and quartic vibrational force constants for diatomic molecules shows them to be 
approximately exponential functions of internuclear distance. A family of curves is obtained, determined 
by the location of the bonded atoms in rows of the periodic table. Displacements between successive curves 
correspond closely to those in Badger’s rule for quadratic force constants (for which the parameters are 
redetermined to accord with all data now available). Constants for excited electronic and ionic states appear 
on practically the same curves as those for the ground states. Predictions based on the diatomic correlations 
agree with the available cubic constants for bond stretching in polyatomic molecules, regardless of the type 
of bonding involved. Some implications of these regularities are discussed. 


OLECULAR vibrations must be taken into ac- 
count in the interpretation of many types of 
experiments. Often the anharmonicity of the vibra- 
tions is an important consideration. For example, in 
most molecular structure determinations the dominant 
vibrational corrections arise from anharmonic terms 
in the potential function. It has been shown! that 
within a practical approximation the difference be- 
tween the average molecular configuration derived 
from electron diffraction experiments® and the equi- 
librium configuration is due solely to the cubic poten- 
tial terms. The cubic terms also give the largest of the 
corrections needed to derive equilibrium moments of 
inertia from observed spectroscopic rotational con- 
stants.’ In a large class of isotope effects, especially 
where hydrogen is involved, anharmonicity plays an 
important role. Some examples that have been dis- 
cussed theoretically are various magnetic interactions,' 
including second moments’? and chemical shifts® of 
nuclear magnetic resonance lines, and optical activity’ 
of compounds of the type RR’CHD. Aside from di- 
atomics, however, very little is known about the 
anharmonicity of molecular potential functions. Conse- 
quently, it has usually been the practice either to ig- 
* Presented in part at the Symposium on Molecular Structure 
and Spectroscopy, Columbus, Ohic, June 1960. Support received 
from the Alfred P. Sloan Foundation, the U. S. Atomic Energy 
Commission, and the National Science Foundation is gratefully 
acknowledged. 
1D. R. Herschbach and V. W. Laurie, Bull. Am. Phys. Soc. 5, 
500 (1960); J. Chem. Phys. (to be published) ; see also T. Oka, 
J. Phys. Soc. Japan 15, 2274 (1960). 
2L. S. Bartell, J. Chem. Phys. 23, 1219 (1955). 
3H. H. Nielsen, Rev. Mod. Phys. 23, 90 (1951). 
+N. F. Ramsey, Phys. Rev. 87, 1075 (1952). 
5J. A. Ibers and D. P. Stevenson, J. Chem. Phys. 28, 929 
1958). 
6H. S. Gutowsky, J. Chem. Phys. 31, 1683 (1959); see also 
L. Petrakis and C. H. Sederholm, J. Chem. Phys. (to be 
published). 
7 W. Fickett, J. Am. Chem. Soc. 74, 420 (1952) ; A. Streitwieser, 
Ann. N. Y. Acad. Sci. 84, 576 (1960). 


nore the effects of anharmonicity or to rely on rather 
crude approximations. 

Several types of empirical formulas have been pro- 
posed to describe the variation of harmonic bond 
stretching force constants with bond length and with 
chemical properties of the bonded atoms, and these 
often give satisfactory results for polyatomic as well as 
diatomic molecules. One of the simplest is Badger’s 
rule,® 

I’,=1.86 (r.—d;;)—*, (1) 


in which r, is the equilibrium bond length and the 
constant d,; is fixed for bonds between atoms from 
rows 7 and j of the periodic table. We have examined 
the available data and find that cubic and quartic force 
constants for diatomic molecules can also be repre- 
sented as functions of bond length and position in the 
periodic table (see Fig. 1) and that anharmonic bond 
stretching constants for a number of polyatomic 
molecules can be predicted within experimental! error 
by the same functions. This paper gives the relations 
obtained and a qualitative discussion of the origin of 
the observed regularities. 
ANALYSIS OF DIATOMIC DATA 
A table’ of quadratic, cubic, and quartic force con- 
stants for diatomic molecules and ions was calculated 
from spectroscopic data, using the relations 
F2=5.889X 1077 pw,’, (2) 
f3=—a(F2/re), (3) 
F'y=a2(F2/r2), (4) 
where 
—a=1+(aw,./6B2), (5) 
a2= (5/4) a— (2/3) (wer./B.). (6) 
5 R. M. Badger, J. Chem. Phys. 2, 128 (1934); 3, 710 (1935); 
Phys. Rev. 48, 284 (1935); J. Waser and L. Pauling, J. Chem. 
Phys. 18, 618 (1950). 


® Table of Vibrational Force Constants, UCRL-9694 (University 
of California Radiation Laboratory, Berkeley, 1960). 
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Fic. 1. Comparison of quadratic, cubic, and quartic force constants as functions of bond length. The straight line relations are ob- 
tained from Table II. For some of the families the curves (shown dot-dashed) corresponding to Table III are also plotted. Empty 
circles indicate excited electronic states or ionic states; full ones, ground states. 


Here the potential function is written as 
2U(r) = F2(r—r.)?+F3(r—r.)®+Fa(r—re)'+.... 


The other notation and units (given in Table I) are 
standard. For hydride molecules additional terms'° 
were included in Eqs. (5) and (6). Most of the spectro- 
scopic parameters were taken from Herzberg’s tabula- 
tion," but an attempt was made to include all new and 
revised parameters published up to December, 1960. 

The accumulation of data since 1935 has enabled 
Badger’s correlation to be extended to about twice as 
many families of molecules, and the parameters for 
most of the others have been revised. Table I lists the 
values of a;; and d;; which gave the best fit to straight 
lines, 


re=dyj+ (aij—djj) Fo“. (7) 


The accuracy of the correlation is discussed in detail in 
reference 9 and remains about as good as that found by 
Badger. The parameter a;; might be regarded as a 
standard bond length (F,=1 at r,=aj;) and dj; as a 
distance of closest approach (F:->© at r,=d;;). In- 
cluded for comparison in Table I are the parameters 
d,;’ derived from the original version of Badger’s rule, 


10 J. L. Dunham, Phys. Rev. 41, 713, 721 (1932). 
1G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 19°90). 


in which a;;—d;; was assigned the constant value 
(1.86)#=1.23; although this is the commonly used 
form of the rule, it does not allow a satisfactory fit to 
data for the heavier molecules, as Badger pointed out.$ 
It was also found that the data that have become 
available for a number of molecules containing transi- 
tion metals bonded to hydrogen or first-row atoms re- 
quired parameters considerably different from the usual 
ones, as indicated in Table I. 

As illustrated in Fig. 1, the correlations obtained for 
cubic and quartic constants are about as good as those 
for the quadratic constants. For some of the families of 
molecules, the semilogrithmic graphs show noticeable 
curvature, but for convenience a simple exponential 
function, 


(—1)*F,, = 10-29) /di;, (8) 


(n= 2, 3, 4) was fitted to all the data. Table II lists 
the parameters obtained. The experimental uncertainty 
in many of the anharmonic constants is several percent; 
data for which the uncertainty is greater than 25% were 
excluded. 

For quadratic constants, the over-all agreement with 
Eq. (8) was somewhat more satisfactory than Badger’s 
rule except for light molecules; in particular, Li, and 
some excited states of LiH and He. For the anharmonic 
constants various functions analogous to Badger’s 
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TABLE I. Parameters for Badger’s rule.* 


i 
H 
H 
1 3T z 
1 4T re 


® Units employed in the tables and equations of this paper are r,, aij, dij, 


Angstrom units; Fe, 105d cm™; yw, g mole; we, cm™!; F3, 10'3 d cm™*; Fy, 107 d 


cm=, 


were also tried with similar results. In Fig. 1 the 
(solid) lines calculated from Eq. (8) may be com- 
pared with the (dashed) curves obtained from the 
relations of Table III for the H-1 and 1-1 families of 
molecules, which showed the most noticeable curva- 
ture, and for the 2-2 family, which is practically linear. 

For excited electronic states and ionic states, the 
anharmonic constants as well as the quadratic con- 
stants are found to conform fairly well to the curves 
established from data for the ground states, although 
the scatter is considerably increased. In Fig. 1, open 
circles indicate excited or ionic states; to avoid over- 
crowding the figure, these constants were inciuded for 
hydrides only. However, similar agreement is found 
for the other families of molecules. Data for these 
states were included but assigned one-fourth the weight 
of ground state data in determining the parameters 
given in Tables I-III. 
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As a simple rule for order-of-magnitude calculations 
it may be noted that for about two-thirds of the known 
molecular states the ratios — a, and a» of Eqs. (5) and 
(6) fell in the ranges 2-4 and 2-6, respectively. These 
quantities were found to be less regular functions of 
internuclear distance than the force constants, however. 


POLYATOMIC MOLECULES 


For a few polyatomic molecules vibration-rotation 
interaction constants are available from which cubic 
bond stretching force constants can be derived, and 
the results are given in Table IV. The methods used 
are described elsewhere.' A generalized valence force 
field has been assumed, in which the part of the po- 
tential due to the stretching of a particular bond has 
the form (n= 2, 3, 4): 


2U=2,F,(r—r,)"+ interaction terms. 


Except for CO, and H,O, the interaction terms had to 
be neglected in deriving the force constants. In most 
TABLE LI. Parameters for exponential functions.* 


aij bi; 


_ F; 


of 

4T 

a HY 1 
oF ake 
Et ace aad 


* Defined by re=ajj—bi; logww[(—1)"F pn] for n=2, 3, 4 
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cases the uncertainty thereby introduced is expected 
to be less than that due to the experimental error in 
the vibration-rotation parameters and normal co- 
ordinates which enter into the calculations.” As seen 
in Table IV the agreement between the polyatomic 
values and those predicted from the diatomic curves 
(using the polyatomic bond lengths) is quite satis- 
factory, considering the experimental errors and theo- 
retical approximations involved. It thus seems, at 
least for the available data, that stretching cubic con- 
stants for polyatomic molecules can be predicted from 
diatomic data simply by allowing for the change in 
bond length. It is hoped that more, accurate vibration- 
rotation parameters will be forthcoming to provide 
additional tests. 

Cubic constants for bond bending can also be ob- 
tained from the appropriate vibration-rotation inter- 
action parameters, but at present there is almost no 
reliable data available to test any method for estimat- 
ing them.!3 


DISCUSSION 


Some 30 empirical relations have been proposed con- 
necting harmonic force constants and bond length with 
such properties as bond order, electronegativity, dis- 
sociation energy, ionization potential, and number of 
valence electrons. Perhaps ten of these are more or 
less equivalent in range and accuracy to Badger’s rule. 
As is clear from Fig. 1, many of these relations can be 
expected to apply also to the anharmonic constants. 
We have chosen to restrict consideration to Eq. (8), 
because it can be applied so readily to bonds in poly- 
atomic molecules. 


Taste ILI. Parameters for inverse power functions.* 


aij dij 


F; Py F, —F; 


1.66 1.6! 0.30 
1.91 1 


2 AL 2.50 2.41 


0.32 
2.01 0.68 


1.18 


0.61 
1.08 


® Defined by re=dij+(aij—dij) [(—1)"F np) 1/ (for n=2, 3, 4. 


2 Our results for CO2, HCN, and H,O are in good agreement 
with those obtained by J. Pliva, Collection Czechoslov. Chem. 
Communs. 23, 777 (1958). He points out that a treatment based 
on the usual type of coordinates* will not yield cubic constants 
that are isotopically invariant. His correction terms have not 
been applied in Table IV, however, as they are small compared 
with the experimental uncertainties. 

13 The data for the three triatomic molecules considered by 
Pliva!? represent practically all the available information about 
cubic constants for bends, bend-stretch interactions, and quartic 
constants of polyatomic molecules. 

44 For reviews see Y. P. Varshni, Revs. Modern Phys. 29, 664 
(1957) and references 15-18. A semi-empirical analysis which 
relates the anharmonic constants F; and F, to bond length and 
dissociation energy has been given by A. A. Frost and B. Musulin, 
J. Chem. Phys. 22, 1017 (1954); J. Am. Chem. Soc. 76, 2045 
(1954). 
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TABLE IV. Cubic force constants for bond stretching in polyatomic 
molecules. 








Bond 
length 


—F;, 
expt. 


Cubic constant 


Bond predicted 


Molecule 





CH, 09 10 
HCN .06 12 
DCN -06 12 
HCCH 06 12 
DCCD .06 12 


HCCH .20 30 
DCCD : 30 


HCN 39 
DCN ’ 39 


CO, ‘ a 39 
Ocs 7 39 


CS: a 14 
OCS oe 14 


OCSe ‘ 10 

BrCN : ee 
ICN : BZ 
H,0 : 19:3 


N:4O ‘ 33 
N5NHO 

N:"O 

N®N#O 





CH 


While Eq. (8) gives a satisfactory over-all fit to the 
data, other relations are somewhat better for some 
groups of molecules. For example, for several families, 
including the hydrides and diatomic molecules of the 
alkali metals, a better correlation is obtained for the 
constant F, by applying Badger’s rule to columns 
rather than to rows of the periodic table’*-"; we have 
found that this also holds for F; and Fy. Theoretical 
considerations'*” suggest the use of columns rather 
than rows, but in practice this is a much less con- 
venient way to organize the experimental data. 

To obtain the best accuracy of prediction in any 
particular case, the data employed should be restricted 
to a series of molecules in which the bond character is 
similar, or at least suffers no abrupt change along the 
series.'® It is also desirable to compare results obtained 
from several correlation schemes whenever this is 
feasible. 

In addition to the correlations within each family of 
molecules, it will be noted in Tables I-III that the 
parameters a;; and d;; both show fairly regular trends 
from one family to another, consistent with Bagder’s 
observation that “the d;;’s appear to depend on the 


1 Y, P. Varshni, J. Chem. Phys. 28, 1081 (1958). 

16H. O. Pritchard and H. A. Skinner, J. Chem. Soc. 1951, 945. 
( u D R. Somayajulu, J. Chem. Phys. 28, 814 (1958); 33, 1541 

1960). 

18 W. B. Brown, Proc. Cambridge Phil. Soc. 54, 251 (1958). 

19 J. N. Murrell, J. Mol. Spectroscopy 4, 446 (1960). 

2S. Bratoz, R. Daudel, M. Roux, and M. Allavena, Revs. 
Modern Phys. 32, 412 (1960). 





D. R. HERSCHBACH 


TABLE V. Variation of electronic contributions.* 


n=2 n=3 


Molecule Fo 


0. 
.101 0.5 
.278 0. 
111 0.42 
017 0. 
.279 0. 
.320 0. 
.367 0. 


2.83 
-42 
.03 


.02 
5.30 
.88 


AY j 


—3.10 

—2.02 .28 
—1.78 mf 
—1.63 0 


HF 
HCl 
HBr 
HI 


® The tabulated quantity is (O"Ug/Or") ¢/(O"U/Or")¢. 
completeness of the inner shells of the respective atoms, 
and not much on the outer shells.” 

A general argument can be given to show that these 
regularities reflect the extent to which the repulsive 
forces between the nuclei of the bonded atoms are re- 
duced by electronic shielding. This has been indicated 
by several authors in connection with perturbation 
treatments of harmonic force constants.'*~* We shall 
consider briefly some qualitative aspects and examine 
how the situation changes as one goes from F, to F3 
and F,. 

Within the accuracy of the Born-Oppenheimer ap- 
proximation, the vibrational potential function may 
be written as 


U(r) = Uy(r)+Uz(r) (9) 
where Uy(r) =Z,Z,e?/r is the nuclear repulsive poten- 
tial and Ug(r) represents an average over the electronic 
kinetic and potential energy in the field of the fixed 
nuclei.”4 At the equilibrium internuclear distance there 
are the relations 


—D,=UyntUez (10) 


O=—Un/r+o0Uz/ Or (11) 


Fo=2Uy/rP+8Ur/Or* ( 12) 


F3= —2Uy/r°+30°Uz/dr® (13) 


Fy=2Uy/r'+ (1/12) &Ug/ dr, (14) 


21 See, for example, J. O. Hirschfelder, C. F. Curtiss, and R. B. 
Bird, Molecular Theory of Gases and Liquids (J. Wiley & Sons, 
Inc., New York, 1954), p. 921. 
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where DV, is the dissociation energy and the derivatives 
are evaluated at r=r,. The nuclear repulsion, which is 
outweighed by the electronic contributions in (10), 
and is balanced by them in (11), is always found to 
dominate in the force constants.” 

The various derivatives of Ug (at r=r,) turn out to 
be roughly constant for isoelectronic series of molecules 
with the same Z, and Z,. The derivatives vary regu- 
larly for molecules whose atoms belong to the same 
column of the periodic system (rows usually give a 
fairly smooth correlation also). 

Although Eqs. (9)—(14) hold strictly only when Z, 
and Z, refer to “bare nuclei,” it is of interest to ex- 
amine also the results obtained when the inner shell 
electrons are assumed to follow the nuclei exactly 
during a vibration. Murrell has applied Eq. (12) to 
some diatomic molecules, taking Z, and Z, as the 
number of electrons outside a completed shell. He 
noted that (@?Uz/dr?), shows a regular variation in 
related groups (see his Figs. 2 and 3) which is quali- 
tatively consistent with an expression derived from 
perturbation theory."*'® With this choice of Z, and Zp, 
the derivative (0°Ug/dr’), has small positive values 
for the hydrides (except for LiH) and diatomic mole- 
cules of alkali metals, while it remains large and nega- 
tive for other molecules. 

Similar correlations appear in an analogous treat- 
ment of the anharmonic constants. There is a system- 
atic trend in passing from Fy, to F; and F, in that the 
imbalance between the nuclear and electronic contribu- 
tions steadily increases. (For F3 and F4, graphs similar 
to Murrell’s Figs. 2 and 3 are rotated counterclock- 
wise.) This is illustrated in Table V, which lists for a 





Fic. 2. Derivatives of the 
electronic energy as func- 
tions of internuclear dis- 
tance. The minus and plus 
signs denote shielding and 
antishielding regions, re- 
spectively. The ordinates of 
the various curves are not 
to the same scale. 








(4) 
Ur ® 
7 Sr" 
¢ .S) 
* There are a very few exceptional cases, such as the A!Z* 
excited state of LiH, the only example for which F; is positive. 
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few examples Up™/U™, the ratio of the electronic 
contributions in Eqs. (12)-(14) to the total. We shall 
refer to the electronic contribution as shielding when 
its sign is opposite to that of the nuclear contribution, 
and as antishielding when its sign is the same. Thus, 
negative values of the ratios in Table V correspond to 
shielding contributions, and the ratios are always” 
negative when Z, and Z, refer to bare nuclei. It is seen 
that the shielding decreases as is increased for a given 
molecule or as 7, is increased in a series of molecules. 

The hydrogen halides illustrate how rapid is the 
onset of antishielding with decrease in the effective 
nuclear charges: even without, “clamping” any of the 
valance electrons onto the halogen nucleus antishielding 
appears in the quartic constants and also in the cubic 
constant of HI. 

This empirical analysis of the electronic contributions 
can readily be given a qualitative theoretical basis. 
We shall take the approach used by BratoZ ef al. in a 
united-atom treatment of harmonic force constants for 
diatomic hydrides.” However, the conclusions depend 
only upon general properties of the electronic energy 
function. 

Since U(r)—>0 for large values of the internuclear 
distance, 


a"Up/ dr" — 9°Ux/dr"—0, (15) 


(n=0, 1, 2,...). For r-0, it has been shown” that 
Uz(r) approaches the united atom energy and again 


dUz/dr—0, (16) 


while the higher derivatives in general approach finite 
values. At intermediate values of r the first derivative 
must pass through at least one maximum, since — 0Uz/ 
or represents an attractive force exerted on the nuclei. 
For this qualitative discussion, the simple curve shown 
at the top of Fig. 2 is chosen and the higher derivatives 
constructed graphically.%*> The minus and plus signs 


%W. A. Bingel, J. Chem. Phys. 30, 1250 (1959); R. Bucking- 
ham, Trans. Faraday Soc. 54, 453 (1958). 

* The Hellmann-Feynman theorem provides a general expres 
sion from which dU ”/dr could be calculated if the true electron 
charge distribution were known. See, for example, T. Berlin, J. 
Chem. Phys. 19, 208 (1951), and reference 21, pp. 932-937. 

% One can use Eq. (9) to construct the derivatives correspond- 
ing to any experimental or assumed potential curve U(r). For the 
Morse function, for example (after allowance for its incorrect 
behavior at r=0), results are qualitatively similar to Fig. 2 
except that 0U,/dr has on the left another maximum and a 
minimum point so that the higher derivatives show several oscilla- 
tions at small r. 
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indicate the regions corresponding to shielding and 
antishielding contributions, respectively. At large 
enough r there is always shielding, as seen from Eq. 
(15). The dashed curves in Fig. 2 indicate the negative 
of the corresponding derivatives of the nuclear re- 
pulsive potential. 

When Uz(r) is defined by Eq. (9) with Z, and Z, 
the full nuclear charges, the location of the equilibrium 
internuclear distance is far enough to the right in Fig. 2 
(for instance, at point “B’’) to yield only shielding 
contributions, as shown by Eqs. (10)—(14). However, 
the successive derivatives show a steady outward pro- 
gression of the boundary between the shielding and 
antishielding regions. This tends to quench the shield- 
ing contributions, and the effect is accentuated as r, 
increases. 

The way in which antishielding enters when the ef- 
fective nuclear charges are reduced may also be under- 
stood from Fig. 2. If the electronic density is regarded 
as the sum of various orbital distributions,” these give 
additive contributions in Eqs. (11)—(14). For each 
orbital the derivative curves are expected to be quali- 
tatively similar to Fig. 2. Since inner shell orbitals have 
their peak density at small 7, for them the location of 
r, is well to the right side of the curves, as indicated by 
the point “C” in Fig. 2. For “larger” orbitals the posi- 
tion of r, moves to the left; thus, r, might be near the 
point “A” for the valence orbitals. Consider first the 
quadratic force constant. Since the curve near “C” 
has practically reached the limiting form of Eq. (15), 
the inner shell orbitals quite effectively shield an 
equivalent amount of nuclear charge, whereas the curve 
near ““A”’ shows that the valence orbitals may con- 
tribute relatively little shielding. This is evidently the 
situation in the hydrides and diatomic alkali metal 
molecules, whose harmonic force constants are fairly 
well approximated by simply ignoring the valence 
orbitals.” Although point “A” will usually not lie so 
far to the left in other molecules, the valence orbitals 
will still shield much less than their share of the nuclear 
charge. In the same way, the general shape of the higher 
derivative curves near “‘A’’ is seen to account for the 
tendency of the valence orbitals to become antishielding 
in the anharmonic constants. 
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The absorption spectra of three transitions of azulene were observed in a number of polar and nonpolar 
solvents. These frequency shifts were used to evaluate the constants in an equation developed by McRae 
representing solvent-solute interactions, and the constants gave the change in dipole moment for each of 


the transitions. 


INTRODUCTION 


HE electronic spectrum of azulene may be consid- 

ered to be well understood as a result of the work of 
Mann, Platt, and Klevens,! Pariser,? and others. 
Pariser? has calculated the dipole moments for the 
various excited electronic states and has found that 
they increase in magnitude and reverse in sign with 
respect to the ground state. This behavior has been 
used to interpret the blue shift of the 'Z» transition upon 
going from a hydrocarbon to an alcohol solvent, the 
reversal of the dipole moment in the excited state pro- 
ducing a Franck-Condon orientation strain*® in the 
polar solvent. 

The change in dipole moment for the long wavelength 
transition of azulene could be measured by observing 
the absorption and emission spectra concurrently, as 
was suggested by McRae‘ and as was actually done by 
Lippert® for certain polar molecules. 

It was hoped that by observing solvent shifts in a 
large series of polar and nonpolar solvents and by using 
the approximate form of an equation representing 
solute-solvent interactions, developed by McRae,’ that 
the experimentally determined constants of the equation 
would yield values of the change in dipole moment of 
reasonable reliability for each of the azulene transitions. 
These together with the ground-state moment deter- 
mined by Wheland and Mann® would then give the 
excited-state dipole moments. These values could be 
checked against the calculated values of Pariser and, 
further, should be usable in interpreting pressure and 
temperature shifts of the various azulene transitions in 
polar and nonpolar solvents. 

EXPERIMENTAL 


The azulene used in this work was spectroscopically 
pure in comparison with published spectra.!’ The 

* Present address: Chemistry Department, Texas Lutheran 
College, Seguin, Texas. 

‘C, E. Mann, J. R. Platt, and H. B. Klevens, J. Chem. Phys. 
17, 481 (1949). 

2 R. Pariser, J. Chem. Phys. 25, 1112 (1956). 

’ This corresponds to case IV(a) of solute-solvent interactions 
discussed by N. S. Bayliss and E. G. McRae, J. Phys. Chem. 58, 
1002 (1954). 

*E. G. McRae, J. Phys. Chem. 61, 562 (1957). 

5 E. von Lippert, Z. Elektrochem. 61, 962 (1957). 

6G. W. Wheland and D. E. Mann, J. Chem. Phys. 17, 264 

1949). 

7R. A. Friedel and M. Orchin, Ultraviolet Spectra of Aromatic 
Compounds (John Wiley & Sons, Inc., New York, 1951), Spectrum 
No. 269. 


hydrocarbons used were Phillips Petroleum Company, 
Research Grade. The rest of the solvents used were the 
best that could be borrowed from members of the 
Chemistry Department and were of research or spec- 
troscopic grade. These were used as received. 

The 'Z, and 'B, bands were recorded with satisfactory 
accuracy on a Beckman model DU quartz spectro- 
photometer, while the long wavelength 'Z, band was 
recorded photographically on a 3-m spectrograph. 


RESULTS AND DISCUSSION 


The equation given by McRae‘ that describes the 
frequency shift of a polar absorber in a polar solvent in 
terms of the macroscopic solvent properties n (index 
of refraction) and D (dielectric constant) is 


Av=(AL+ a +7 
arn D+2 +2 


2n?+1 


AP! n?—1 4 

= E= saat M0) 
The first term with the constant A and the “weighted 
mean wavelength” ZL represents the induced dipole- 
induced dipole interaction, the second term with B 
the solute dipole-solvent induced dipole, the third term 
the dipole-dipole, and the last term the solvent dipole- 
solute induced dipole interaction. 

For the hydrocarbon solvents, the third and fourth 
terms are zero and the constant K=AL+B given in 
Table I is the least-squares slope of the curve of Av vs 
[(m?—1)/(2n?+1)]. Standard deviations from the 


TABLE I. 








Transition > 1D. 1B, 


—131cm™ —2734cm™ —7154cm™! 
+286 +209 0 
0 0 0 


Dipole moment 
a=3A 
a=4A 


0.23D 
0.81C 
1.36D 


0.44D 
0.32D 
Calculated* -20.7D 


® R. Pariser, J. Chem. Phys. 25, 1112 (1956). 
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Fic. 1. The frequency shifts calculated from Eq. (1) with constants from Table I are compared to the observed shifts. 


straight line are only 1, 4, and 3 cm™! for the 'Zy, 
'L,, and 'B, transitions, respectively, when straight- 
chain hydrocarbons are used. 

It is assumed below that: (a) the solvent dipole-solute 
induced dipole interaction is negligibly small, and the 
constant F of Eq. (1) may be taken to be zero and (b) 
the constant A containing the weighted mean wave- 
length of the solvent may be considered to be constant 
in magnitude for the nonpolar and polar solvents used. 
The empirical justifications for these assumptions will 
be given later. Here it remains simply to evaluate the 
constant C of Eq. (1) for the three transitions observed 
in a range of polar solvents. By using the constant K 
determined from the nonpolar solvents, with F=0, the 
constant C was chosen to give the best reproduction 
of the observed frequency shifts. It was evident that the 
alcohol solvents had to be separated from the other 


polar solvents for Eq. (1) to represent the frequency 
shifts successfully. The different results in the alcohols 
is attributed to hydrogen bonding and to the resulting 
erroneous value of the local field expressed in terms of 
the solvent dielectric constant and index of refraction 
in Eq. (1).8 The constant C was thus determined from 
frequency shifts observed in nonalcoholic solvents and 
it is these values that are listed in Table I. 

From the constant C=[2/hca* ](mo—m,) mo, where 
“a” is the effective cavity radius and mp and m; the 
ground- and excited-state dipole moments, m; for each 
transition could be calculated using the experimentally 
determined my and an estimated value for “a.” Table 
I gives the results for the three transitions 'Ly, 'La, 
and !B, for a=3A and a=4A. It is seen that for an 


8 E. G. McRae, Spectrochim. Acta 12, 192 (1950). 
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“a” slightly larger than 4A the dipole moment observed 
would agree with that calculated by Pariser? for the 
17, transition, but that the agreement is less good for 
the 'L, and 'B, transitions. 

The ability of the McRae relation (1) to reproduce 
the observed frequency shifts is good as may be seen 
from Fig. 1, where the calculated shifts are plotted 
against those observed. For the low intensity ‘Ly 
transition the data points for hydrocarbon solvents are 
indistingushable at the scale used in Fig. 1 as a result 
of the very low value of the dispersion forces. The blue 
shift observed in going to polar solvents could be ex- 
plained by either the reduction in or the reversal of the 
excited-state dipole moment, depending upon the value 
taken for “a.” 

Where the dispersion forces are greater and the 
change in the dipole-dipole interactions less, as for the 
1[, transition, the hydrocarbon data points are widely 
separated and overlap the polar-solvent data. Whether 
a blue or red shift is observed in going from nonpolar 
to polar solvents depends upon the particular solvents 
being compared. The dipole moment change required 
to interpret the data for the 'Z, is obviously smaller 
than for the 'Z, transition. 

The large shifts observed for the strong 'B, transition 
are accounted for by the correspondingly large disper- 
sion forces. No change at all is observed in the dipole- 
dipole interaction and the data points for polar and 
nonpolar solvents are completely intermixed. There is 
no less accuracy in measuring the large shift of the 
1B, transition than the smaller shift of the 'Z., so any 
shift resulting from a change in the dipole-dipole inter- 
action would be as observable in the one as in the other. 

The observation from Fig. 1 that the shifts in polar 
solvents are well separated from those in nonpolar 
solvents for the 'Z, transition, less well separated for the 
'[, and not at all separated in the 'B,, is in itself a 
qualitative description of the manner in which the 
excited-state dipole moment is changing between the 
transitions. Furthermore, the results in the hydrogen- 
bonding alcohols indicate the same change. Where the 
dipole interaction term is important in representing the 
shift, the alcohols fall far off the curve, as for the 'Ls, 
less far off for the 'Z,, and on the curve for the 'B, 
transition. 

To test assumption (a) above that the solvent dipole- 
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solute induced dipole term of Eq. (1) is sufficiently 
small to be neglected, the spectra of the weak 'Z, 
transition of naphthalene and the strong 'B, transition 
of naphthacene were observed first in hydrocarbon and 
then in alcohol solvents. The nonpolar naphthalene and 
naphthacene were used so that the constant C of Eq. 
(1) would be zero and the effect of F would be more 
clearly distingushable. The constant K is of course ob- 
tained from the hydrocarbon data and is assumed 
constant for the polar alcohol solvents also, the remain- 
ing shift in the polar solvents being used to evaluate F. 
The results were, for 12, K=—2150, F=—12 cm”; 
for 1B, K=—13050, F=—200 cm. The term F 
contains the change in polarizability upon excitation 
and so is larger for the stronger transition and is of the 
same sign as K. On using as a rough scale the data above 
and the relative strengths of the transitions of the ab- 
sorbers, F for the azulene transitions should be roughly 
0, —15, and —118 cm", respectively, for the ‘Ls, 
17, and 'B, transitions. Since F is multiplied by the 
square of a number that ranges from about 0.3 to 0.7, 
its effect relative to the dipole-dipole term is further 
lowered. Thus, it seems that the solvent dipole-solute 
induced dipole term should be completely negligible for 
the 'Z, and 'Z, transitions and should amount to no 
more than about 0.5% of the dispersion shift for the 
1B,. This would correspond to a change in the calculated 
value of the dipole moment of less than one-third of a 
Debye for the excited state of the 'By transition. Al- 
though the magnitude of F is approximate as a result 
of the hydrogen bonding of the solvents, the conclu- 
sions should be qualitatively correct. 

The constant A=AL+B was here assumed to be 
effectively constant for all of the solvents. This assump- 
tion was justified empirically by observing the 'Ly 
transition of naphthalene in a range of hydrocarbons, 
alcohols, and other solvents such as acetone, acetoni- 
trile, and propylchloride. As discussed above, the solvent 
dipole-solute induced dipole interaction is negligible 
and the dipole-dipole interaction is zero. Thus the dis- 
persion forces alone are operative. A single value of K 
was found to represent the shifts very well with only 
random variations from the straight line having no 
correlation with any anticipated change in K with 
solvent. This result, together with the linearity of re 
sults in Fig. 1, is taken as sufficient justification for the 
assumption that K is constant. 
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The equilibrium °t(CoChPy,) ="t(CoClPy2)+2Py for cobaltous chloride solutions in pyridine is 
followed over a temperature range, yielding A// = +13.4 kcal/mole. At 38°C the equilibrium constant is 
estimated as (CoPy2Cle) (Py)?/(CoClsPys) =0.04, and the AS for the reaction is about 36.7 eu. It is pointed 
out that the average bond strength in the tetrahedral species is about 17 kcal greater than for the same 
groups in the octahedral configuration, and that the strength of binding and the dissociation energy for 
the two ligands released according to the equation above are significant factors in determining the equi- 


librium reaction. 


Detailed arguments are given against the view that the relative stability of octahedrally and tetrahedrally 
coordinated complexes, such as the pair discussed, reflect principally the difference in “‘ligand-field stabiliza- 
tion’ of the nonbonding d electrons between octahedral and tetrahedral fields. 


IGAND-field theory has become a very popular 

approach to the problems of describing transition- 
element compounds. Because of its success in account- 
ing for certain aspects of spectral and magnetic be- 
havior, attempts have been made to extend the theory 
to interpret other, more chemical properties. Before 
such generalization, attention must be given to the 
limitations of this theory which have made it the simple 
and powerful tool of description that it is. This note 
offers a criticism, based on both theoretical and experi- 
mental grounds, of recent applications of ligand-field 
theory to explanation of relative stabilities of octa- 
hedrally and. tetrahedrally coordinated 
metal ions. 

Orgel! has pointed out that the configuration sta- 
bilization of ligand field operation on the d electrons 
was different in octahedral and in tetrahedral fields, 
and suggested that ‘‘crystal-field splittings are the 
important factors determining the relative stabilities 
of tetrahedrally and octahedrally coordinated metal 
ions.” He did add that more structural and thermo- 
dynamic data were required to determine whether the 
qualitative arguments might prove deceptive. 

McClure,’ in a study of the distribution of transition- 
metal cations in spinels, called the difference in cal- 
culated stabilization energies between octahedral and 
tetrahedral fields the ‘‘site preference energy,” and took 
the position that it could be used to predict the distri- 
bution of the transition-metal ions between the octa- 
hedral and tetrahedral sites of the spinels. 

Dunitz and Orgel,’ though they discussed the same 
compounds from the same point of view, pointed out 
some clear difficulties confronting detailed application 
of the thesis that ligand field is the determinative 


transition 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1L. E. Orgel, Quelques Probleémes de Chimie Minérale, edited 
by R. Stoops (Tenth International Solvay Conference, Brussels, 
May, 1956), p. 289. 

2D. S. McClure, J. Phys. Chem. Solids 3, 311 (1957). 

3]. D. Dunitz and L. E. Orgel, J. Phys. Chem. Solids 3, 318 
(1957). 


factor, e.g., the octahedral structure of MnO and the 
tetrahedral structure of ZnO, neither of which should 
have crystal-field stabilization for either structure. They 
remarked, on the application of the theory to the spinels, 
that “it should perhaps be emphasized that its apparent 
success depends in part on the fragmentary and quali- 
tative nature of the empirical evidence which we have 
interpreted. If we wished to calculate quantitatively 
the change in inversion on passing from say MnFe,O, to 
CoFe,O,4 or ZnFe,O, it would be essential to allow for 
those parts of the cohesive energy which are not con- 
sidered by the crystal-field method.” 

If we rephrase the Orgel-McClure thesis in chemical 
terminology (qualifications aside), it may be stated: 
Transition metal compound equilibria (equivalently, 
the standard free-energy changes for these processes), 
involving the formation and breaking of chemical 
bonds to donor groups, are determined primarily by the 
corresponding alteration in the relative spacing of 
energy levels for some nonbonding electrons. 

Certainly, in this phrasing, the proposition is unap- 
pealing to chemical intuition. Specifically in reference 
to systems such as the above, in which the two forms of 
compound involved in the equilibrium differ in the 
number of metal ion-ligand bonds, the author contends 
that (a) there is a quantum-mechanical error in the 
interpretation by ligand-field theory, and (b) that this 
error is compounded with a misinterpretation of the 
chemistry of such a transformation, particularly for 
the spinels. Arguments will be presented to indicate 
that related objections can be made for situations in 
which ligands differ though their total number may 
remain the same. 

Stated briefly, ligand-field theory is primarily con- 
cerned with the transformation properties of the wave 
functions for the nonbonding valence electrons of a 
compound. These wave functions are factored into an 
angular-dependent part and another, radial-dependent 
part. The most successful descriptive applications of 
the theory contain calculations based only on the 
angular-dependent factor, and regard the expressions 
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involving the radial-dependent one as semiempiric 
quantities, for which magnitudes are chosen to corre- 
spond with the experimental data. Moreover, the results 
of these successful applications of ligand-field theory 
depend only on the splittings of the energy levels of 
the nonbonding electrons and are quite independent of 
any shifts in the center of gravity of these energy levels 
relative to ionization of a nonbonding electron. Such 
shifts must certainly take place, however, in conse- 
quence of changing the number of bonds formed to 
ligands, and even, though smaller in magnitude, for a 
change in the ligand atom bound (e.g., from oxygen to 
chlorine) without alteration in total number of ligands. 
Thus, even after correction for any net formation or 
destruction of chemical bonds in the process being 
considered, it is naive to assume that differences be- 
tween energies of splitting in octahedral and tetra- 
hedral environments, for example, for a given d electron 
constellation, determine directly the relative chemical 
stabilities for the entities with six and with four ligands. 
Any shifts in the center of gravity of the nonbonding 
levels are not necessarily correlated, even in sign, with 
the ‘‘site preference” deduced from the calculated 
splitting contributions to the stabilization. Moreover, 
the energy change associated with such a shift in the 
center of gravity may be overwhelmingly larger than 
the concomitant change in splittings. 

When one considers an octahedral-tetrahedral transi- 
tion from the chemical viewpoint, it may be written‘ as 


oct (ML, ) = **t(ML,)+2L. (1) 


In this process, two molecules of ligand are released 
from bondage, the remaining four ligand groups have 
shifted their positions around the central atom from 
those characteristic of groups in octahedral arrangement 
to those characteristic of tetrahedral arrangement, and 
the electronic level disposition and electronic configura- 
tion have altered to that characteristic of the tetra- 
hedral field environment, with two-thirds the original 
number of donated electrons. If we are interested in the 
various contributions to the over-all energy of the pro- 
cess of Eq. (1), we have to consider also that in shift 
of the residual four ligand groups from octahedral to 
tetrahedral orientation we have a potential component 
of change in bond strength, as distinct from the energy 
of merely changing the distances of the remaining 
ligands from each other without altering bond lengths; 
that in the electronic relaxation we will have a com- 
ponent of center-of-gravity change of the nonbonding 
electrons, and sometimes a change in the electrostatic 


‘In the discussion of this paper it is convenient to have a 
notation which indicates the relative position of ligands in 
sometimes hypothetical) complexes, and the corresponding 
(sometimes hypothetical) field symmetries influencing the metal 
atom’s electronic disposition. Thus %t(ML,) means the 4 ligands 
are in positions they would have if they were actually part of a 
full half-dozen octahedrally disposed, and the disposition of the 
electronic energy levels is that which would obtain under such 
an octahedral field. 
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repulsions, as well as the change in splitting stabiliza- 
tion. Even in the separating off of the two ligands we 
will have to consider a factor of the energy for intruding 
them into the environment, if this is not a vacuum. 

In principle the energy of the transition of Eq. (1) 
can be measured. The over-all value of this energy is 
not altered by the path we imagine the reaction to follow 
in going from the initial state to the final state. We can 
therefore choose such a path as we please, compute the 
energy change involved in each phase of this path, and, 
algebraically summed, the net energy change should be 
that of reaction (1). Let us first consider the reaction 
to take place in solution. The path we will sketch in the 
following equations consists of (a) volatilizing the octa- 
hedral complex out of the solution, (b) dissociating two 
ligand groups from it while maintaining the others in 
the original positions, then (c) allowing the four groups 
remaining to assume the tetrahedral configuration, 
and (d) returning both the complex and the dissociated 
ligands to the solution; 


oct (M Ls) soin = °° (ML¢) vapt+-AHevap-8} 
oct (M16) vap= °° (M14) vap + 2Lvap+2A4H ping; 
oct (M4) vap= ** (Ma) vaptAH rear t+AA spit 
+ AH eg +H rep tMHs yp; 
tet (M4) vap+2Lyayp= “* (ML¢) sont 2Loin— AD vap—s 
—2AH vp. (5) 


The AH for process (4) is shown dissected into its 
components, i.e., the portions due to ligand rearrange- 
ment, the difference in stabilization energy due to the 
inverted field splittings, the portion due to the change 
in the center-of-gravity of the split d levels, the change 
in electronic repulsions, and the energy due to changes 
in the s and p orbital levels. By adding these equations 
we find that the AH for reaction (1) may be written 


AH 2 (AH evap—6— AB evap41— 2AH evap L)+2AM pina 


+ AH rear t+ AH ss p+ A spit t+ 4b cgt+Ad rep. (6 ) 


As is obvious in Eq. (6) AHspiit which is essentially 


the negative of the “site preference energy” of the 
McClure paper® is only one energy term among many 
in the over-all picture for the change in Eq. (1). One 
must evaluate some of the others if one wants to see 
just what the relative importance is of this particular 
term, and whether it can be considered “determinative.” 
The AH.ya,y quantities are ordinary physical process 
quantities, and are in principle obtainable or can be 
estimated. The other “chemical” quantity is the ligand 
binding energy AHpina and this can be of critical im- 
portance to the discussion. 

In one system known to us, it is possible to measure 
the value of AH q directly. It also happens to be a sys- 
tem for which the relevant value of AHpina has already 
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been estimated. It is therefore possible to make an 
evaluation of the quantities necessary further to discuss 
the Orgel-McClure position. 

The system in question is the solution of cobaltous 
chloride in pyridine. Spectral evidence’ shows that the 
solute is mainly °*t(CoPy,Cl.), but some **(CoPy2Cl.) 
is present also. By following the change in proportion 
of the two forms as a function of temperature (see 
Experimental), one gets a value for AHq, which is 
13.3-13.4 kcal/mole. By studying a similar sort of 
Born-Haber cycle for the solid substances, CoCl)-4Py 
and CoCl,+2Py, both of which correspond to the “red” 
form of Co(11),® we have earlier’~® estimated a quan- 
tity corresponding precisely to the AH appropriate 
to Eq. (3) above, a 24H of approx 92 kcal/mole. In 
addition to the numerical imprecision in this value,”~* 
it was calculated for the condition that the two chlorides 
were dissociated as the ionic gas at the time the pyri- 
dines were removed. If one considers the assumption of 
Eq. (3), that the nature of the cation-ligand bond of 
the remaining ligands has not yet had time to alter, 
then prior dissociation of the anions, and returning 
them to the cobalt after dissociating the pyridine, 
should introduce no net energy term. The 92 kcal/mole 
should therefore be a sufficiently good value (within 
its experimental precision). 

In the absence of direct data (particularly since the 
substances are not volatile) it is necessary to make the 
assumption that AHevap—6 and AHeyap—4 are equal, and 
therefore balance each other. It can be seen that 
AA evap is just the heat of vaporization of pyridine 
plus the heat of dilution of the solution of the cobalt 
salt in pyridine by the pyridine released. As this last is 
negligibly small, for nonionic solutions, we may take 
2AH vay as just twice the heat of vaporization, or 
2 X 10.1 kcal/mole. With appropriate substitutions, we 
may now write Eq. (6) as 


13.4= —20.2+92+ AH rear t+ AH, pt AHeg 
+ AA pt Ab spit (7) 
AH rear + AH spt AH og= —68.4— AH giit— AH rep. (8) 


With Co(ir), if we use the —AH,1i¢ value of 2.1 kcal, 
mole given by McClure? for oxygen coordination, we 
will probably not be off by more than a kilocalorie or so. 
As Co(i1) is d’, the AH.) term enters into consideration. 
From the data summarized by Jorgensen,'® the numeri- 
cal value for this term for coordinated Ni(Im) is about 
2700 cm~! or 7.7 kcal/mole. If we use the same value for 


5 L. I. Katzin and E. Gebert, J. Am. Chem. Soc.72, 5464 (1950). 

° L.1. Katzin and E. Gebert, J. Am. Chem. Soc. 75, 2830 (1953). 

7L. I. Katzin and J. R. Ferraro, J. Am. Chem. Soc. 74, 6040 
(1952). 

$ on I. Katzin and J. R. Ferraro, J. Am. Chem. Soc. 75, 3821 
(1953). 

9 J. R. Ferraro, L. I. Katzin and G. Gibson, J. Inorg. & Nuclear 
Chem. 2, 118 (1956). 

10 C. Klixbiill Jorgensen, Quelques Problémes de Chimie Minérale, 
edited by R. Stoops (Tenth International Solvay Conference, 
Brussels, May, 1956), p. 355. 
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Co(m1), we have —AH,.)== —7.7. There are therefore 
about — 74 kcal/mole involved in the three unevaluated 
AH terms. 

It is seen that the dominant quantities in Eq. (7) are 
the terms 2(AHpina— AH vap-L), and the sum given as 
the left-hand side of Eq. (8). The AH, term is 
actually overwhelmed by the electrostatic repulsion 
factor of opposite sign, which McClure’s “site stabiliza- 
tion” quantity did not even take into account. Even if 
the AH,,1it value were as large as that of Ni(m), some 
20 kcal/mole greater than for Co(m), it would be only 
one-third as large as either of the other two quantities. 
Considering the repulsion factor, which operates on 
both Co(i) and Ni(i1) but not on Fe(mr), we have a 
net tetrahedral stabilization for Co(a1) of about 5.6 
kcal/mole, and a net 14.5-kcal/mole octahedral sta- 
bilization of Ni(ir), relative to the indifferent position 
of Fe(11), with no net stabilizations. It does not seem 
a priori improbable that, say, the binding energy for 
pyridine, between these three ions, may differ by as 
much as the “stabilization energies,” and thereby 
largely negate their influence on the octahedral- 
tetrahedral equilibrium. 

Another point may be made. The AH quantities of 
Eq. (4) above are actually the measure of the difference 
in bond strength for the same ligands, between the 
octahedral configuration and the tetrahedral. There- 
fore, for the case under consideration, the average bond 
strength is some 17 kcal/mole greater in the tetrahedral 
than in the octahedral case. This brings out the signifi- 
cance of bond strength in bringing about reaction (1) 
in the first place. For the AH of this process to be a 
reasonable one, so that the transition can be observed 
at all (see below, on equilibrium constant), there 
must be an energy return from increased bond strength 
comparable to the expenditure in dissociating the two 
ligands released. This further suggests that for ligands 
with high binding energies, it should be possible to drive 
the equilibrium of Eq. (1) back to the left, on increas- 
ing the activity of the strongly bound ligand sufficiently. 
Solid-state examples are well known. Thus for the 
Co(11)-chloride system, CoC,“ groups are found both 
optically and crystallographically when the system is 
“diluted” with large cations—for example, in 
(HPy)sCoCh, CseCoCh, and CssCoCl.6®"-8 In an- 
hydrous CoCl, itself, however, six chlorides are co- 
ordinated to each cobalt, in the CdCl, type of layer 
structure." 

We have until this point talked only in terms of AH, 
and have not directly discussed equilibrium and free 
energy changes. The linkage is through the well-known 
equation, 


(—AF)= RT InK=—AH+TAS. 
HH. M. Powell and A. F. Wells, J. Chem. Soc. 1935, 359. 
27. I. Katzin, J. Am. Chem. Soc. 76, 3089 (1954). 
8S. Yamada and R. Tsuchida, J. Chem. Phys. 22, 1273 (1954). 
4 P. P, Ewald and C. Hermann, Strukturbericht I, 743 (1931), 
Akademische Verlagsgeseltschaft M.B.H./Leipzig. 


(9) 
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With logarithms to the base 10, kilocalories, and degrees 
Kelvin, we have 


logK = —AH/0.00457 T+A5S/0.00457. 


(9a) 


In the region of 25°C, 0.004577 is 1.35-1.4 kcal/mole. 
Thus, for constant AS and constant temperature, a dif- 
ference of less than 1.4 kcal/mole in AH represents a 
change of unity in logK, or a tenfold change in K. 
The 20-kcal/mole difference in “site preference energy” 
between Ni(ir) and Co(it) would, in the absence of 
other alterations, represent a difference in K of almost 
a factor of 10". It must also be pointed out that even 
if there were no difference in AH between comparable 
transitions for two elements along the transition series, 
say, Co(ir) and Ni(i1), the progressive change in ionic 
radius which occurs would suggest a continually alter- 
ing entropy contribution. An alteration of 4.57 cal/deg/ 
mole in AS will itself represent a tenfold difference 
in K, 

These considerations simply point out the sensitivity 
of the actual equilibrium to small variations in the AH, 
ignoring the entropy factor. As mentioned earlier, with 
respect to the octahedral-tetrahedral change under 
discussion, a large AH factor which can suffer consider- 
able variation is the ligand binding energy. This varia- 
tion is therefore potentially the source of much varia- 
tion in equilibrium constant, even if everything else 
remained equal. Thus, for illustration, cobaltous nitrate 
in an organic solvent, and even under drastically low 
water activity conditions,""* shows only the “red” 
spectrum. In the same solvents, the chloride yields the 
“blue” form promptly. The difference in binding of 
nitrate and of chloride (and other halides and pseudo- 
halides) is a large factor—the “‘site stabilization” effect 
can hardly vary drastically in the two cases. Further, 
nickel ion, though its repulsion-corrected “octahedral 
site stabilization” energy is some 14.5 kcal/mole 
greater than that for ferric iron, which forms tetra- 
hedral complexes with chloride,’ and some 20 kcal/ 
mole greater than for cobaltous ion, also readily forms 
tetrahedral complexes in solution with chloride.’ 

The influence of the bonding relations is perhaps more 
readily understood from the molecular orbital approach. 
From this viewpoint, in the course of contributing to 
the octahedral bonding, the 3d orbitals also produce an 
antibonding doublet, which is the upper doublet level 
of the ligand-field system. The nonbonding triplet 
adjusts its position then by electrostatic and other 
forces. For the tetrahedral state the bonding does not 
involve the 3d levels, and the splitting is purely that of 


LL. I. Katzin and E. Gebert, J. Am. Chem. Soc. 72, 5455 
(1950). 

16 L. I. Katzin and J. R. Ferraro, J. Am. Chem. Soc. 72, 5451 
(1950). 

7S. Kato and R. Ishii, Sci. Papers Inst. Phys. Chem. Research 
Tokyo 36, 82 (1939). 

18H. L. Friedman, J. Am. Chem. Soc. 74, 5 (1952). 

LL. I. Katzin, Nature 182, 1013 (1958); 183, 1672 (1959); 
and another paper to be published. 
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the ligand-field and electrostatic factors. Because it is 
the antibonding level in the octahedral case, the doublet 
level should be sensitive to the groups bound, and the 
splitting on which the ligand-field approach is based 
should vary with the nature of the ligands, which in 
fact it does. In some cases, the resultant splitting is such 
that instead of the usual assumed maximum spin state 
one finds electron pairing in the lower orbitals. This 
gives rise to the square planar four-coordination, which 
the octahedral-tetrahedral dialogue of the ligand-field 
approach does not even encompass. This square con- 
figuration is found erratically even in the first transition 
series, though it becomes significantly more important 
in the succeeding series. Further, in the second series, 
still another configuration of the M (11) species appears, 
namely, the linear two-coordinate form. To follow the 
relative stabilities of these several species it is clear that 
one must take detailed note of the bonding relations, 
and their relative energy effects, and must abandon the 
notion that the ligand-field stabilizations have a 
fundamental determinative function with respect to the 
chemical equilibria involved. 

It might still be argued that the large factors in the 
transition energy which have been pointed out above 
may run as smooth monotonic functions of Z, likewise 
their sum, and that therefore the ‘‘determinative” 
variable may still be the “site preference energy’’—a 
restatement of the Orgel-McClure thesis. The primary 
example on which the position is based is the plot of 
hydration energies for the M(t) against Z (e.g., 
Orgel’s' Fig. 1), for which the ligand-field stabilization 
corrections given an apparently linear residue, at least 
between Mn (11) and Zn (it). There is sufficient evidence 
to suggest that as uniform a relation is not found in the 
series between calcium and manganese, and with the 
M (111) ions the relationship is decidedly more complex. 
Further, even for the corrected hydration series which 
seems to give linearity, corrections have not been made 
for electron repulsion factors and other discontinuous 
variations (see, for example, some discussed by Jorgen- 
sen”), which would destroy the nice linearity. There is, 
finally, the limitation that even if one wishes to compare 
next neighbors in a series, and limits one’s considera- 
tion to these, one must be most precise with respect to 
the forms one is comparing. This is because the ligand- 
field splitting itself, 10Dg (or A or other synonym) is a 
highly variable function of the ligands (e.g., the sum- 
mary in Jorgensen"). To rely, then, on the “‘site prefer- 
ence energy” as the determinative factor in the octa- 
hedral-tetrahedral equilibrium means ignoring of the 
obvious exceptions which crop up frequently, treating 
the spin-pairing configurations as special cases, and in 
general working with a parameter which has to be 
evaluated afresh for each case. Its usefulness as a 
generalized single-factor explanation is thus at best 
highly compromised. Perhaps most importantly, satis- 
faction with the ligand-field stabilization “determina- 
tive” factor can act to inhibit probing into the other 





ENERGY OF 
factors discussed above. Better information on these 
hopefully could serve not only to account for the pres- 
ently visible exceptions and quantitative deviations 
from the ligand-field stabilization “determination,” 
but to explain the alterations in the splitting parameter 
itself, which are highly significant, and in the long run to 
rationalize also the cases of spin pairing, and the 
various configurations other than the octahedral and 
tetrahedral, into a single system based on fundamental 
relations. 

It is perhaps not obvious how the above considera- 
tions apply to the case of the spinels. One must remem- 
ber that the solid in question was formed in equilibrium 
with a molten matrix at high temperature. In the fluid 
mass, the coordination relations and configuration 
relations of a given metallic cation with surrounding 
oxide ions will be related to those of Eq. (1). In the 
process of forming solid in a portion of this fluid, the 
additional crystalline forces will introduce modifica- 
tions to the octahedral-tetrahedral equilibrium ratio 
found in the melt, but the induced transition itself 
will still conform to Eq. (1). One must therefore have a 
set of energy terms involved all in analogy to Eq. (7). 
The distribution between octahedral and tetrahedral 
sites for a given metal ion will therefore tend to show 
the same gross sort of relations as in the solutions 
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complex case. Some elements will almost never be 
found in tetrahedral environment, some very frequently 
so, and some will perhaps show a tendency to report to 
both types of environment. This tendency has been 
recognized by those working with such systems. Thus, 
in a summary, Ward®® points out the influences of 
combinations of ionic size and charge, and the relation 
of some specific tendencies to formation of covalent 
bonds. Entropy factors as well as Madelung factors 
must be linked to the ion-size effects. It seems more 
than questionable that the determinative factor in site 
location is principally the difference in stabilization 
relative to the “‘center-of-gravity” of the nonbonding 
electrons in octahedral and tetrahedral fields, respec- 
tively. 

In summary, the ligand-field approach is very useful, 
as has been demonstrated widely in the literature, for 
the description and correlation of certain properties of 
compounds containing transition metal ions in posi- 
tions of known symmetry. It is not, however, in its 
present representation, to be relied on in predicting the 
structures of products of chemical reaction, nor the 
position of stability in chemical equilibrium. 

Indebtedness must be expressed to Dr. Gordon Good- 
man for the hours spent in discussing many aspects of 
ligand-field theory. 


EXPERIMENTAL 


Pyridinated cobaltous chloride was prepared,” the 
product being a mixture of the lower pyridinates. Small 
portions were dissolved in pyridine to give the stock 
solution. Dissolution was slow, and the saturation con- 


2 R. Ward, Progress in Inorganic Chemistry (Interscience 
Publishers, Inc., New York, 1959), Vol. 1, p. 465. 

21. I. Katzin, J. R. Ferraro, and E. Gebert, J. Am. Chem. 
Soc. 72, 5471 (1950). 
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centration was not high. The final solution gave an 
optical density of about 0.5 at the absorption maximum, 
525 mu. A cell with a 1-cm path length was used for 
the measurements. The instrument was a Cary record- 
ing spectrophotometer which had been fitted with a 
variable-temperature cell compartment.” I am indebted 
to Dr. Dieter M. Gruen and to R. L. McBeth for the 
loan of the instrument. 

The spectrum of the solution at room temperature 
[Fig. 1(a) ] shows a peak at 500 my, and a higher one 
at about 525 my, which belong to the “red” spectrum. 
A weak but well-resolved peak at about 608 my, a 
lesser one at 637 mu, and a shoulder at about 665 mu 
are part of the “blue” spectrum of **(CoPy2Cl.). An 
irregularity on the long-wavelength side of the 525-my 
peak becomes revealed, at higher temperatures, as the 
572-myu peak of the “blue” spectrum, only slightly less 
intense than the 637-my peak [Fig. 1(b)]. As the 
temperature is raised, and the blue spectrum grows, 
the 500- and 525-my peaks become reduced to shoulders 
on the low-wavelength upslope of the 572-my peak. The 
apparent absorption intensities at these points do not 
decrease, in fact, the 525-my peak may show a few 
percent rise, as the contribution of the 572-my peak 
increases. The 500-my value is almost constant. 

This behavior is in accord with expectation, as the 
molar extinctions of the “blue” forms are considerably 
greater than those of the “red” forms.’ Consider the 


equilibrium constant for the process equivalent to Eq. 
(1) above, 


K = (Py)?(CoPy2Ch)/(CoPysCly). 


(10) 


The pyridine concentration stays constant, and the 
concentration of (CoPy,sCly) is effectively constant, in 
the temperature range through which the experiments 
were carried. The change in intensity of the spectral 
peaks of the (CoPy.Cl.) with temperature is therefore 
directly a measure of the change in equilibrium con- 
stant K. A logarithmic plot of peak intensity against 
1/T serves to give the required AH. 

Spectral traces were taken at intervals between 38° 
and 60°C with the stock solution. A portion was then 
diluted approximately to half-concentration with addi- 
tional pyridine, and the measurements repeated at 
approximately 4-5° intervals from about 32°C to 66°C. 
Lower temperatures were not used as the thermostating 
was not calibrated for such temperatures. The optical 
density at the 655-my shoulder, and at the 637 and 608- 
my peaks were plotted against 1/7. No attempt was 
made to subtract out the contribution of the 525-my 
peak to the 572-mu peak, as the detailed character of 
the octahedral absorption by itself was not known. 
These peaks match well the spectra of CoPy2Cl, in 
nonpolar solvents.®:* Excellent linearity of the peak 
~ 2D. M. Gruen and R. L. McBeth (to be published). 

*%W. R. Brode, J. Am. Chem. Soc. 53, 2457 (1931). 
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intensity plots is obtained (Fig. 2). The slopes are 
essentially the same for all the wavelengths, and for 
the two cobalt concentrations. The data for the 637- 
my peak extend over the full temperature range, and 
have the least complication of possible contribution 
from the “red” spectra. For the stock solution the AH 
computed is 13.4 kcal/mole, and for the diluted solution 
the value is 13.25 kcal/mole. The slopes of the plots for 
the 608-my peak and the 665-myu shoulder agree to a 
percent or two. 

The spectrum of cobaltous chloride dissolved in 
methanol also shows a low-intensity contribution from 
a tetrahedral form,® so that a similar experiment was 
performed with a suitable concentration of CoCly- 
2H,0 in anhydrous methanol. The equivalents of the 
608- and 637-my peaks of the pyridine addition com- 
pound are not resolved in the methanol case; there is 
but a single rounded maximum at about 668 my to 
work with. The AH found for the alteration of this 
peak’s intensity with temperature is very close to that 
for the pyridine case. However, the wavelength of the 
peak which rises out of the shadow of the “red”’ spec- 
trum at elevated temperatures (approx 45-58°C) is 
about 592 mu. Furthermore, on dilution the relative 
intensity of the “blue” form is very sharply diminished, 
in contrast to the behavior in pyridine (no change). 
The spectrum, in fact, is not that of the simple 
(CoCl,Re) species, but is that of the (CoCl;R)~ com- 
plex. The reaction which gives the blue species in 
methanol is therefore not the strict analog of the pyridine 
reaction which has been discussed above, but involves 
a disproportionation, as 


2°¢ (CoClRy) =°* (CoCIRs)+ +t (CoClsR )-+2R. (11) 


This is a rather characteristic type of reaction for sol- 
vents of relatively high dielectric constant, and will be 
discussed elsewhere.” 

It is possible also to estimate an equilibrium constant 
for the octahedral-tetrahedral. transformation in py- 
ridine, and from this to obtain an estimate for the 
entropy change in the reaction. At 38° the intensity of 
the 525-my “‘red”’ peak and the 637-my “blue” peak are 
essentially equal. The inverse extinction coefficient 
ratio is thus the ratio of the concentrations of the two 
forms, and therefore [Eq. (4) ] the value of the equilib- 
rium constant at that temperature. The extinction of 
the red peak is approximately® 20, and the extinction 
of the peak corresponding to the pyridine 637 my 
which is found in the room-temperature quinoline 
spectrum’ is about 500. The K is therefore 0.04 at 38°, 
and the entropy change is 


AS=1.985X 2.3 log0.04+13 400/311 = +36.7 eu. 
(12) 


41. T. Katzin (unpublished). 
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Helium I and helium IT are both found to obey Tait’s law. The 
constant J is constant, within experimental error, with tempera- 
ture for He I making this substance a fluid of the first kind. 
Helium II is a fluid of the second kind inasmuch as J is constant 
along an isotherm, but J varies with the temperature. The iso- 
therms which cross the \ transition can be fitted with two straight 
lines, one for the He I region and one for the He II region. Plots 
of J, L, and J/L vs temperature are given. While the behavior of 
the J and L curves is abnormal, apparently the abnormalities 
are parallel in both constants, since the J/L curve is much more 
regular. The number average degree of association, the number of 
particles, and the volume of holes is calculated along the 2.00°K 
isotherm. There is a sudden jump of these quantities at the \ 


N previous publications '* a general equation of 
state was presented which was shown to be applica- 
ble to both real gases and liquids. On one hand, it is 
applicable to real gases because it can be transformed 
into the virial equation of state; and on the other hand, 
it is applicable to liquids since it can be used to derive 
Tait’s equation for the isothermal compressibility of 
liquids. Tait’s equation had long been known to be ap- 
plicable with remarkable fidelity to a wide variety of 
liquids and solutions.®* In order to further test the 
validity of Tait’s equation and hence the general asso- 
ciation equation of state, it was decided to investigate 
liquid He 4, which exhibits abnormal properties. This 
test would be a severe one for the equation and, if suc- 
cessful, would show that this equation of state is indeed 
generally applicable and could be used with confidence. 
In the process it was envisaged that perhaps if the Tait 
equation were applicable to He I and IT, then some light 
might be cast upon the structure of this substance and 
its peculiar properties. 

The abnormal behavior of He 4 has attracted a great 
deal of attention and has resulted in numerous publica- 
tions. Fortunately a modern resumé’ of the work on this 
substance is available and to a great extent I have re- 
lied on the material therein. In order to analyze any 
liquid by the equations previously developed, the prime 
necessity is a knowledge of the values of its instantane- 
ous compressibility (0p/0v)r as a function of the pres- 
sure p at constant temperature. If one has these values 
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point. In going from He I to He II the degree of association in- 
creases; the number of particles and the volume of holes decreases. 
Apparently the structural change that occurs is an inversion. In 
He I the structure is that of a normal liquid like water, where it 
consists of larger particles joined by defects consisting of holes and 
smaller particles. At the \ point due to the lowering of the pres- 
sure the defect “continuum” becomes tenuous due to the increase 
in the volume of holes, and the bonds suddenly break. The skeleton 
of the structure of He II then becomes one of the large particles 
forming a loose network with the remains of the small particles 
which formerly formed the “continuum” occupying the free space 
in the network. These small particles are then the superfluid 
component of He IT. 


then one can apply Tait’s law in the following form: 
— (dp/d0) r= (L/J) + (p/J). (1) 


Empirically it has been found that Z and J are constants 
at constant temperature and moderate pressures. 
Further, it has been found that J is for most liquids a 
constant characteristic of the substance or group of 
substances and totally independent of temperature 
within experimental error. These parameters can then 
be determined from Eq. (1) by plotting (0p/d0)r vs p 
and determining the slope and intercept of the straight 
line that should result. If values of the instantaneous 
compressibility are not available, these values may be 
obtained from a table of density p as a function of the 
pressure. 


CALCULATIONS 


The latter course was followed in this work. While 
many values of the density of He 4 are available in the 
literature the only systematic self-consistant table of 
values to my knowledge is that given by Keesom and 
Keesom.® The values of p vs p at constant temperature 
were plotted from this table and the best possible 
smooth curve was drawn through the values using 
either large French curves or an adjustable curve. 
Normals to this curve were then drawn by the mirror 
method using a half-silvered mirror. From the normals 
the tangents could be determined directly giving us thus 
the value of (dp/0p)r and hence (0p/dv)r by means 
of Eq. (2), 


— (dp/dv) r= [p*/(Ap/dp)r]. (2) 


The values thus obtained were plotted against the 
pressure and the best straight line though the points 
was determined by the least-squares method. The values 
of the tangents or normals were not at any time 


8 W. H. Keesom and A. P. Keesom, Physica 1, 128 (1933). 
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smoothed but were used directly in the computation. 
Inevitably, since this method employs graphical calcu- 
lations, there occurs in the results a computational 
error, but the use of the half-silvered mirror method is 
much more reliable than the use of the first-surface 
mirror method. Probably a still better method would be 
to avoid graphical computation entirely, but to do this 
conveniently would entail the use of a modern digital 
computor which was unavailable. 























Fic. 6. J vs °K. @ He II points; O He I points. 
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Fic. 7. L vs °K. @ He II points; O He I points. 
RESULTS 


In Fig. 1 are shown the results for the temperatures 
4.20°, 4.00°, 3.50°, 3.00°, 2.50°, and 2.20°K (region of 
He I). The line for 2.25° is not shown, but it falls be- 
tween that of 2.50° and 2.20°. The lines are almost 
parallel and the lack of parallelism does not follow a 
pattern. Hence J appears to be independent of tempera- 
ture and pressure. In this respect He I resembles nor- 
mal or common liquids like benzene or water.> In Fig. 
2 are shown the results for He II for the temperatures 
1.25°, 1.50°, 1.75°, and 1.80°K. Here again the lines 
are straight within experimental error; they are not 
parallel but rather apparently converge to a common 
point. While J is constant at any given temperature, 
































Fic. 8. J/L vs °K. @ He II points; O He I points. 
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.6239 .83807 


.0364 .80684 
.81279 
.84323 


.84801 


.0128 
3891 
.8792 


$6675 .85986 


5.6281 .86180 
.8629 .91227 
.9831 0.80837 


.4389 0.40877 


it varies from temperature to temperature. Hence while 
He I behaves normally in the main and may be called a 
liquid of the first kind, He II is entirely different and 
can be called a liquid of the second kind. This differen- 
tiation is quite consistent with the peculiar properties 
of He II. 

The data for the remaining temperatures presented 
a problem. Along the isotherms 1.90°, 2.00°, and 2.10°K, 
the density-pressure curve crosses the A-transition 
line; nonetheless, the density is a continuous function 
and can be graphed directly. However, the curves had 
a curious flattening around the A region. Since the 
density curve is continuous and smooth, (dp/0p)r was 
determined directly and from it (0p/dv)r. These 
curves are presented in Figs. 3-5. While the isotherm 
for 2.10°K could be fitted with a straight line assuming 
a little more computational error than usual, the 1.90° 
and 2.00° curves, especially the former, defied repre- 
sentation by a single straight line unless extraordinary 
amounts of error were assumed. Accordingly, the 
simplest other alternative was chosen, the points below 
and above the J transition were considered separately, 
and straight lines were computed for each set of points 
and the coefficients J and L determined. In Table I 
and Figs. 6-8, the values of the parameters J, L, and 
J/L are plotted as a function of T. 


DISCUSSION OF RESULTS 


The alternative of using all the points above and 
below the \ transition separately, in order to define two 
straight lines, is probably now the best of alternatives. 
It has been postulated by Tisza’ and Landau” that the 


°L. Tisza, J. phys. radium 1, 165, 350 (1940). 
L. D, Landau, J. Phys. U.S.S.R. 5, 71 (1941). 


.092496 
.115761 13.0787 
.043307 14.9024 


TABLE I. Helium 4. 





.51610 
.39621 
20255 
.13198 
.10763 
.099206 
.099883 


8.1546 0.10455 

0.088577 
0.082249 
0.077197 
0.079542 
0.084503 


0.081084 


16.4021 
14.2683 
11.4682 
11.7167 


1.26619 
1.13494 
0.96909 
0.95003 


density of He 4 is an arithmetical sum of a norma- 
density p, and a superfluid, density p,. Some confirmal 
tion for this point of view is contained in the experi- 
ments of Andronikashvili." According to these experi- 
ments the transition region is below the point in the 
He II region between about 1.00°K and the X point. 
This conclusion is drawn for experiments at atmospheric 
pressure. While the isotherms (1.90°, 2.00°, and 2.10°) 
do not seem to bear out this supposition, since the 
transition seems to lie equally in both regions, it must 
be remembered that the transitions here are pressure 
transitions. The curves for J and L (Figs. 6 and 7) 
which are plotted vs temperature, show more clearly 
that there is a striking abnormality in the values 
below the A point. Unfortunately the Keesom data do 
not go below 1.25°K, so it is difficult to say whether the 
behavior becomes more regular again below this tem- 
perature. Strangely enough the curve for J/L vs T 
does not show such abnormal behavior but only exhibits 
a slight cusp at about 2.05°K, if one conceives of the 
curves running into one another at intersection. This 
curve seems to show thereby that whatever strange 
values occur, they exist in parallel in both parameters. 
Ideally the straight lines in Figs. 3-5 should probably 
intersect at the A point. The curve that comes closest 
to this is the 1.90° isotherm. In part the error is probably 
due to the graphical determination of the normals but 
some of the error may lie in the limited number of 
points available from Keesom’s data used to define the 
curve. Another source of error is most likely the fact 
that Keesom’s data are smoothed data and the smooth- 
ing process may conceal or distort valuable information 
since it was carried out empirically. 


1 FE, L. Andronikashvili, J. Phys. U.S.S.R. 19, 201 (1946). 





TAIT COEFFICIENTS AND THE A TRANSITION OF HELIUM 


477 


TaBLeE II. Helium 4. Temperature 2.00°K. 








X10 


Adjusted 
X10 


(2C;/A1) {(v—b)/Aq] 
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(ZnAy) 
x<10*4 





2.75217 An 
2.04504 Ajy 
1.52993 An 


d point 1.24213 Ay 


(14.33) 
Het 


d point 
(14.33) 


15 0.1668 
1713 
1756 
1794 
1829 


9.06123 A 


8.70038 Ax 
6.90199 Ay 
5.64170 Ay 
4.75670 Ay 
4.08891 Ay 


Het 
0.80837 
8.63852 


He 1 


1.15847 
L/J 


This analysis shows us that Tait’s law does indeed 
hold for He 4 and the general equation of state is 
probably valid for all liquids. 


INSIGHTS INTO THE STRUCTURE OF HELIUM I AND II 


Thus far we have proceeded on a phenomenological 
basis; the question now is what can be derived about 
the structure of He I and II from this liquid theory. 
Since the values of J and L are quite uncertain and since 
the value of 8, the thermal expansion coefficient, is 
also uncertain across the transition,”:" it would be 
premature to try to calculate along an isobar as pre- 
viously done for water.’ We can however proceed along 
another line. There is a pressure transition of He II 
to He I and this is simpler to investigate. The nature 
and forces giving rise to the transition must be quite 
similar, except that in one case the driving force is 
pressure increase and in the other temperature increase 
in going from He II to He I. We have available to us 
three isotherms (1.90°, 2.00°, and 2.10°K) for possible 
examination; however, two of these curves have un- 
certainties which rule out their use. The Keesom data 
give the values of the density for seven pressures along 
the 1.90°K isotherm, two of which lie in the He I 
region. Similarly for the 2.10°K isotherm of the eight 
points given, only two lie in the He II region. While 


12 E. Maxwell, C. E. Chase, and W. E. Millett, in Low Tempera- 
ture Physics and Chemistry, edited by J. R. Dillinger (University 
of Wisconsin Press, Madison, Wisconsin, 1958). 

3K. R. Atkins and M. H. Edwards, Phys. Rev. 97, 1429 
(1955). 


20.07689 Ay 
14.91839 Ay 
11.16071 Ay 
9.06123 Ay 


0.56232 
0.15135 
0.10116 
0.086945 


0.066528 43 .004 


0.066193 
0.062580 
0.061248 
0.060536 
0.060362 


41.291 
32.756 
26.775 
22.579 
19.406 


smooth curves were drawn through all the points, 
nonetheless the calculation is so sensitive that slight 
departures will influence the slope of the tangents and 
hence probably the precision of the values of J and L. 
The 2.00°K isotherm is a little better in this respect; of 
the eight points given along the isotherm, three lie in 
the He II region and five in the He I region. 
The first step is the calculation of 


o= (AvL/J) exp(v/J). (3) 
In this equation 


o= Ys-(1/2) 


is a parameter from the liquid equation”; v is the vol- 
ume, and s,=xg,(w/M)*—; g, is a function of the 
equilibrium constants.‘ L and J are the Tait coefficients 
and are independent of pressure. A is a constant also 
independent of pressure but dependent on tempera- 
ture; w is the weight of sample and M™ is the molecular 
weight of 1 mer. This was done separately for He I 
and He II. The values are shown in Table II. At the 
\ point the ¢ of He I should be equal to the ¢ of He II. 
The reasoning behind this statement lies in Eq. (4). 


= — (AlnC,/dv) p= — (w/M 2) (A >-C;/dv)7, (4) 


where C, is the concentration of the various species. 
It appears logical that the change in the number of 
particles is unique at the \ point. Actually the values as 
can be seen from Table I are of the same order of magni- 
tude. If the straight lines in Fig. 4 would have met at 
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the A point, then the values of @ would have been 
identical. We have therefore adjusted the values of ¢ 
so that they are the same at the d point and recalculated 
the values of ¢11 accordingly, thus getting the constant 
Ajy in terms of Ay (see Table II). From these adjusted 
values of @ we have calculated the values of number 
average degree of association, the number of particles, 
and the volume of holes. From the formulas (Table IT), 


Z,=L/I pd (5) 
(v—b) =RTwJo/ML (6) 
> Ci=wJ po/M La, (7) 


where Z, is the number average degree of association 
and 6 is the total excluded volume; p, 2, and T have 
their usual significance. 

From these values we can draw a number of conclu- 
sions. First, the kinetic units in He II contain a larger 
number of 1 mers than those in He I. This is in accord 
with intuitive ideas since as the temperature decreases, 
there is less kinetic energy available to break up large 
kinetic units. Also it has been shown previously that an 
increase in pressure results in general in a decrease in 
the degree of association; and accordingly an increase 
in pressure results in conversion of He II to He I. 
Accompanying this decrease in the degree of association 
is an increase in the number of particles. At the A 
point there exist abrupt changes; the degree of asso- 
ciation suddenly increases (He I—He II), the number 
of particles suddenly decreases, and the volume of 
holes suddenly decreases. We can visualize the changes 
that thus occur. In a previous publication }? we have 
drawn the picture of a liquid as consisting of aggre- 
gates of coordination number approximately 12, having 
a rough five-fold symmetry connected by defects con- 
taining smaller aggregates, perhaps 1 mers and 2 mers. 
The total picture is one similar to that of a polycrys- 
talline solid except that the individual crystallites have 
a different symmetry and are very much smaller. We 
can conceive of He I as having this structure, the defects 
forming a continuous skeleton throughout the liquid 
and the larger aggregates existing imbedded in this 
continuum of small particles and holes (defects). 
As the pressure is decreased, the density decreases or, 
equivalently, the specific volume increases. The struc- 
ture in the continuous phase of small aggregates becomes 
more tenuous as the volume in which it exists increases, 
and the bonds are stretched. At the A point there is a 
sudden inversion. The bonds of the continuous phase 
suddenly break in many places and some of the small 
aggregates coalesce with the bigger aggregates increas- 
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ing the degree of association. The number of particles 
drops suddenly and the large particles now form the 
continuous phase enclosing regions of small 7 mers. 
In effect there has been an inversion; whereas in He I 
the small 7 mers (the defects) formed a continuous 
phase, in He II the large 7 mers form the continuous 
phase. The closest analogy is the sequence of events 
occurring in the transformation of an oil-in-water 
emulsion to a water-in-oil emulsion. In an oil-in-water 
emulsion, water is the continuous phase and oil exists 
as islands or droplets enclosed by water. As the ratio of 
oil to water is increased, the continuous water phase is 
stretched more and more till at a certain ratio of oil to 
water there is a sudden inversion and oil becomes the 
continuous phase enclosing islands or droplets of water. 
The picture can be readily extended to the He I- 
He II transition; here in He I the continuous phase is 
the defects or small 7 mers, and the discontinuous phase 
the large aggregates. As the proportion of large aggre- 
gates increases a point is reached where the weakness 
of bonds makes for instability which forces an inversion. 
The effect of pressure is to increase the proportion of 
holes effectively stretching the continuous phase. The 
effect of lowering the temperature is to increase the 
ratio of large particles to small particles, thus bringing 
on the same sequence of events. 

Examining simultaneously the values of the volume 
of holes and the density, one arrives at the conclusions 
that the large particles in He I are rather closely packed 
and that the structure must be very porous or skeletal. 
In this skeletal structure are to be found small 7 mers 
(probably 1 mers). Since they are small and have much 
room to travel around in, they are very mobile and 
form the superfluid component of He II. Thus it seems 
that it is not the He II which is the superfluid. Helium 
II is the correct name for the whole aggregate of struc- 
ture containing large particles forming a skeletal 
structure and small particles floating loosely in this 
structure. The small particles are the superfluid compo- 
nent of the He II. This picture, incomplete though it is, 
may help in explaining some of the curious properties of 
He 4. In many ways this picture resembles that drawn 
by Landau and Khalatnikov," except that this theory 
postulates concrete entities instead of the more tenuous 
conceptions of these authors. Further work on this 
problem is in progress. 
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The microwave spectra of five isotopic species of dimethyl 
sulfide are reported. Changes in rotational constants with isotopic 
substitution yield the following structural parameters: CS 1.802 
A; CSC =98°52’; CH 1.901 A; HCH = 109°34’; 26= 104°22’, where 
20 is the angle between the symmetry axes of the methyl groups. 
The equilibrium conformation of both methyl groups is the 
staggered one, i.e., staggered with respect to the adjacent CS 
bond axis. From Stark effect measurements the dipole moment 
of dimethyl sulfide is found to be 1.50+0.01 debye. 

Fine structure in the ground-state rotational spectrum of 
(CHs)2S and an excited torsional state of CH;SCD; has been re- 


endo atie ge it is found that the rota- 
tional spectra of molecules with two internal 
tops, e.g., (CH3).0,! (CH;)SiH2,? and (CHs3)2CO,’ 
exhibit a fine structure that has its origin in the coupling 
of the angular momenta of internal and over-all rota- 
tion. If the possibility of coupling of the tops is ignored, 
then the torsion-rotation levels of two-top molecules 
are easily calculated. Methods and tables‘ developed 
for the simpler case of molecules with one internal top 
suffice in this approximation for two-top molecules. 
We have at this laboratory been concerned with the 
problem of developing tractable methods for including 
the effects of top-top coupling on torsion-rotation 
levels of such molecules. In a recent paper® (hereafter 
referred to as I) one of us has described a first-order 
treatment of the top-top interactions by perturbation 
theory. The treatment in I is limited to those torsional 
states of molecules with two equivalent tops for which 
the two principal torsional quantum numbers are equal 
(vv states). Since publication of I, we have been able to 
extend the perturbation treatment to include higher- 
order effects of top-top coupling for both the equivalent 
tops (vv states only) and the nonequivalent tops case. 
A manuscript® (hercal‘er referred to as II) on the 
extensions of I is nov reparation. The methods and 
tables of I and II are 2, plied in this paper to the analy- 
sis of the rotational spectra of (CH) 2S and CD;SCHs. 
The present investigation of dimethyl sulfide was 
initiated for reasons other than merely a general interest 


* This research was made possible by a grant from the National 
Science Foundation. 

1 P. H. Kasai and R. J. Myers, J. Chem. Phys. 30, 1096 (1959). 

2 L. Pierce, J. Chem. Phys. 34, 498 (1961). 

8J. D. Swalen and C. C. Costain, J. Chem. Phys. 31, 1562 
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*R. W. Kilb, C. C. Lin, and E. B. Wilson, Jr., J. Chem. Phys. 
26, 1695 (1957). 

®D. R. Herschbach, J. Chem. Phys. 31, 91 (1959). 
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solved and analyzed. This fine structure results from coupling of 
internal and over-all rotation and is affected by top-top coupling 
terms in the kinetic and potential energy portions of the Hamil- 
tonian. Neglecting only the potential energy coupling terms, the 
(CH3)2S and CH;SCD,; splittings yield as the barrier to internal 
rotation 2132+6 and 2118+3 cal/mole, respectively. Estimates 
of the potential energy coupling parameters are made. They are 
found to be an order of magnitude smaller than the main term 
of ~2100 cal/mole in the Fourier expansion of the potential 
energy. 


in the ‘‘two-top problem.’’ Previous estimates’ of the 
barrier to internal rotation of the methyl groups of 
dimethyl sulfide [(CH;).S] have ignored top-top 
coupling effects and indicate the barrier to be almost 
twice that of methyl mercaptan (CH;SH).* Similar 
estimates for dimethyl ether! (CHs).O fix the barrier 
for this closely related molecule at a value of almost 
three times that of methanol (CH;0H).° Such dramatic 
effects with chemical substitution are not observed in 
molecules with C—-C or C—Si axial bonds. It may well 
be of some importance to the problem of understanding 
the origin of barriers to determine whether or not these 
effects are artifacts which result from the neglect of 
top-top interactions. 

The structure of dimethyl sulfide is also of interest. 
For several one-top molecules, e.g., CH;OH, it has 
been necessary, in order to fit splittings in their micro- 
wave spectra, to assume the methyl group to be sym- 
metric but with the symmetry axis tilted with respect 
to the axial bond. In most of these cases it has not been 
possible to obtain an independent check on the tilt 
angle from structural data as obtained from the rota- 
tional isotope effect. Strictly geometrical factors, 
discussed in text, make it possible in the case of di- 
methyl sulfide to measure the tilt angle via both the 
splitting and isotope shift methods. 


1. MICROWAVE SPECTRUM OF DIMETHYL SULFIDE 


The rotational spectra of five isotopic species of 
dimethyl sulfide were measured in the range 10-25 
kMc with a conventional Stark-modulated (100 kc) 
spectrometer. Measurements for CH;SCH; and 
(CH;)2S* were made with a sample of dimethy] sulfide 

7D. W. Osborne, R. W. Doescher, and D. M. Yost, J. Am. 
Chem. Soc. 64, 169 (1942). (By the thermodynamic method, V3; 
for dimethyl] sulfide was found to be 2000 cal/mole.) 

8 T. Kojima, J. Phys. Soc. Japan 15, 1284 (1960). 


(1s 7) T. Hecht and D. M. Dennison, J. Chem. Phys. 26, 48 
957). 
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TaBLeE I. Measured ground-state rotational transitions of (C'2H;)2S* (Mc).*® 





Transition 





A 1 E 





1,919," 
202 
30s 


4ou 


891. 
14 515. 


® Estimated uncertainty: +0.05 Mc. 
> Not resolved. 
© AiE, EA; components not resolved. 
4 Not measured. 


containing these species in natural isotopic abundance. 
Isotopically enriched samples (~95%) were used for 
measurements on CHsDSCH; and CD;SCH3;. These 
samples were prepared by reacting aqueous CH;SNa 
with CH,DBr and CD;I. The frequency measurements 
are believed to be uncertain by less than ~0.05 Mc. 

Transitions of the common isotopic species with J 
values greater than 2 were resolved into triplets and 
quartets with spacings from 0.3 to 1.50.02 Mc. All 
transitions with J<4 were conclusively identified for 
all five species by their characteristic Stark patterns. 

The measured spectrum of the common isotopic 
species of dimethyl] sulfide is given in Table I.!° Only 
ground-state rotational transitions are reported. The 
fine structure in this spectrum arises from coupling of 
the angular momenta of internal and over-all rotation. 
Analysis of the fine structure is discussed in Sec. 3. 
Triplet and quartet components are labeled A,Aj, 
A,E, EA,, or EE according to the symmetry of the 
torsional sublevels, (under C3,.XC3,) from which they 
arise. Relative intensities of the components were 
found to be in good agreement with theoretical statisti- 
cal weights" of 6:2:4:16( A<+B, rotational transitions) 
or 10:6:4:16(B,>B,) for the A,A;, A,é, FA;, and 
EE torsional sublevels. 

© Several independent measurements on one isotopic species 
(the common species) of dimethyl] sulfide have recently been re- 
ported by H. Rudolph, H. Dreizler, and W. Maier, Z. Natur- 
forsch. 15a, 742 (1960). This note appeared after our own meas- 
urements had been entirely completed and reported at the 
Symposium on Molecular Structure and Spectroscopy, Ohio State 
University (paper N9, June, 1960). Wherever their measurements 
overlap ours the agreement is very good. We deliberately delayed 
publication of our experimental results in order to develop meth- 
ods adequate for the analysis of the observed rotational fine 
structure (see I and IT). 


1 R. J. Myers and E. B. Wilson, Jr., J. Chem. Phys. 33, 186 
(1960). 


17 874.98¢ 
23 353.31¢ 


17 075.97 
20 770.09¢ 
d 


20 593.52 20 595.36 


16 894.33¢ 
14 518.96¢ 


Measured transitions of C“H;SCH; and (CH3;).S* 
are listed in Table II. Because these measurements 
were made in natural isotopic abundance, it was not 
possible to resolve the fine structure. Table II also 
gives transition frequencies of s-CH:DSCH; and a- 
CH.DSCH;. No attempt was made to resolve fine 
structure of the CH,DSCH; spectrum. Closely spaced 
doublets are predicted for CH;,DSCH; and CH;SCD; 
rotational transitions from the ground torsional state, 
and below J=4 we calculated the spacings to be too 
small for complete resolution. 

The measured spectrum of CH;SCD; is given in Table 
III. Rotational transitions arising from the ground- 
state as well as from two excited-torsional states were 
assigned. The excited torsional states are the 1%= 10 
and 01 states, where 2 and %% are, respectively, the 
principal torsional quantum numbers for CH; and 
CD; torsional motion. 10-state transitions are dou- 
blets, and for simplicity are labeled A or E according to 


Taste II. Measured ground-state rotational transitions of 
(CHs;)2S*, CH;SCH;, and CH2DSCHs; (Mc).* 








Transition (CH ;)2S*> C8H;SCH;» s-CH2:DSCH; a-CH:DSCH; 


12 393.28 
14 240.30 
17 327.39 
21 947.29 
23 196.66 
14 035.40 


lyoé lo 11 724.09 
02 13 933.60 
17 697.30 


12 032.78 
14 090.96 
17 569.40 


11 044.96 
13 112.72 
16 633.37 
21 942.79 
22 069.05 
16 228.21 


23 073.35 23 192.10 








® Estimated uncertainty: +0.05 Mc. 
b Measured in natural isotopic abundauce. 
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the convention for single-top molecules. Analysis of 
these doublets is made in Sec. 3. Splittings for the 01 
state were calculated and found to be too small to 
resolve. 

Table IV lists rotational constants and moments of 
inertia for the five isotopic species. In every case these 
parameters were calculated from the measured 11;—Opo, 
Lio—11, and 21;<—22 frequencies. Centrifugal distortion 
effects were measurable but not serious enough to 
warrant a more elaborate analysis. The quantity 
I,+J,—TI, is also listed in Table IV. For a rigid molecule 
with an ab plane of symmetry, this quantity is invariant 
to isotopic substitution in the plane. The observed 
deviations are outside of experimental error (~0.001 
amu A?), but rather typical in that isotopic substitution 
of the heavy atoms (C and S) changes J,+/,—/, 
by a few thousandths amu A?, while replacing the in- 
plane hydrogen atom with deuterium gives a change 
which is an order of magnitude larger. The direction of 
change is significant for S* and in-plane D substitution. 
Theoretical considerations by Laurie and Herschbach” 
indicate in the first case that J,+J,—J. should, as 
observed, decrease if S® is replaced by S*. The tor- 
sional oscillation has a rather large amplitude and one 
would expect substitution of deuterium for the in-plane 
hydrogen to increase markedly 7,+J,—/., since the 
instantaneous value of this parameter is /,+/,—/,.= 
4>-mic? where c; is the out-of-plane coordinate for 
the 7th atom. 

Stark effect measurements were carried out on the 
211-22 transition (m= 2 lobe) of the common isotopic 
species. The apparatus was calibrated with OCS" 


TABLE III. Measured rotational transitions of CH;SCD; (Mc).* 


Transition Torsional state (vv) 


00 O1 10 


Lolo 10 413.11 10 425. 10 432.81 A 


10 441.92 EF 


12 114.76 A 
12 123.88 F 


(14 949, 14 943.65 A 
14 954.42 EF 


19 327.31 19 206.7: 19 190.49 A 
19 327.03 19 204.21 / 


25 249.00 25 040. e 
20 547.90 


202 12 122.46 12 111. 


30s 15 001.68 


20 547.2 a A 
553.47 EF 
14 261.38 


® Estimated uncertainty: +0.05 Mc. 

bo and 02 refer, respectively, to the principal torsional quantum numbers 
for CH; and CD; torsional motion. 

© Not measured. 

4 Lies under the ground-state transition. 


2 V. W. Laurie and D. R. Herschbach, Symposium on Molecu- 
lar Structure and Spectroscopy, Ohio State University (1960). 
18S. A. Marshall and J. Weber, Phys. Rev. 105, 1502 (1957). 
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TABLE IV. Rotational constants (Mc) and moments of inertia 
(amu A?).® 





Species b 


(CH3)2S 
(CH;)2S* 
C8H;SCH; 


CH;SCD; 
(0 0) state 
(0 1) state 
(1 0) state 


a-CH:DSCH; 


5717.79 
5674.63 
5579.66 


7621.0: 
7621.: 

7412.37 
6595 .97 
6570.58 
6564.46 
7069 .04 
haae 25 


5067 .40 
5060.61 
5057 .68 


5401.69 
5512.05 


I I. Tath—I- 


(CH3)2S 66.3337 88.4138 
3308 89.0862 


2010 90.6025 


3049 
.3002 
.3016 


(CH3)2S* .055 66. 
C8H;SCH; 102 68. 
CH;SCD; 

(0 0) state 76.6424 


(0 1) state 32. 76.9386 99. 
(1 O) state .6349 77 


s-CH:DSCH; .4086 71 
a-CH:DSCH; .5328 


7615 
8953 
.0104 99.9532 


.5134 93.5876 
68.9180 91.7139 


.5369 
.6864 
.6921 


.3344 
.6369 


® Conversion factor: 505 531 amu A’. 


before and after measurements on dimethyl sulfide 
itself. From these data the dipole moment of dimethyl 
sulfide was calculated to be 1.50+0.01 debyes. A value 
of 1.40 debyes based on dielectric constant measure- 
ments has been previously reported in the literature." 


2. STRUCTURE OF DIMETHYL SULFIDE 


Since ground-state moments of inertia are available 
for the common isotopic species and each of its singly 
substituted isotopic species, it is possible to calculate 
the coordinates of each atom directly from Kraitch- 
man’s equations.’ These calculations involve use of 
changes in moments of inertia, rather than moments of 
inertia as such, for location of atoms. Evidence that 
this method of computation (suggested by Costain) 
tends to eliminate contributions of zero-point vibra- 
tions to derived structural parameters has been dis- 
cussed by Costain and others.!*"7 

There is only one sulfur coordinate, the 5 coordinate, 
to be experimentally determined. We have the choice 
of using AJ,, or AJ, to calculate this coordinate from 
Kraitchman’s equations. Similarly, for the carbon atom 
we can use either AJ, and AJ, or an appropriate combin- 
ation of AJ, with AJ, or A/, to calculate its coordinates 


4 E. C. E. Hunter and J. R. Partington, J. Chem. Soc. 1932, 
2812. 

6 J. Kraitchman, Am. J. Phys. 21, 17 (1953). 

1 C. C. Costain, J. Chem. Phys. 29, 864 (1958). 

17 L. Pierce, J. Mol, Spectroscopy 3, 575 (1959), 
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Tasir V. Atom coordinates [(CHs3)2S principal axes] (A).* 
a b 


0 +0.5892 
+1.3692 
+2.2861 
+1.3392 


. 5828 
.0081 


.2114 +0.8909 


Dmib;= —0.0153 amu A 


calc obs 


28.3850 amu Ao 
66.3337 
88.4138 


28.3770 
65.9754 
87.9512 
® Conversion factor: 505531 amu A? Mc. Atomic masses taken from C. H. 


Townes and A. L. Schawlow, Microwave Spectro (McGraw-Hill Book 
Company, Inc., New York, 1955), Appendix 7. 


copy 


(a and }). We chose in the case of sulfur to use AJj, 
and in the case of the carbon atom AJ, and AJ; simply 
because the value of AJ, is experimentally more ac- 
curately determined than either AJ, or A/J,. Actually, 
the coordinates are quite insensitive to the choice of 
Al’s; this is a consequence of the fact that the C and S$ 
coordinates are relatively large (>0.58 A), while 
zero-point ‘contributions to the Al’s are relatively 
small (as evidenced by the small change in J, +/,—/-. 
for C® and S* substitution). 

The out-of-plane (asym) hydrogen atom has three 
coordinates, all larger than 0.8 A. Zero-point contribu- 
tions to A/’s for deuterium substitution are generally 
more serious than for heavy atom substitution, but in 
this case changes of ~0.01 amu A? produce only small 
changes (~0.004 A) in the asym-hydrogen coordinates. 
The situation for the in-plane hydrogen (sym- 
hydrogen) is less favorable. The 6 coordinate is very 
small, so that zero-point contributions to AJ, make it 
impossible to calculate from the experimental data value 
for the b coordinate. The a coordinate, however, is 
large, and Kraitchman’s equations reliably fix its 
value. Thus, one assumption is required to completely 
determine the structure of dimethyl] sulfide from the 
present data. We chose to assume the CH,(a for asym) 
and CH,(s for sym) bond distances to be equal. 

Table V lists the coordinates of each atom of dimethy] 
sulfide as determined from A/’s and the above men- 
tioned assumption. Two checks on these coordinates are 
available. Were these equilibrium coordinates, they 
would satisfy the center of mass condition. They are 
not of course equilibrium coordinates, but the value of 
> md; is small (0.02 amu A) and indicates, though 
does not prove, that they are not too different from 
the equilibrium values. The moments of inertia as 
calculated from the coordinates may be compared with 
the experimental moments of inertia. The deviations 
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(see Table V) are sizeable, but this is to be expected 
since the present method of analysis assumes AI/’s to 
be less contaminated by zero-point effects than are the 
moments of inertia. 

Table VI gives bond distances and angles of dimethy] 
sulfide as derived from coordinates of Table V. The 
most interesting features of the structure concern the 
methyl groups. First, the equilibrium conformation of 
both methyl groups is the staggered one; i.e., they both 
are staggered with respect to the adjacent CS bond. 
Second, the methyl groups are found to be essentially 
symmetric; the H,CH, and H,CH, angles differ by 
only 4’ which is less than the estimated uncertainty of 
20’ in both of these angles (this estimated uncertainty 
allows for zero-point contributions of ~0.01 amu A? to 
the A/’s for replacement of H by D). Third, and most 
important, the methyl groups do not have their sym- 
metry axes coincident with the CS bond axes; each is 
tilted by 2°45’ so that the angle (20) between the two 
symmetry axes is 5°30’ greater than the CSC angle. 
The internal rotation analysis discussed in the next 
section yields independent information on the value of 
20 which is in remarkably good agreement with the 
value given in Table VI. 


3. INTERNAL ROTATION ANALYSIS 


In I the effects of coupling of tops (on the rotational 
spectrum) to first order in the coupling parameters 
F’, V;', and V;"" were considered.?"* Since publication 
of I, we have extended the methods in I to include 
effects of top-top coupling to second-order in F’, V3’, 
and V;” for molecules with two equivalent tops as well 
as for molecules with two nonequivalent tops (e.g, 
CH;SCD;). The methods described in I and IT will be 
used here to analyze the fine structure in the rotational 
spectrum of dimethyl] sulfide. The reader is referred to 
these papers for details. 


Tas_e VI. Structural parameters of dimethy] sulfide. 


CS 1.802+0.002 A 
CH, 1.091+0.005 A 
CH, (1.091) 


CSC 98°52’+10’ 
H,CH, 109°32’+20’ 
H,CH, 109°36’+20’ 


HCHw 109°34’ 
110°45’ 
20= 104°22’+15’8 


SCH, SCH, 106°38’ 


® 20=the angle between the symmetry axes of the two methyl groups. The 
value 104° 22’ corresponds to a methyl group tilt of 2° 45’ towards the unshared 
electron pairs of the sulfur atom. 


18 In this paper we take the potential energy as 
V (a1, a2) = (4) V3(2—cos3a1 —cos3ae) 
+ V3’ (1—cos3a) (1—cos3az) 
+V;""’ sin3a; sin3eae. 


Note that V; here corresponds to V3* in I. 
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Av(A,A:—EE) 


Transition cale 


+0.31 
+0.38 
—1.02 
—0.94 


312-303 +0.30 
413 4os +0.36 
53 4 —1.03 
625 5s2 —0.92 
66 —0.88 
% 1.71 


—0.86 
—1.70 
V3=2132+6 cal/mole 
=746 cm 
a=(0.088809 
F=173.61 kMc 
s=57.25 


® Not measured. 
b Assuming V3’=V3/’= 


In the absence of top-top coupling (i.e., F’=V;'= 
’;'’=0), it is shown in I that the effective rotational 
Hamiltonian to second-order for the ground torsional 
state of a molecule with the symmetry of (CH;).S is 


HAF [Wot 8" P2+W oa" P.2"};  n=1, 2, (1) 


where //, is the rigid-rotor Hamiltonian; P, and P,, 
the x and z components of the total angular momentum, 
and F, the inverse reduced moment for internal rota- 
tion. The Wo” are linear combinations of the one-top 
perturbation coefficients W,,“ defined and tabulated 
by Herschbach® (they depend only on a dimensionless 
parameter s=4V;/9F). The ground torsional state 
consists of four sublevels, and the Woo” for each sub- 
level are different, so that the rotational spectrum 
should generally consist of quartets. However, for 
certain levels, the »=1 terms may be negligible and 
transitions between such levels will appear as triplets. 
Both triplets and quartets have been observed for 
(CHs) 2S. 

Splittings for (CH3)2S can be fitted very well with 
the Hamiltonian (1), but this fact is not an indication 
that top-top coupling terms are negligibly small. To a 
rather good approximation, the effect of these coupling 
terms to second order in the parameters x= TF’/F, 
y=V3'/V3, and s=V;"/V; is to expand or contract 
Wiv™ and W,.-™ by the same amount, and since 
Woet”/W yy” is a very slowly varying function of s, 
it is impossible to calculate anything but an effective 
value of V; from measurements on the ground tor- 
sional state alone. In general it is necessary, in order to 
determine V3, V3’, and V;’’, to compare measurements 
on at least three torsional states. 

Detailed calculations by methods described in I and 
II show that to a very good approximation the effect 
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TABLE VII. Internal rotation analysis of 


obs calc obs 
+0.60 
+0.71 
—1.78 
—1.84 


DIMETHYL SULFIDE 


1A4,;—EA)) 


(CHs)2S ground-state splittings (Mc). 


Av(A,A;—AE) Av(A 
calc 





+0.60 
+0.71 
—2.30 —2.31 
—1.84 —1.88 

a —1.72 
—4.37 —4.30 


+0.62 +0.62 


+0.76 


20= 103°46’+15’ 


B=0.029815 
F’=9.80 kMc 
T,=3.204 amu A? 


of the kinetic energy coupling terms to second- 
order in x is to replace the Wo” by Woo” [1—6.162 ] 
(corrections linear in « are completely negligible). For 
dimethyl! sulfide x=0.0565 so that this represents a 
2% correction to the Wo”. On neglecting the terms 
V;’ and V3", the value of V3; is found by fitting the 
observed fine structure to be V3=2132+6 cal/mole. 
The splitting analysis is summarized in Table VII." 
In fitting the observed splittings two parameters were 
used: the value of s (or V3), and the angle between the 
methyl group symmetry axes and principal axes of the 
entire molecule. The latter parameter enters the prob- 
lem through the constants a and 8 which appear in the 
Hamiltonian (1). a and 6 are defined as 


a=),1q/ ie B=)zla/Tz, (2) 


where X, and X, are, respectively, the direction cosines of 
the top axes with the a and b principal axes, and /,, 
the axial moment of inertia of the CH; group. The 
observed splittings happen for (CH3;).S to be extremely 
sensitive to the ratio a/8 and a satisfactory fit can be 
obtained only for 20=103°46’+15’ (corresponding 
to a tilt of 2°27’+15’). It is important to note that 
(according to the theoretical treatment in I and II) 
whether none, one, or all of the top-top interactions are 
included to first- or second-order, an analysis of the 
fine structure will always yield the same ratio of a and 
8.% This is true because these interactions affect the 

Calculated splittings for the 6<—-5 and 7<-6 transitions in- 
clude small (~0.1 Mc) third- and fourth-order corrections 
[corresponding to n=3 and 4 terms in the Hamiltonian (1) }. 

20 Swalen and Costain* have published a somewhat different 
and less accurate treatment of the two-top problem than that of 
I and II. Because their treatment does not adequately deal with 
the kinetic energy coupling terms (the F’ terms), use of their 
effective rotational Hamiltonian will not yield the”correct value 


of the ratio a/8. The error becomes increasingly important as the 
ratio F’/F increases. 
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TaBLe VIII. Analysis of the CH;SCD; 10-state doublets (Mc). 


Transition Doublet separation (A — E) 


lo —9.11 obs 


2on —9.12 


—9.17 calc 
—9.07 
3q - 77 —10.77 


4o4 —13.72 — 13.67 


V3=2118+3 cal/mole* 26 = 104°6’ +15’ 


Tq,=3.204 amu A? To2= 6.403 amu A? 
a, = —0.072906 8,=0.027977 
a2=0.162814 Bo=0.046557 
1= 171.07 kMc ‘9=94.61 kMc 
F’ = —9.17kMc 
si =57.70 so = 104.34 


® Assuming V3'=V3'’=0. 
W,»“+” in such a way as to leave the ratio 
W vv + n) / W oy™ 
essentially invariant. 
In the absence of top-top coupling the effective 


rotational Hamiltonian for a molecule with the sym- 
metry of CH;SCD; can be written to second-order as 


HAD LEW oye C1" + FW ae 2" J; n=1,2, (3) 


where 


O.=a.P.+8,P 2; k=1, 2. (4) 


The subscripts 1 and 2 refer to tops 1 and 2 (we take 
top 1 to be the CH; group and top 2 the CD; group) 
o; and o2 are symmetry indices (c=0, +1).4* For each 
torsional state 2%, there are five distinct sublevels 
corresponding to oi0.=00; 01, 0O—1; 10, —10; 11, 
—1—1; and 1—1, —11, and thus five different rota- 
tional Hamiltonians so that the rotational spectrum 
should in general consist of quintuplets. If, however, 
the n=1 terms of (3) can be neglected, the spectrum 
will consist of quartets. In the case of the 00 and 01 
states of CH;SCD; the W,™ are too small to permit 
resolution of any fine structure (except for rather high 
J transitions). Doublets are observed for the 10-state, 
because the Wj,., ‘are quite appreciable, while the 
Woe. are too small to detectably affect the rotational 
spectrum [for sufficiently high s values the W,,™ are 
simply proportional to the v0, v1 torsional energy differ- 
ence which increases roughly exponentially with in- 
creasing v and decreasing s ]. Using methods described 
in II, the kinetic energy top-top coupling terms are 
found to have the effect of decreasing the W,,.,% by 
4.50%; i.e., if we include these terms to second-order, 
the W1,.,™ of (3) are replaced by Wi,.; (1—15.72"), 
where x,= F’/F,= —0.0534.. Neglecting V;’ and V3”, 
an analysis of the 10-state splittings yields Vs= 211843 
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cal/mole, and 26= 104°6’+15’ (corresponding to a tilt 
angle of 2°37’+15’). The calculations leading to these 
parameters are summarized in Table VIII. 

Assuming our error estimates to be reliable (they 
reflect only uncertainties in the splitting measure- 
ments), the slightly different values of V3; obtained 
from the 00 state of (CH3).S and the 10 state of 
CH;SCD; are an indication that V3’ and/or V3” are not 
negligibly small. While the present measurements do not 
allow us to evaluate both of these interaction param- 
eters, we can estimate one of them if the other is taken 
to be zero. This type of calculation should at least 
indicate the order of magnitude of V;’ and V3’. In- 
cluding terms to second-order in x, y, and z, the Wot" 
of Eq. (1) are replaced by Woo” [1—6.172?+3.13x2+ 
2.862°—1.801y+2.93y"], and the W4,., of Eq. (4) 
are replaced by W1,o;[1—15.7xP2—4.80x12—5.432 — 
1.24y+1.74y?]. Assuming V;’=0 (y=0), we find that 
there is no value of z for which the data of both tor- 
sional states give the same V3. The best agreement is 
found for V3;’’~60 cal/mole (z=0.03); from the 00 
state of (CH3;).S we then obtain V3=2132-+-6 cal/mole 
while from the 10-state of CD;SCH3 we obtain V3= 
2119+3 cal/mole. On the other hand, setting V;""=0 
(s=0), we obtain. V;=2060 cal/mole from both tor- 
sional states if V;’~300 cal/mole (y=0.15). 


4. DISCUSSION 


The results of the above analysis indicate, though not 
conclusively, that the interaction between the methyl 
groups of dimethy] sulfide is small. For many purposes, 
e.g., calculation of thermodynamic properties, it is 
probably quite safe to ignore the interactions. 

It is indeed unfortunate that the splittings for the 01 
state of CH;SCD; are so small. The F’ and V3’ correc- 
tions to the perturbation coefficients (for the CH; 
group) are for this state an order of magnitude larger 
than for the 10 state. Measured 01 state splittings would 
yield, together with the present measurements, esti- 
mates of both V;’ and V;”. In order to uniquely deter- 
mine those interaction constants we are presently 
making assignments of rotational transitions from the 
first-excited torsional state of (CH;).S. Tentative 
assignment and analysis of two of these transitions — 
(octets) has been made. However, the analysis has been 
carried out only to first order in x, y, and z. The neces- 
sary perturbation sums for second-order top-top 
coupling effects have yet to be evaluated. Nonetheless, 
the first-order effects for this state are very large (even 
for small x, y, z), and the analysis supports the above 
conclusion that V;’ and V;’’ are small compared to V3. 

It is important to note that according to the present 
data, the value of V3 remains in the close neighborhood 
of about 2100 cal/mole for a wide range or values of 
V;' or V3’’. Thus, it would appear that V; for dimethyl 
sulfide, while not yet established with great precision, 
is certainly much higher than V3 for methyl mercaptan 
(1270 cal/mole). 
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Perhaps the most important fact established by this 
work is that the methyl groups of dimethyl sulfide are 
tilted with respect to the CS bond axes. Proof of a 
“tilt” is in general rather difficult to obtain. For ex- 
ample, it often happens that the one or both of the 
atoms which determine the orientation of the axial 
bond lie close to a principal axis (acetyl fluoride is a 
good example of this). In such cases, even if the top axis 
can be located from analysis of internal rotation 
splittings, the tilt angle cannot be established because 
zero-point vibrational effects make the orientation of 
the axial bond too uncertain. In cases where the axial 
bond can be located with good accuracy, there is still the 
requirement that internal rotation splittings be sensi- 
tive to the orientation of the top axis; nearly sym- 
metric prolate molecules with only a-type transitions 
often do not fulfill this requirement. 

According to the above considerations, dimethy! 
sulfide is an excellent subject for a “tilt analysis.”” Both 
the carbon and sulfur atoms have large coordinates 
(except those identically zero by virtue of symmetry), 
so that CSC angle is quite reliably determined by iso- 
topic substitution; and as noted in Sec. 3 the fine struc- 
ture is quite sensitive to the orientation of the CH; 
groups. Consequently we are rather confident that the 
tilts given in Section 3 are real, and accurate as well—to 
perhaps +30’ or better. The fact that the rotational 
isotope effect independently leads to a tilt in complete 
agreement with the fine structure analysis lends con- 
siderable support to this conclusion. The latter calcula- 
tion does of course involve the assumption of equal 
in and out-of-plane CH distances. However, it would be 
difficult to justify the assumption that the two CH 
distances are significantly different (say by 0.01 A or 
more). 

It is very interesting to note that in all microwave 
studies of internal rotation of methyl groups about C-O, 
C-S, and C-N bonds, evidence has been found for a 
tilted methyl group. Thus, tilts of ~5° for methanol® 
and dimethyl ether,! ~2.5° for methyl mercaptan® and 
dimethyl sulfide (the present work), and ~3° for 
methyl amine”! have been reported. Furthermore, in all 
of these cases, the methyl group is tilted towards the 


21 2—). R. Lide, Jr., J. Chem. Phys. 27, 343 (1957). 
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unshared electron pairs (or pair) on the O, S, or N atom. 
Just as noteworthy is the fact that no really convincing 
evidence exists (from microwave spectroscopy) for 
tilted methyl groups in molecules for which the axial 
bond is between two group IV elements, e.g., C-C or 
C-Si axial bonds. In the case of at least one molecule of 
the latter type, dimethyl silane,’ the evidence for zero 
tilt is as convincing as the present evidence for a tilt of 
2.5° in dimethyl sulfide. 

To date, most microwave studies of internal rotation 
of a methyl group have been concerned with molecules 
having C-Si or C-C axial bonds (C-IV axial bonds) .” 
It would be very desirable to have more data on in- 
ternal rotation of a methyl group in molecules with 
C—O, C—S, C—N, or C—P axial bonds (C—VI or 
C—V axial bonds). It seems highly probable to us that 
certain sharp distinctions (such as the above mentioned 
one concerning tilts) between C—IV and C—V or 
C—VI systems may provide valuable clues to the 
solution of the problem of the origin of barriers to 
internal rotation. Other notable distinctions between 
these systems are: 

(1) Barriers in C—IV systems always decrease as the 
axial bond length increases (e.g., the barrier heights of 
CH;CH3;, CH;SiH;, CH;GeH; are, respectively, 2750, 
1670, and 1240 cal/mole). In the case of C—V systems, 
(CH;):0 and (CHs3).S also show this behavior (V3= 
2720 and 2110 cal/mole, respectively) , but CH;OH and 
CH;SH do not (V;=1070 and 1270 cal/mole, respec- 
tively). 

(2) Barriers in C—IV systems are relatively insensi- 
tive to chemical substitution, (e.g., barriers for the 
series CH;CH2X, X=H,F, Cl, Br, CN lie in the range 
3200+300 cal/mole while those for CH;COX, X=H, 
F, Cl, Br, CN lie in the range 1200+150 cal/mole). 
There are exceptions to this generalization, but for 
C—IV systems, none of the exceptions involve effects 
as great as the one obtained when the OH group of 
methanol is replaced by OCH; (1700 cal/mole increase 
in V3). The effect of replacing the SH group of methyl! 
mercaptan with SCH; is less dramatic but still rather 
large (800 cal/mole increase in V3). 

2 E. B. Wilson, Jr., Advances in Chem. Phys. 2, 367 (1959). 


This paper summarizes the results of most of the experimental 
investigations of internal rotation by microwave spectroscopy. 
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A cell-type model for the liquid state, based upon the consideration of small systems with periodic bound- 
ary conditions, is introduced. The equation of state for rigid-sphere molecules is then calculated for a 
tetragonal cell. By properly choosing the dimensions of the tetragonal cell, the equation of state for a system 
of rigid spheres which form a face-centered cubic lattice in their regular lattice configuration is obtained. 
The model yields the correct second virial coefficient. The results are compared with the Monte Carlo 
calculations of Wood and Parker, the “averaged model” results of Buehler et al., and the Lennard-Jones 


and Devonshire theory. 


I. INTRODUCTION 

HE classical free-volume theory is known to have 

several inherent defects. These are most clearly 
illustrated in the application of this theory to a system 
of rigid spheres, since W. W. Wood! has shown for this 
case that the classical Lennard-Jones theory gives an 
exact solution to the Kirkwood free-volume integral 
equation.” For example, we note the neglect of the 
cooperative motion of neighboring molecules and the 
inadmissibility of multiple occupancy of a cell. These 
defects have been discussed in detail by Buehler, 
Wentorf, Hirschfelder, and Curtiss.? Buehler ef al. 
have also discussed in geometrical terms intuitive 
modifications of the free volume of rigid spheres. 

Other modifications of the basic free-volume theory 
have been presented by several authors.‘ These theories 
are predominantly concerned with the effect of multiple 
occupancy or the so-called communal entropy factor. 

We wish to introduce an alternative cell model which 
is not a simple modification of the earlier free-volume 
theory. This model is based on the consideration of 
small systems with periodic boundary conditions. It 
introduces, in a natural way, the hard center used by 
Buehler ef al.* and appears to be a significant improve- 
ment over the usual theory. 


II. INTRODUCTION OF THE MODEL 


For a closed system of M monatomic molecules the 
Gibbs’ phase integral in configuration space has the 
form 


T T M 
Zu= | of exp(—Bx) [ [do, 


l=1 


B=1/kT (11.2) 


M 
@u=3>) D (ris), 
i,j=l1 


(II.1) 


(11.3) 


* Based on a thesis to be submitted at Rice University by D. R. 
Squire in partial fulfillment of the requirements for the Ph.D. 
degree. 

1W. W. Wood, J. Chem. Phys. 20, 1334 (1952). 

2 J. G. Kirkwood, J. Chem. Phys. 18, 380 (1950). 

3R. J. Buehler, R. H. Wentorf, Jr., J. O. Hirschfelder, and C. F. 
Curtiss, J. Chem. Phys. 19, 61 (1951). 

4T. L. Hill, Statistical Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1956), p. 366. 


where 7 is the volume of the system, T the absolute 
temperature, k the Boltzmann constant, and ®y the 
potential of intermolecular force. Since our theory is 
based upon a lattice model, we first proceed to separate 
the lattice energy from the total potential in a manner 
analogous to that followed by de Boer.’ We assume 
that the molecules can form a regular lattice configura- 
tion, which we shall later take to be a face-centered 
cubic arrangement. Then the potential energy for this 
regular lattice is given by 


vl 
hy°= >> Zz Po, 8; 


o,b=1 


(11.4) 


where the summation is carried out over all lattice 
points, and ¢,,5 is the interaction between two mole- 
cules placed on sites o and 6, respectively. 
We may write the phase integral in the following 
form: 
Zu=exp(—B®,")Om, (11.5) 


where 


T T VM 
Ou= | of exp[—B(@y—4y°) [du (11.6) 
l=1 


Following Kirkwood? we span the volume 7 by a virtual 
lattice equivalent to the regular lattice configuration 
mentioned above. We then consider N unit cells 
A\+++Avy in this lattice, each containing two lattice sites 
(thus V=3M). The integrals over 7 in the configura- 
tion space can be expressed as sums of integrals over the 
individual cells; 


N N Al Aly 
Qu= de > | vf 
u= 


l=1 


M 
Xexp[—6(@u—a") ]>ody%. (11.7) 
k=1 


The integrals in the sum in Eq. (II.7) may all be ex- 
pressed in terms of integrals of type Qw°""*°""), where 
m,+++my are the numbers of molecules occupying the 
respective cells A,-++Ay in the given term, with the 


5 J. de Boer, Physica 20, 655 (1954). 
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results 


M 


N 
Qu/M!\= > (LI m7 Ou omy) 


my:*+my=0 s=1 
>om.=M. 


If we denote the integral corresponding to double 
occupancy of each cell by 0, 


Ar fai 4n f4n 
9% =ge-= | / Mee | / 


M 
Xexp[—8(@u—bu°) J] du, (11.9) 
k=1 


(11.8) 


and define a parameter o2 by the relation 


M 


N 
oM= DY (Lm!) (Qm-™/Q®), (11.10) 


my:+*my=0 s=1 


>om.=M, 


we may write in a formal way 


QO" /M !=a"Q. (11.11) 
In the limit of close packing, all terms except Q® can be 
neglected, and we see that o.“—>(4)* and we shall 
approximate o. by this value throughout the liquid 
range. 

At this point we wish to introduce a reasonable 
approximation for the potential of intermolecular force 
that will enable us to calculate Ow. We first shall 
assume that ®y—y° can be written as a sum of cell 
potentials (one term for each cell) which depend only 
on the position coordinates of the two molecules in the 
given cell; 


Pu = Puy + Da (Pay Poa), (11.12) 
where Yq is now an effective potential energy for the 
molecules in cell a. The summation in Eq. (II.12) is 
carried out over all cells a. The vectors fi, and fo 
give the positions of molecules one and two, respec- 
tively, in each cell a. If the pair potential is of suffi- 
ciently short range and if we neglect surface effects, 
the cell potentials will all be identical. With this ap- 
proximation we may write Q® as follows: 

QO? =Z,N, (11.13) 


where 
A ra 
z= f / exp[ — By (tr, r.) |dridre. (11.14) 


One can determine an integral equation for y(t, f2) 
following the procedure developed by Kirkwood.? On 
doing so the following result is obtained: 


v(t, Tf) = (A.—F1)+ (E.—F), (11.15) 
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Fig. 1 (a). A system with periodic boundary conditions in two 
dimensions. The central rectangle represents the origin cell, the 
others are replicas of it; r; and rz are the position vectors for mole- 
cules one and two, respectively, in the origin cell. (b). Transforma- 
tion to relative coordinates showing the effective single-particle 
cell which is formed. 


where 


E,=4w(| 1-1 |) 


N 2 A fa 
+> > | / w(| Ry—rit+P jy, |)p (fry, Tey)dtydte, 


y=2 j=1 


F;=} 
; 


N 
9 


pe > [nfo R,—r;+rj;, |) 


=2 j= 


Xp(fiy, Toy)p (hi, T2)dt1,°++dr 
and 
(i, T2)=exp{S[A—y (rt, Fe) J} 
with 
w(r)=o(r)—¢". 


The potential ¢° is the value of @ when the given parti- 
cles are in a regular lattice configuration, ff, and fo, 
are the displacement vectors for molecules one and two, 
respectively, in cell y, and \ is a Lagrange multiplier 
determined from the normalization condition on p. 
R, is the lattice vector from the origin to cell y. 

We wish to make the following series of approxi- 
mations which will enable us to obtain a first-order solu- 
tion to Eq. (11.15). We first form an auxiliary system 
by considering a two-particle cell with periodic bound- 
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Fic. 2. Example of the cases considered in the evaluation of Q 
for rigid-sphere molecules in a tetragonal cell. The dimensions of 
the cell are a, b, and c; o is the diameter of a rigid sphere. Only 
the first octant is shown in the figure. 


ary conditions wherein the molecules in each cell are to 
have the same relative cell positions [see Fig. 1(a) ]. 
The potential function X(f, r2) for this two-particle 
cell in this periodic system has the following form: 


X (nm, f2)=9(| Tre I)+>-’'[o(| Rinp+Ti2 |) 
+4 (| Rnnp— Piz |) J 


Mypo=1— fe, (11.17) 
where 


Riinp=ma+nb-+ pe, (11.18) 


and a, b, and c are the vectors defining the basic cell 
and m, m, and p are integers. The prime means that 
m, n, and p cannot all equal zero at the same time. The 
phase integral Q for a two-particle cell in this periodic 
system is 


Ara 
o=[ f exp[ —B8X (ti, fe) |dridr, (11.19) 


4 
af exp[ —BX (E)dE, (11.20) 


AND 
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where the second form is obtained by the transforma- 
tion, 


—=r,—f, (II.21) 


to relative coordinates. 

This two-particle system with periodic boundary 
conditions does not in itself provide an appropriate cell 
model for the liquid state. It is true that the integral in 
Eq. (11.20) is q cell-type integral, but the potential is 
not an effective single-particle potential function. We 
also note that in the limit of high densities 2 does not 
lead to an equation of state which approaches the usual 
free-volume result. Moreover, this system does not 
provide, in itself, an appropriate model for our two- 
particle cell integral. 

Instead, we wish to use some of the features of this 
periodic boundary system to obtain a first-order solution 
to Eq. (11.15). The features we wish to emphasize can 
be seen from the following considerations. Under the 
transformation to relative coordinates, say relative to 
molecule one, molecule two is confined to a cell formed 
by molecule one and its images [see Fig. 1(b) ]. Of 
course, if the system is considered relative to two, then 
one may be pictured as being in a cell. Hence we might 
expect that (1, f) could be approximated by the 
following relation: 

¥ (M1, Te) =J (11)+J (fe). 
To obtain this form and an appropriate function J we 
first consider the system relative to molecule two and 


evaluate the first term of Eq. (II.15) using the follow- 
ing zeroth approximation: 


(11.22) 


(11.23) 
(11.24) 


p(T1, T2)=6(f2)p(h), y=1 


p(y, fey) =6(f2,)6(M,—M), yl, 


where 6(r) is the three-dimensional Dirac delta func- 
tion. This form for p(f§,, T2,) was suggested by the 
periodic boundary system considered above. On sub- 
stitution we obtain 


N 
E,\—F,=4w(| 1 |)+ Do{¢(| R, |)+¢(| R,-11 |)} 


y=2 


)+¢ (| R,-1r te(nidr. (E25) 


N 4 , 
y=2 


As the zeroth approximation for p(f) in our central 
cell we use 6(r,) and substitute this into the right-hand 
side of Eq. (11.25). Then 


N 
E,—F,=}w(| m1 |)+)ow(| R,—11 |). (11.26) 


y=2 
We next consider the system relative to molecule 
one and in a similar manner let 
p(T, T2)=48(11)p(T2), 
p(Tiy, Poy) =8(T1,)8 (te, — te) 


p(f2)=48(Te), 


(11.27) 
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be the zeroth approximation to be substituted into the 
second term of Eq. (11.15). This procedure yields 


ts N 
E,—F, = pw (| 2 I) + Low (| R,—f |). (11.28) 


This series of approximations enables us to factor 
Z2 in the following manner: 


Z,=(Q, (11.29) 


where 


A 
o=| expL— BJ (r) |dr 


with 2 
J(r)=E(r)—F(r). 


We thus see that the form for y presented in Eq. (11.22) 
can be related, in an intuitive sense, to the integral 
equation determining y. 


III. RIGID-SPHERE MOLECULES IN A TETRAGONAL 
CELL 


Let the unit cell be a rectangular parallelepiped of 
dimensions a by 6 by c where a> b>c. If the molecules 
are rigid spheres of diameter o, exp|—8J(r) ] has the 
following representation: 


1 
exp[—BJ (r) ]=H (r—c) []'H(R—-«), 


mnp 


(IIT.1) 
where 


R=[(ma—£)*+ (nb—n)?+ (pe—d)* 5 (111.2) 


&, n, and X are orthogonal coordinates, and 
H(y)=9, 
H(y)=1, 


Equation (11.29) for Q is evaluated by an algebraic 
method similar to that described by Salsburg et al.® 
Consider an octant of the unit cell [(@/2)X (b/2)X 
(c/2) ] to have its origin at the center of a mathematical 
sphere of radius o [see Fig. 2(a) ]. As o is allowed to 
take on various values, a consideration of several dis- 
tinct cases must be made as is illustrated in Fig. 2. 

The volume integral of Eq. (II.29) is the volume of 
the tetragonal cell excluding the volume of the mathe- 
matical sphere contained within the tetragonal cell. 
The equation for Q may be written as 


Q= v-sf do, 
v/ 


where V’ is the volume of the sphere of radius o con- 
tained within the octant of the tetragonal cell [see 
Fig. 2(a) ], and V is the volume of the tetragonal cell. 

As a result of these considerations we divide our 
calculations into the following distinct cases, remem- 
bering that a>b>c. 


for y<o (II1.3) 


for y>o. 


(111.4) 


6 Z. W. Salsburg, E. G. D. Cohen, B. C. Rethmeier, and J. de 
Boer, Physica 23, 407 (1957). 
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Fic. 3. The two-particle unit 
cell (body-centered tetragonal 
cell) for a face-centered lattice 
is shown inside two of the usual 
four-particle cubic unit cells. 





























For a?>b?+c? we have 
Cases: I O<o<c/2 

II ¢/2<e0<b/2 
III, 


IV 


b/2<0<4(P+c)} 
3 (P+0?)'<a<a/2 
Vo a/2<0<3 (+c)! 
VI 3(@+e)'<o<4(a+0")! 
VIL 4(@+8°)!<o<h(2+8+e2). (11.5) 
For a’<b?+¢? we have 
Cases: I O<o<c/2 
II ¢/2<0<b/2 
Ill, b/2<e0<a/2 
IVi a/2<0<} (0+)! 
Vi 3(P+0)'<o<} (a+)! 
VI 3(@+0)'So<}(@+0")! 
VIL 3(@+8)'<o<}(C4+0+C)!, (111.6) 


where subscripts 0 and 1 refer to @20b’+c and 
a’<b’+c*, respectively. Note that cases I, I, VI, and 
VII are the same for either consideration. 

The final algebraic expressions for Q for the distinct 
cases can be found in the Appendix. 


IV. FACE-CENTERED LATTICE OF RIGID-SPHERE 
MOLECULES 


If the molecules are to form a face-centered cubic 
lattice in their regular lattice configuration, then an 
appropriate unit cell containing two molecules is a 
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tetragonal cell of dimensions (see Fig. 3) 
a=v2d 
b=d 
c=d. (IV.1) 


At high densities the molecules are then forced into a 
cubic close-packed arrangement. 
The reduced volume v* is defined as 


(IV.2) 


In the 
2. The 


where v 
cubic close-packed configuration v* 
relationship between v/v" and v* is 


is the volume per molecule (20= V 
*_y 


= = 


). 
2/ 


v/v=Vv20*, 


(IV.3) 


where v% is the volume per molecule at the closest 
possible packing. 


where 


D 
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For the face-centered lattice a@=6+c*, and four 
distinct cases are present, as can be seen from an 
examination of Eqs. (III.5). We now wish to compute 
the equation of state for these four cases. In the follow- 
ing equations p is the pressure of the system, 


Case 1: 4V2<0*< «0 
(po/kT),=0*/ (v* 
Case 2: 2<v*<4v2 
(7) - v*[1+ (V2ar, 12) |—s(x/3) 2 
kT], o*[1+ (V2x/12) ]—sa+ (22/3) 
Case 3: 4V2/3v3<v* <2 
(po/kT)3= A/B 
Case 4: V2/2<0*<4v2/3v3 


(po/kT ),=C/D, 


—4r), 


A=v*+ (1/6) (o*—v2s)— (gs?/3) +[ (558/24) — (s/2) ] sin-!(s/21) — (s/6)[1+ (s2/4) ] tan (s/2g) 


B= 


v*+ (1/6) (4—3sv2+0*) — (gs*/3) +3 tan (s?/4g) +[ (553/24) — (35/2) ] sin! (s/21) 


—L(s/2)+ (s°/24) ] tan (s/2g) 


C=0*+ (sv2/2) (¢+°— 3) [sin (s/2g) —cos~ (s/2g) ]— (s/6) [1+ (s?/4) ][tan (s/2g) — tan (v2h/s) ]— (gs?/3) 


+ (v2/6)sL1+ (s?/2) ][tan (2h/s) —tan“! (s/2h) |—3v2s8°h+[ (5s?/24) — (5/2) ][sin-! (s/21) — cos! (v2s/21) ] 


D=v*—s (V2/2)g*[sin-! (s/2g) —cos“! (s/2g) ]+[ (5s*/24) — $s J[sin™ (s/21) —cos (sv2/21) ] 


+$[tan (s?/4g)—tan“ (V2h/2)+tan“ (v2s?/4h) — tan“ (v2h) ] 


—[(s/2)+ (s*/24) ][tan— (s/2g)—tan— (v2h/s) ]—3v2s2h 


+ (v2/2)[ (s)+ (88/6) ][tan™ (2h/s) — tan (s/2h) ]— (gs?/3). 


g= ptl/szUe 


g=[1—(s*/2) } 
1=[1— (s?/4)} 
h= (1—{s?)}. 


We expand case 1 in powers of 1/v with the following 
result. 
(Po/kT ).=14-§20° (1/0) + (210*/3)? (1/0?) + e+. 

(IV.5) 


Note that the correct second virial coefficient is ob- 
tained. The model gives higher order virial coefficients 


which are too large. In comparison, the classical 
Lennard-Jones model does not yield an expansion in 
powers of 1/v.* The Buehler et al.’ “average model” 
also gives the correct second virial coefficient with the 
higher order coefficient again being too large. In many 
ways our calculation is similar to that of Buehler et al., 
and this will be discussed in a later section. 

The analytical results for Q and the equation of state 
exhibit continuity from case to case, thereby providing 
a check on the results. It is of considerable theoretical 
interest to compare the equation of state results of this 
model with those of the Monte Carlo calculations of 
Wood and Jacobson.’ Comparison is also made with the 


7™W. W. Wood and J. D. Jacobson, J. Chem. Phys. 27, 1207 
(1957). 
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Fic. 4. The equation of state for rigid spheres. The + represents 
the results of Wood and Jacobson’s 32-molecule Monte Carlo 
calculation. The © represents the Lennard-Jones results, the 4 
the results of Buehler et al., and @ the results of our model. 


Lennard-Jones and Devonshire results’ and the results 
of Buehler ef al. (see Fig. 4). 


V. DISCUSSION 


From Fig. 4 it can be seen that the isotherm for our 
model is well defined in the region where the Monte 
Carlo calculations are discontinuous and does not dis- 
play any instability or van der Waal’s loop. The results 
of the Monte Carlo calculations coincide with the 
results of our model for high densities. At low densities 
the isotherm for our model lies below the Monte Carlo 
isotherm. 

In the region of interest there is a slight inflection 
in our isotherm which indicates a higher order insta- 
bility (see Fig. 4). The cause of this instability may be 
a mathematical artifact due to the artificial caging of 
the spheres at this high density, and therefore we do 
not attribute any physical meaning to it. 

In contrast to the Lennard-Jones model the motion of 
-ach molecule is not strictly independent of the motions 
of the other molecules. In fact some correlation is 
implied by our use of the periodic boundary model. 

Our model introduces in a natural manner the “hard 
center’ used by Buehler ef al.’ in their ‘average model,” 
but the cell over which the integration is performed is 
much simpler than the corresponding cell in their 
model. They considered a regular dodecahedron as a 
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Fic. 5. The excess entropy per molecule. The © represents the 
results for a free-volume model and @ represents the results of 
our model. 


unit cell with a volume equal to the volume per mole- 


cule. Within their unit cell there is a ‘free’? molecule 
surrounded by its 12 nearest neighbors the centers 
of which form the unit cell. In our model the unit cell 
has a volume equal to twice the volume per molecule 
and the effective cage is not formed by the 12 nearest 
neighbors. Our ‘free’? molecule has more volume in 
which to move. We feel that this additional space 
allowed the wanderer and the consideration of both 
molecules in the unit cell as wanderers gives a more 
realistic interpretation of the liquid. Our model is one 
without smoothing as is the model of Buehler e¢ al.’ 

In Fig. 5 a comparison of the excess entropy S” 
for the free-volume theory and our model is given; 
S¥” is the excess entropy per molecule over that of an 
ideal gas. The free-volume theory gives much too low 
an entropy; and although our results do show an im- 
provement, the excess entropy is still too small when 
compared to corresponding values obtained by Alder 
and Wainwright* from their molecular dynamic calcu- 
lations. 
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APPENDIX 


Qr=20—$r0". 


On=Q1+2a[ fo°+ (3/24) — (c/2)o* |. 


=Qi+2n{do°+[ (b'+08)/24]— (02/2) (6+<)}. 


> TIT,: b/2S0Sa 
On, =Viny- 


> 1Vo: 3 (8+c)!So0Sa/2 


0 g| be/12)0(t \ y 2/8) (b+ Ws 4.5 +,( - * ; | Cc 
om 2)p(0, c)-+-m] (0°/60)— (a°/5) (O--¢€ — sin FPS a 
‘IIT \ OC pd, ¢ 4 7 7 ¢ 96 8 o 4 20(b, 0) 


3 Py. x b ob c b/, & b | 
- ) sin ; — |+— tan] — ——|o*— tan—'| ———— };. 
48 2o(c,0) | 6 2p(b,c)| 24 4 2(b, c) {If 


7 


Ow, Cin +-2x[ 30*+ (a' 24)—- (a 2)a° |. 


Oy, = Ow, +22[30°+ (a'/24)— (a/2)o? |. 


Oy, =Oy,. 


| a¢ 
-§ 


rad! p(d,c¢)-+7 
{12 


Ay 4 ( 
sin-* + 
8 2p(a, 0) 


Case VII: 3 (@+0)' S053 (+h +c’)! 


0 juli f : ( | ne a — ) 
‘ ——p(b, —_ Ne cj-=a0°= sin - — Cos ; \ 
Sata ge a 2p(c, 0) 2p(c, 0) 
Pat b )+{( : )( | é Sg 4 a \ 
= . > Cont == a eee ‘ 
" [2p(a,0) |) 8\" 4 2p (b, 0) 2p(a,0)_ 
ab ' a ab | bo” b 1 z b.c ‘ ! Z 
Ltan )- 4g \% »)+ 3 1% tan Pl »,c) |—tan 2p(a, b) 


op(a, 6). dop(a, c) f 


wo. 4 Z ; o° b re 
+( + )(tan i =p(0,c) |—tan- | = = p(b, c) |+tan-'| —p (8, c) 
8 96 b 3 oC ob 
Be com (b,c) 
49° a,¢ 74° »€ i 


where 


p(y, 6)= [o?— (y7/4)— (6? ‘4) }. 





THE JOURNAL OF CHEMICAL PHYSICS 


VOLUME 35, NUMBER 2 1961 


AUGUST, 


Solutions to the Percus-Yevick Equation* 
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The radial distribution function for a classical fluid of particles interacting with the Lennard-Jones 
potential has been computed by solving the Percus-Yevick integral equation numerically. The solutions 
and the quantities, p/nkT and E/NkT, are compared with those obtained by Wood and Parker using 
Monte Carlo techniques. The radial distribution functions agree to better than 15% beyond the first points 
where they are unity while the thermodynamic quantities differ by, at most, 3% from the range of Monte 
Carlo values for cases where the system is believed to be in a liquid state. The quantity 


K= 


has also_been computed. 


I. INTRODUCTION 


HE radial distribution function g is proportional 
to the probability density that a second particle 
will be found to lie at a position a displacement r from 
a given particle in a system in thermal equilibrium. This 
paper will consider only classical fluids consisting of one 
kind of particles interacting pairwise with a potential 
energy $(r). In this case, the radial distribution func- 
tion depends upon r alone and approaches a constant 
at large r given by (through order V') 
g~1—nkTKN", (1) 
where! 


=—(1/V)(@V/dp)n.r- (2) 


A number of useful thermodynamic quantities can 
be computed from g such as 


nkTK=1 ten (1 ~g)rdr, 


p/nkT =1— (2rn, se) [ ¢ gridr, 


and? 


(5) 


(E/NkT)—$= E'/NkT= (24n/kT) / ogr'dr. 
0 


The value of r, in Eq. (3) is much larger than unity but 
much smaller than the size of the system. It is neces- 
sary to cut off the integration in this way because of the 
terms or order N~! in g as shown by Eq. (1). Several 
integral equations have been derived to determine g 
approximately. One of these was obtained by Percus 
and Yevick‘ using their collective coordinate techniques 


* This research was aided by funds from the National Science 
Foundation. 

1T. L. Hill, Statistical Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1956), ist ed., p. 409. 

2J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular 
Theory of Gases and Liquids (John Wiley & Sons, Inc., New York, 
1954), 1st ed., pp. 6, 128. 

3 Reference 1, pp. 189, 190. 

‘J. K. Percus and G. J. Yevick, Phys. Rev. 110, 1 (1958), 
p. 9, Eq. (66). 


(1/V) (8V/dp) w. 7, 


and will be referred to here as the PY equation. The PY 
equation (and others) may be written in the form 


y(r)= 1+nf FU/(s), f(s-n), y(s), y(s—r))ds, (6) 
where 


y=gexp(¢/kT) and f= 


exp(—/kT)—1. 
For the PY equation F is given by 


Fpy=f(s)y(s)Ly(s—r)f(s—r)+y(s—r)—1]. (7) 
The radial distribution function for the case where @ 
is given by the Lennard-Jones potential, 


o= 4 (a/r)"— (a/r)*], (8) 


has been computed by Wood and Parker® for several 
densities with a value of k7/e equal to 2.74. It is in- 
teresting to compare the solutions of the integral equa- 
tion with the Monte Carlo calculations. Such compari- 
sons indicate the reasonableness of the approximations 
made in deriving the integral equations. It may also 
be easier in some cases to obtain radial distribution 
functions by numerical solution of an integral equation 
than by Monte Carlo techniques. A comparison has 
already been made between the Monte Carlo calcula- 
tions and the solutions to the Born-Green equation.®” 
It is the purpose of this paper to make the comparison 
between Monte Carlo and PY radial distribution func- 
tions as well as the thermodynamic quantities in Eqs. 
(3)-(5). 

It is convenient to choose the parameter a in Eq. 
(8) to be the unit of length and this is done throughout 
this paper. 


II. REDUCTION OF THE PY EQUATION 


The integration of the angle between s and s—r in 
Eq. (6) may be readily carried out to reduce the equa- 


W. W. Wood and F. R. Parker, J. Chem. Phys. 27, 720 (1957). 
A. A. Broyles, J. Chem. Phys. 33, 456 (1960). 
A. A. Broyles, J. Chem. Phys. (to be published). 


5 
6 
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TABLE I. Numerical solution to the PY equation and comparison 
with the Monte Carlo solution of Wood and Parker and with 
ga for na’=2/5 and kT e= 2.74. 


(60 sex) —1 


(gmc/gey) —1 


.016 
.012 


5.806 
0.647 
—0.018 
041 —0.146 
.029 


.060 


—0.141 
.013 —0.093 
.002 —0.042 
.001 0.017 
.005 0.012 
.001 —0.018 
.006 —0.036 
.016 —0.027 
013 —0.009 
.014 0.005 
.012 0.000 
.003 —0.001 


.000 —0.002 


tion to 
(r)=1+27mnr f° iz F,(s, t)tdt sds, (9) 
s=0) t=|8 r| 
where 


F(f(s),f@, 9s), YO) = Fils, £). (10) 


Equation (9) may now be multiplied through by r 
to give 
h(r)=r+2mn |" ae 
t= 


h(r)=ry=rg exp(¢/kT). 


Fidi sds, 


|s—r| 


(11) 
where 
(12) 


Differentiating Eq. (11) by r gives the equation 


h'(r)=1 +2mnf [str Puls, s+r) 


+(s—r)Fi(s, |s—r|) |sds. (13) 


On substituting for the F;’s, we have finally 


h'(r)= 1—2en | {1 expl—(s)/kT ]}h(s){h(s+r) 


0 
x exp[—o(s+r)/kT ]+h(\s—r|) 


xX expl—(|s—r|)/kT IL (s—r)/|s—r| ]—2s}ds. (13’) 
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From Eq. (11), it can be seen that as r approaches 
zero, the inner integral of the last term vanishes so 
that h(r) approaches zero. Thus we have 


h =| h'(s)ds. 
0 
Equations (13’) and (14) were solved numerically to 
obtain h(r) and, therefore, g through Eq. (12). 
Ill. SERIES EXPANSION FOR hA 


A series expansion for h(r) around r=0 can be ob- 
tained as follows. Equation (13) may be rewritten as 


(14) 


k’ (7) = 142m | “CG (s, st+r)+G(s,s—r) ]ds, (15) 


where 
G(s, t)=stF (s, |t|) 


A series expansion of G is — by 


G(s, b= > 


If this series is sali dat into Eq. (15), it reduces to 


(16) 


iG) (i) pn (17) 


h'(r)= 1+4en[“G (s, s)ds 
0 


+4 oo mL @G/aey. ets: (13) 


TABLE II. Numerical solution to the PY equation and compari- 
son with the Monte Carlo solution of Wood and Parker and with 
ga for na?=5/6 and kT/e=2.74. 


(ga/gpy) —1 


Spy (gmc/gey) —1 
.0000 
.0059 
. 2683 0.772 
233 0.078 
.098 —0.083 
.295 —0.047 
—0.041 
—0.020 
—0.016 
0.020 
0.060 
0.036 
0.003 
0.014 
0.006 
—0.007 
—0.021 
—0.010 
_0. 004 


2.966 
0.060 
—0.293 
—0.312 
—0.225 
—0.096 
0.033 
0.183 
O17 
—0.024 
—0.069 
—0.026 
0.016 
0.010 
—0.010 
—0.005 
0.009 
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TasLe III. Numerical solution to the PY equation and com- Tasie V. Numerical solution to the PY equation for small r 
parison with the Monte Carlo solution of Wood and Parker and and comparison with two terms of the series solution for na*= 
with gq for na®=1.0 and kT /e=2.74. 10/9. 

















h gpy (gmc/gey)—1 (ga/gry) —1 nas 2/5 5/6 1.0 10/9 10/9 


—— r h(r) h(r) h(r) h(r) ho (r) 
5.345 0.0000 


4.632 0.0091 0.0 0.000 0.000 0.000 0.000 0.000 
3.950 0.3904 (0.333 0.1 0.377 1.695 3.273 5.652 5.596 
3.279 1.687 0.024 13 0.2 0.688 2.997 5.725 9.866 8.947 
674 674 0.042 : 0.3 0.922 3.892 244 12.416 7.808 
417 659 0.083 4 0.4 1.088 4.305 .994 13.518 —0.068 
662 163 0.081 0.5 1.200 4.587 8.063 13.414 
205 612 0.033 08: 0.6 1.266 4.293 7.560 12.242 
3. 
3. 








-030 .188 0.021 2k 7 i — ‘- 
136 719 0.145 33 0.8 1.302 349 ‘ ero ha 


.699 .590 0.116 
860 64 0.023 ’ This may be integrated term by term to give a series 
.138 012 —0.042 
487 927 ~0.030 ; IV. NUMERICAL SOLUTION 

895 097 —0.031 : Equations (13’) and (14) were solved numerically 
2.294 1 

2.458 1.256 —0.014 
2 

2 


for h(r) according to Eq. (14). 


244 0.033 on the IBM 650 of the University of Florida Statistical 
5 Laboratory using the techniques described in 
reference 6. 
.275 1.102 —0.002 Solutions for /(r) were checked by substituting them 
022 0.931 0.063 under the integral signs in Eqs. (13’) and (14) and 
ee ——=—=—=—=—_= | |=|== comparing with the resulting h(r) of Eq. (14). It is 
; ; ; believed that h(r) and, therefore, g(r) have been deter- 
TaBLe IV. Numerical solution to the PY equation and com- med? lean than 99% for all’ sélations 
parison with the Monte Carlo solution of Wood and Parker and — an error less than 1'/o lor all somutions pre- 
with gq for na*=10/9 and kT /e=2.74. sented in Tables I-V. 








a " These solutions were computed for parameters 
h Spy (gmc/gey)—1 (go/gepy)—-1 kT /e=2.74 and mn (in units of “a”) equal to %, %, 1.0, 


5) 


-925 0.0000 TABLE VI. Parameters in the fit to gpy in Eq. (19), the maxi- 


599 (0.0130 mum r used for IBM 650 calculations, and thermodynamic 
i aes quantities computed from the PY solution and from Monte Carlo 
5.412 0.533 —0.288 2.347 by Wood and Parker. 


221 2.172 —0.263 —0.053 Rey iy we Ca 
na* 





236 3.236 —0.150 —0.332 

2.320 2.913 0.030 —0.278 b —3.10 
649 2.147 0.164 —O.111 a s 1.49 1.16 
.130 1.404 0.308 0.151 m 6.81 7.36 





177 0.896 0.316 0.427 c 2.91 2.85 
492 0.481 ~0.013 0.349 Pe 3.8 4.0 . 4.975 
546 0.461 ~0.047 —0.317 
850 0.637 ~0.122 ~0.413 
243 0.843 ~0.288 ~0.150 
667 1.039 —0.201 0.079 (p/nhT er meer = es — 
138 1.238 0.154 0.118 (p/nkT) ac Lens | |—64G 7.8 

1.360 0.162 0.038 (E’/NRT) py —0.865 —1.60 : —1.47 


1.262 —0.089 —0.019 (E’/NkT\ mc —0.86 —1.58 
0.979 —0.132 0.009 =: = 


0.027 0.021 * From Eq. (3). 


SRE aS ee eee > From differentiating (p/nkT) py. 


(nkTK) py* 0.48 0.013 : 0.19 
(nkTK) py? 0.48 0.068 , 0.018 
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and +>’. The parameter v/v* used by Wood and Parker® 
is equal to n~. Tables I-IV list in the second and third 
columns the values of # and g obtained from the PY 
equation. The fourth columns of Tables I-IV compare 
gpy from the third column with that obtained by Monte 
Carlo techniques’ by listing (guc/gpy)—1. In the same 
manner column five compares gpy to a fit to gpy, ga, 
given by 


a= 1+be-™ sin (mr—c). (19) 


The first two coefficients in the series for 4(r) were 
computed for n=7 and it was found that the first 
two terms are given by 


hs (r) =59.70r—374.2r'. (20) 


Values of Ae (r) are listed in the last column of Table 
V for comparison with h(r). 

The parameters used in Eq. (19) are listed in Table 
VI together with the thermodynamic quantities in 
Eqs. (3)—(5). The quantity 7,, contained in Table VI 
is the maximum of r used in the machine calculations. 
To evaluate the integral occurring in Eq. (3), it was 
necessary to assume that g was represented well by g, 
for values of r beyond r,,. This may not be unreasonable 
since Tables I-IV indicate that g, is a good approxi- 
mation. 

From Eq. (2) it is clear that nkTK can also be ob- 
tained by differentiating p/nkT. This was done by 
plotting (p/nkT)—1 vs n on log-log paper and fitting 
the tangents of the curve to power laws. The values of 
nkTK obtained in this way are also listed in Table VI. 
The agreement between the two values of nkTK is 
extremely poor for each m greater than $. This is be- 
cause the contribution to the integral in Eq. (3) is 
important at such large values of r when g is very close 
to one that more accuracy in g is required than is 
available here. For example, for na*=%, the contribu- 
tion to the integral is still quite important for r so large 
that the maximum deviation of g from unity is less than 
1%. 


V. DISCUSSION 


The comparison between the Monte Carlo, Born- 
Green, and PY radial distribution function for n=+° 
has already been made in reference 8, where the results 
are presented graphically. As expected, the PY solu- 
tions become progressively closer to those obtained by 
Monte Carlo as m gets smaller. For n=1.0 the PY 
solution differs from the Monte Carlo by less than 15% 
to the right of the first point where it crosses unity. 


As already mentioned,® it is unable to follow the twists 


8 A. A. Broyles, J. Chem. Phys. 34, 1068 (1961). 


BROYLES 


caused by the crystal formation at n=+2, but even here 
its maximum difference is only around 30%. 

The comparison of thermodynamic quantities in 
Table VI indicates that the PY equation may provide a 
very useful means of calculating them as long as the 
system is in a fluid state. 
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VII. NOTATION 


a=Parameter in the Lennard-Jones potential 
[Eq. (8) ] and the unit of length in this paper. 
b= Parameter in g, [Eq. (19) ]. 
c= Parameter in g, [Eq. (19) ]. 
E= Total internal energy. 
FE’ =Total average potential energy. 
F=Integrand of the integral equation for g [Eq. 
(6) J. 
f=exp(—$/kT)—-1. 
g=Radial distribution function. 
ga=Approximate analytic expression for gpy at 
large r. 
guc=g obtained by Monte Carlo techniques by Wood 
and Parker.® 
gpy=g obtained from the Percus-Yevick equation. 
h(r)=rg exp(9/kT). 
ho (r) = First two terms in the series for 4(r) [Eq. (20) ]. 
K=Fractional isothermal compressibility [Eq. (2) ]. 
k= Boltzmann constant. 
m= Parameter in g, [Eq. (19) |}. 
N=Total number of particles. 
n=N/V. 
p= Pressure. 
PY = Percus-Yevick. 
r= Displacement. 
r-=Value of r beyond which g—1 is negligible 
except for terms of order N-'. 
1m= Maximum value of r used for IBM 650 calcula- 
tions. 
T= Temperature. 
V = Volume of the system. 
y=g exp ($/kT). 
a= Parameter in g, [Eq. (19) ]. 
e=Parameter in the Lennard-Jones potential 
[Eq. (8) ]. 


¢= Pair potential energy. 
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The photolysis of ethylene and of butane has been studied at 
room temperature with light of 1470 A. The results of isotopic 
studies, along with a detailed examination of the products of 
reaction, establish conclusively that molecular detachment 
processes are of major importance in the primary decomposition 
of the photoexcited states formed. ; 

In the photolysis of ethylene at 1470 A the primary processes 
are 


C.H4* = C2H2+ He pi 


C.H,** = C:-H.+2H p2 


INTRODUCTION 


OLECULAR detachment processes play a major 
role in the formation of decomposition products 
in the radiolysis of gaseous hydrocarbons. The general 


established in a number of isotopic and scavenger 
studies in the gas phase.'~* In most of these cases the 
molecular detachment yields can be quantitatively 
rationalized? on the basis of known ionic reactions. 
But this interpretation must be regarded largely as 
speculative, and the question of the relative importance 
of ionic reactions and reactions of neutral excited states 
is not yet resolved. It is thus of importance to our 
understanding of both the radiation chemistry and the 
photochemistry of these compounds to gain more in- 
formation on the nature of the decomposition of the 
photoexcited states. That is the purpose of the present 
investigation. 

It has been shown,* in the mercury photosensitized 
decomposition of ethylene, that the primary process 
forms molecular products almost exclusively. In con- 
junction with our radiation chemical studies of gaseous 
hydrocarbons, we have examined the decomposition 
processes, as well as the over-all chemistry, occurring 
in the direct photolysis of ethylene and butane with 


* Presented at 138th Meeting of American Chemical Society, 
New York, New York, September, 1960. 

+ Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 
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with ¢;¢2. Rupture of only a single carbon-hydrogen bond is 
not an important primary process. The foregoing reactions, along 
with the subsequent interactions of ethyl radicals, formed by 
hydrogen atom addition to ethylene, furnish a unique description 
of almost all the photochemistry observed under the conditions 
of the experiments. 

In the photolysis of butane at 1470 A, molecular detachment 
of hydrogen: 

CyHio* = CaHg+ He 

is a major primary process. The detailed nature of any other 
primary reactions has not been established. 


light of 1470 A. The isotopic methods, which were 
found to be effective in previous studies, were used in 
this investigation. 


EXPERIMENTAL 


Light Source 


The light source used wasa xenon resonance lamp.’ 
This is a lamp of the type originally developed by 
Harteck and Oppenheimer.!® The lamp system was 
filled with a gaseous mixture consisting of 0.8% xenon 
and 99.2% neon, to a pressure of 0.8 to 1.0 mm. During 
the operation of the lamp this gas was circulated 
through a ballast volume of approximately 2 liters to 
avoid “cleanup” of xenon and to minimize trace im- 
purity effects. The lamp and accompanying circulating 
system are shown in Fig. 1. The lamp was run at a 
current of about 120 ma; the current was controlled 
by a 0- to 20-ohm variable resistance in the primary 
circuit of a 115- to 2000-v transformer. The lamp was 
the only load in the secondary circuit. 

Neon obtained from Airco and xenon from Linde 
Corporation were used without further purification. 
Mass spectral analysis showed the neon to be 99.9% 
pure and the xenon 99.4% pure, air and hydrogen 
being the main impurities. The gases were introduced 
into the lamp from a mercury-free vacuum system. 
Before filling the lamp system with the final mixture, 
the electrodes were cleaned by filling the lamp with 
pure neon and running the discharge until the orange 
color of neon faded away. This was repeated until the 
orange color remained for approximately an hour. 
About 7-10 repetitions were required. The color of the 
discharge with the xenon-neon mixture was at first 
orange, but soon became bluish pink. 


® This lamp was obtained from Oswald Kerber, 7920 Fourth 
Avenue, Brooklyn 9, New York. 

‘© P. Harteck and F. Oppenheimer, Z. physik. Chem. B16, 
77 (1932). 
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Fic. 1. Diagram of photolysis apparatus (water jacketing not 
shown). A, 150-cc sample vessel; B, LiF windows; C, “spacer” 
made of two standard taper joints; D, heating tape wrapped 
around this arm to provide circulation; E, electrodes. 


The lamp was fitted with a lithium fluoride window, 
and a similar window was used on the photolysis cell. 
The distance between windows was 7 mm. 
During the photolyses, methane was allowed to flow 
continuously between these windows in order to ab- 
sorb any light of 1295 A which might otherwise be 
transmitted to the photolysis cell. The methane ab- 
sorption is strongest in the region" 1200 to 1300 A, 
and falls off considerably at longer wavelengths! 
toward 1500 A. The methane, pure grade, obtained 
from the Phillips Petroleum Company, was passed 
through a 6 ft long, j-in. column of molecular sieve 
5A to remove moisture. In several experiments, 
methane emerging from the column was _ bubbled 
through a trap containing mercury. No effect was ob- 
served on the photolysis of samples, thus lending sup- 
port to the supposition that no mercury resonance 
radiation was emitted from the lamp. 

It was found that the intensity of the lamp could be 
increased about sixfold by placing a large ‘‘ horseshoe” 
magnet in a position such that the maximum field 
strength was just behind the window of the lamp. The 
particular magnet used had a maximum field strength 
of about 1700 gauss. The amount of light entering the 
photolysis cell was roughly 210" quanta/sec, as 
estimated by photolyzing gaseous carbon dioxide and 
taking the quantum yield for carbon monoxide forma- 
tion to be unity.!® Since this quantum yield may be 
inaccurate,* the estimate of the incident intensity 
must be regarded as an approximation. 


these 


Materials 


Matheson cp ethylene was first degassed at — 196°C 
then distilled from a trap at —150 to —155°C, the 


1 A. B. F. Duncan and J. P. Howe, J. Chem. Phys. 2, 851 
1934). 

2 P. G. Wilkinson and H. L. Johnston, J. Chem. Phys. 18, 
19C (1950). 

® W. Groth, Z. physik. Chem. B37, 307 (1937). 

4M. H.J. Wijnen, J. Chem. Phys. 24, 851 (1956). 
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middle § being collected. Gas, chromatographic analysis 
for impurities failed to show the presence of methane, 
acetylene, or ethane. The ethylene-dy, obtained from 
Merck and Company, was purified in a similar manner, 
the middle { being retained. Mass spectral analysis 
showed approximately one atom of hydrogen per 100 
atoms of deuterium. Butane, obtained from Matheson 
Company, and butane-d;) from Merck and Company, 
were purified by distillation at —90°C to —95°C, the 
middle { being retained. The butane contained as im- 
purities approximately 0.3% of each of ethane and iso- 
butane. The butane-dj9 contained less than 0.1% car- 
bon dioxide, 0.1% propane, and approximately 0.1% 
of what appeared to be a C; compound. The butane-d;, 
had an isotopic purity of >99%, as determined mass 
spectrometrically. 


Analysis 


Products noncondensable at —196°C were removed 
from the sample by means of a Toepler pump and 
their amounts determined by measurement in a 
McLeod gauge and by mass spectrometric analysis. 
The condensable products were separated and their 
amounts measured by gas chromatography. When 
mass spectral analysis of one of these components was 
desired, the gas emerging from the detection cell was 
collected, at the proper time, in a U tube between two 
stopcocks. After freezing out the hydrocarbon com- 
ponent, the helium was pumped away, and the hydro- 
carbon was analyzed in the mass spectrometer. For 
the separation of acetylene, ethylene, and ethane, a 
20-ft column containing about 25% by weight of 
hexadecane on firebrick was used at room temperature. 
Butane was measured either at 50°C or at room tem- 
perature, using a 10-ft column containing about 25% 
by weight of benzyl ether on firebrick. For the pho- 
tolyzed butane samples, where better separation of 
the butenes from butane was necessary, a 20-{t benzyl 
ether column at room temperature was used. For 
analysis of octane, a 6-ft column of silicone oil on fire- 
brick was used at 110°C. Sensitivity calibrations were 
obtained by analyzing known samples under the same 
experimental conditions used for the irradiated samples. 

The amount of ethylene reacting was determined by 
measuring the pressure of the gases condensible at 
—196°C both before and after the photolysis. A cor- 
rection was, of course, made for the amounts of con- 
densable gaseous products present, as determined by 
gas chromatography. The ethylene consumed was also 
determined by direct measurement, by gas chroma- 
tography, of the ethylene present after photolysis. This 
latter method was less precise, but the agreement was 
reasonably satisfactory and within experimental error. 
The values for the amount of ethylene consumed, as 
determined by the latter method, were within 10 to 
20% of the values determined by the pressure change 
method. 





PHOTOLYSIS OF 


GASEOUS 


HYDROCARBONS 


TABLE L. Isotopic composition* of hydrogen and acetylene resulting from the photolysis of 50:50 mixtures of CoHy, C2D,. 


% of total hydrogen % of total acetylene 


P (ethylene) q 
Expt. (mm) decomposition H 


41.3 49 
49 


51 
® Corrected for small amount of HD which originates intramolecularly from 


Absorption Coefficients 


In order to understand the origin of any over-all 
isotope effects which might be observed, the relative 
extinction coefficients of all four isotopic molecules 
used were measured over the range 1460 to 1480 A. 
This was necessary in order to differentiate between 
kinetic isotope effects and isotope effects in the absorp- 
tion, Which might be due to a shift in the absorption 
curve. The measurements Were carried out on a Jarrell- 
Ash vacuum monochromator using a hydrogen dis- 
charge lamp as the light source. Absorption cells, 5 cm 
in length, fitted with lithium fluoride windows were 
used. Gas samples, carefully measured in the pressure 
region 100 to 300 y, were introduced into the cell, and 
the transmission measured over the indicated wave- 
length region. 


RESULTS AND DISCUSSION 
Ethylene 


The products of the photolysis at room temperature, 
with light of 1470 A, are hydrogen, acetylene, ethane, 
and butane, along with traces of butene and hexane. 
As will be seen from the data, these products account 
for essentially all the ethylene which has reacted, 
within the fairly large experimental error (~10%) in 
the determination of that latter quantity. Unequivocal 
conclusions can be reached concerning the primary 
processes, as Well as the over-all mechanism, from the 
isotopic composition of the products and from their 
relative amounts. 

In the photolysis of an equimolar mixture of ethylene 
and ethylene-ds, the products hydrogen and acetylene 
are found to be almost completely unmixed isotopically. 
The isotopic composition of these products is shown in 
Table I. It is clear from these data that the hydrogen 
product is formed, not from free atom precursors, but 
by molecular detachment in the primary process 

C.H,* = C,H.+ Hz i, (1) 
where ¢; is the primary quantum yield. This is a con- 
clusion which one would reach on an @ priori basis as 
well, since under the conditions of the experiment, any 
hydrogen atoms formed would be expected to add to 
the ethylene giving ethyl radicals and would thus not 


2 HD 


the C2Ds, as determined by the photolysis of pure C2D4. 


result in hydrogen formation. The data bear this out. 
The data in Table I also show quite clearly that 
methylene radicals cannot be the precursor of acetylene. 

Table I1 shows the complete product spectrum ob- 
tained in the photolysis of five separate samples. Since 
there seems to be no significant dependence on pres- 
sure or extent of decomposition, the results have been 
averaged and summarized in the last column, which 
shows the amount of each product relative to hydro- 
gen. Since the ratio C.H,/H,=2, reaction (1) cannot 
account for all the acetylene. An amount of acetylene, 
equal to that formed in (1), must also be formed in 
reaction (2), which was suggested as a possibility 
many years ago by Mooney and Ludlam,” 


C.H,** = C,H,+ 2H $2, qx - <4) 


or alternatively from the disproportionation of vinyl 
radicals which would be formed if reaction (3) occurs, 


C.H.**=C.Hit+H dy, (3) 


If reactions (1) and (2) are the principal primary 
processes, as examination of the results does indeed 
show, then ¢:~¢». 

The isotopic data alone do not rule out the occurrence 
of reaction (3), since acetylene, if formed by the dis- 
proportionation of vinyl radicals, would not necessarily 
be isotopically mixed. The over-all data do, however, 
permit the firm conclusion that vinyl radicals are not 
formed to any significant extent. This is based on the 
results of a careful product analysis, which fail to show 
the presence of butadiene as a product, and on the ob- 
served extent of isotopic exchange in the ethylenes, 
which falls short of the amount to be expected from 
vinyl radical reactions. 

If reaction (3) were an important primary process, 
and the additional acetylene were to be formed not by 
reaction (2), but rather by vinyl radical dispropor- 
tionation, 


C.H3+ C,H3= *2H.+ C2Hy, (4) 


it would be expected that butadiene would also be 


formed in the association reaction 


C.H;+ CoH3= CyHe. (5) 


1 R. B. Mooney and E. B. Ludlam, Trans. Faraday Soc. 25, 442 
(1929). 
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PaBe IL. Results of ethylene photolysis* at 1470 A. 


Expt. 


Pethytene (mm) at 23°C 


Time photolyzed (min) 
Initial CoH,» 
Initial C.D, 
Final ethylene 
-Ethylene) 
A hydrogen 
B acetylene 
C ethane 
D butane 
A+C+D 
Ethane/butane 
B+C+2D 
® All experiments were carried out at about 23°C. 


b The quantities of all materials are expressed in «moles. 
© Root mean square or standard deviation. 


Average of Ist five 
columns relative to 
hydrogen = 1.00 


8 +0.4 
.00 

0140.10 
.14+0.02 
.93+0.06 
.07 +0.06 
150.02 


.O +0.2 


Data independentof this table indicate that a large decrease in intensity occurred between experiments 4 and 5. The decrease was probably caused by cloud 
ing of the lamp window, which was noticed at that time. The large decrease in rate of decomposition between experiments 4 and 5 (as well as smaller differ 


ences between other runs) should not be taken as evidence of a pressure effect. 


Studies® of free’ vinyl radicals at room temperature 
have shown that butadiene is definitely formed, along 
with acetylene, and that the association reaction ap- 
parently occurs with a probability roughly half that 
of the disproportionation reaction. Chromatographic 
analysis in the present study has failed to reveal the 
presence of any butadiene. Calibrations with buta- 
diene have shown that it would be readily detectable 
in an amount equal to only 3% of the amount of 
butane. 

If we refuse to accept this evidence alone and as- 
sume that vinyl radicals, for some reason, do not re- 
combine, but still form acetylene by disproportiona- 
tion, we may draw further substantiation from the 
degree of exchange of the isotopic ethylenes. Forma- 
tion of ethylene, in reaction (4) would lead to a sub- 
stantial amount of exchange through the interaction of 
vinyl radicals with vinyl-d; radicals. An equimolar 
mixture of ethylene and ethylene-d, has been photo- 
lyzed to the extent that 38% of the total ethylene was 
used up. It may be estimated, from the over-all mech- 
anism, that for this degree of decomposition, the 
exchange in reaction (4) should form C,D3H in an 
amount such that, at the end of the run, C,D;H/ 
C.D,=0.1. The observed amount of exchange in this 
run, corrected for the C,D;H initially present, gives 
C.D3;H/C,D,=0.022+0.003. Enough C,D;H would be 


A.W. Tickner and D. J. LeRoy, J. Chem. Phys. 19, 1247 
1951 


formed by the disproportionation of ethyl radicals to 
account for most of this exchange. 

The foregoing observations, along with the general 
material balance considerations which follow, establish 
that reactions (1) and (2), with ¢:=s, are the major 
primary processes, and that acetylene is not formed 
from viny] radical precursors. Reaction (3) occurs to a 
negligible extent, with a probability less than 1/20 of 
that of reaction (2). This conclusion lends support to the 
remarkably intuitive prediction put forth by McDonald 
and Norrish? in an early study of this system. Our 
findings cannot, however, be taken as direct confirma- 
tion of their proposal, since their studies were carried 
out with the unfiltered light from a hydrogen discharge 
lamp rather than a monochromatic source, and it may 
be expected that the ratio of the primary quantum 
yields is not independent of wavelength. It is our in- 
tention to examine the wavelength dependence in a 
future research. 

The hydrogen atoms produced in reaction (2) are 
used up in reaction with ethylene, 

H+C,Hy=C2Hs. (6) 

The ethyl radicals react principally with themselves by 
reccmbination and disproportionation, 

C,H3+ C,Hs= Caio (7) 

C;H;+ C.H;= C.Hy+ C.Hsg. (8) 


7 R. D. McDonald and R. G. W. Norrish, Proc. Roy. Soc. 
(London) A157, 480 (1936). 





PHOTOLYSIS OF GASEOUS HYDROCARBONS 


The mechanism described by reactions (1), (2), (6), 
(7), and (&) requires that the following relationship, 
among the quantum yields of the products hold, 


Po.n,= Pu ot Pe wt Poin 6 (9) 


As may be seen from the last column of Table I, the 
relative values (normalized with respect to hydrogen) 
of the left- and right-hand sides of Eq. (9) are, re- 
spectively, 2.01+0.10 and 2.07+0.06, indicating agree- 
ment well within experimental error. Material balance 
of the products in terms of ethylene used up, namely, 


P scoH a= Pont Pon Tt 2% 0 109 ( 10) 


also obtains within experimental error as may be seen 
from Table II. This indicates that no significant frac- 
tion of the ethylene (i.e., not more than 10%) is used 
to form other products. Chromatographic analysis for 
butene shows the presence of a trace of 1-butene, 
amounting to only 5% of the amount of butane, and 
thus accounting for only 2% of the ethylene consumed. 
This result is the average value obtained in four sepa- 
rate experiments in which the amcunt of 1-butene does 
not seem to show any obvious dependence on pressure 
or percent decomposition. It is difficult to make a more 
definitive statement in view of the small amount of 
this product. The 1-butene may be formed by associ- 
ation of vinyl radicals with ethyl radicals. 

There is also a trace of n-hexane formed, amounting 
in these runs to 5% of the amount of butane. This 
hexane accounts for 4% of the ethylene consumed. 
The formation of such a small amount of hexane is 
consistent with the conclusion that addition of ethy] 
radicals to ethylene is not an important process under 
the conditions of these experiments. The amounts of 
butene and hexane formed in the photolysis do not 
conflict with the stated material balance within the 
indicated limits of experimental error. 


800 





a C,H) ] 
# oF i6 


° C,0, 


e CoH, 


700 








! ! l 
1460 1470 1480 
WAVE LENGTH (A) 





Fic. 2, Absorption coefficients of CyHio, CsDio, C2Ha, and C2D, 
near 1470 A. 
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TaBLeE III. Isotopic results for the photolysis of butane at 1470 A. 








% of total hydrogen 
Total 
Material photolyzed* (mm) H, HD Dz 


0.3 





CyHio 18 99.5 
CyDio 18 

CiDio 21 3.9 

CyHio, CsD10(50:50) 6.3 

C4Hio, CsD10 (50:50) at a5 5.8 30. 
Corrected» CyHio, 


CyDio results 4.3 k% 


® The degree of decomposition was such that the ratio of hydrogen to butane 
was 0.01 to 0.02. Judging from the information on the amounts of other products, 
this is a direct measure of the degree of decomposition of the butane. 

b Results from the 50:50 mixtures averaged and corrected for HD and He 
from the C4Dyo. 


The ratio CoHe/CsHiw=0.15 is in fair agreement 
with the disproportionation/recombination ratio whieh 
has been previously observed!* in studies of ethyl radi- 
cals. However, it is clear from the detailed studies of 
Bradley, Melville, and Robb’* that this simple compari- 
son lacks significance in view of the complex de- 
pendence of this ratio upon degree of de-excitation of 
ethyl radicals, wall effects, and formation of hot ethyl 
radicals by addition of hydrogen to ethylene. At most 
of the pressures used in the present investigation, over 
half the incident light is absorbed within the first 1 to 
2 mm from the window. It is probable that all three 
factors are important under our conditions. 

There are two further observations in the foregoing 
which are noteworthy in that they indicate that the 
photoexcited states formed in the direct photolysis are 
different from that formed in the mercury photosensi- 
tized reaction. The first is that reaction (2) occurs in 
the direct photolysis, whereas it does not occur to an 
appreciable extent in the photosensitized reaction. 
The second is that there is no isotope effect in the 
direct photolysis at 1470 A. This may be seen from the 
ratios H,/D2=C2H:/C:D2=1 in Table I. The meas- 
ured extinction coefficients for ethylene and ethylene-d, 
shown in Fig. 2 are approximately equal. Thus there is 
no kinetic isotope effect. In the photosensitized reac- 
tion,® on the other hand, there is an isotope effect of 
approximately 1.5 at a pressure of 20 to 25 mm. The 
lack of an isotope effect is also consistent with the 
conclusion that vinyl radical disproportionation does 
not play a part in acetylene formation. Vinyl radical 
disproportionation would be expected to show an iso- 
tope effect, judging from that normally observed in 
hydrogen abstraction reactions, which would lead to 
C,H2/C,D2>1. 

18K. O. Kutschke, M. H. J. Wijnen, and E. W. R. Steacie, J. 
Am. Chem. Soc. 74, 714 (1952). 


1 J. N. Bradley, H. W. Melville, and J. C. Robb, Proc. Roy. 
Soc. (London) A236, 318 (1956). 
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The photolysis of butane was carried out principally 
to determine the importance of molecular detachment 
of hydrogen in the case of this saturated hydrocarbon. 
The result is also of interest in connection with studies 
of the radiolysis of butane where molecuar detachment 
of hydrogen is found”’*! to be an important process. 

The system butane: butane-d,) was photolyzed, and 
the isotopic composition of the hydrogen formed was 
determined. In addition, the formation of the following 
products in the photolysis of CgHio was established: 
CHy4, CoH», CoH, CoHe, CsHe, CsHs, isomeric CyHs, a Cs 
compound and CsHj,s. No extensive quantitative study 
of the amounts of’these products was carried out, but a 
reliable estimate of the relative amounts was obtained. 

The results of the isotopic analyses of the hydrogen 
are shown in Table III. At the degree of decomposition 
(approx 1 to 2%) of the present experiments the 
hydrogen consists almost exclusively of the unmixed 
molecules. The very small amount of HD formed 
establishes that over 90% of the hydrogen originated 
not from free H-atom precursors, but from a molecular 
detachment in the primary process 


C4Hi9* = C4Hg+ He. (11) 


This process was suggested by Kemula and Dyduszyn- 
ski* in the photolysis of butane at 1849 A, 

We may.state further, on the basis of the relative 
amounts of products observed and the lack of a pres- 
sure change, that reaction (11) is, in fact, a major 
primary process. From the results of several runs, we 
have the following information: (a) The amounts of 
the various products, relative to H,=1.00, are CHy= 
0.07, C;H,=0.1, C.H,=0.05, C,Hg=0.2, C;H,=0.07, 
C3;Hs=0.03, CsHg=0.3, C; to C7~0.3 and CsH,g=0.2. 
It should be noted that the accuracy of these results 
does not exceed the indicated single significant digit. 
(b) After removal of Hy and CH, from a photolyzed 
sample the pressure of the residue was found to be un- 


20R. A. Back, J. Phys. Chem. 64, 124 (1960). 

*1'L. M. Dorfman (unpublished). 

2W. Kemula and A. Dyduszynski, 
423-430 (1937). 
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changed, within 1%, trom that of the initial butane. 
Hence, no substantial amount of polymerization could 
have occurred. 

Reaction (11) may not be the only primary process, 
and it is possible that hydrogen atoms are also formed 
in the primary process in reactions such as the forma- 
tion of butyl radicals. This is supported by the fact 
that octane is found as a product; and by the observa- 
tion that the amount of butene is considerably de- 
ficient with respect to the hydrogen. This may result 
from the addition of hydrogen atoms to the butene. 
Back’ has shown that such self-scavenging occurs in 
alkane systems except at very low extent of decom- 
position. 

The corrected isotopic distribution in Table HI 
shows the ratio H:,/D.,=1.8. This over-all isotope 
effect is not a kinetic isotope effect, but is accounted 
for by the difference in the absorption coefficients, at 
1470 A, of butane and butane-di9. As may be seen in 
Fig. 2, the extent of the isotope shift in the absorption 
curves of the butanes is such that butane absorbs 1.6 
times more strongly at this wavelength. 


CONCLUSION 


The foregoing studies have shown that molecular de- 
tachments are primary processes of major importance 
in the photolysis of ethylene and butane in the vacuum 
uv. This by no means establishes, but does suggest, 
that such reactions may occur generally in the vacuum 
uv photolysis of gaseous hydrocarbons. 

The result is also of interest with respect to the 
radiolysis of these compounds. If the same electronic 
states of these molecules were formed in the radiolysis, 
say by electron impact excitation, then the possibility 
exists that they may contribute to the observed 
molecular detachment yields in the radiation decom- 
position. 
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The dependence of (r?) on the number of links in a random flight chain is calculated for an arbitrary 
number of dimensions from generalizations of the treatments of James and Fixman. The results are com- 
pared with those from other approaches. The extension of the James theory to include second-order correc- 


tions is briefly discussed. 


INTRODUCTION 


CONSIDERABLE number of theoretical investi- 

gations of the excluded volume effect in linear 
polymer chains have been concerned with the de- 
pendence of the mean-square end-to-end extension on 
the number of links in the chain. While applications of 
the theories are restricted to the three-dimensional case, 
a number of studies have considered the problem in 
other dimensionalities. 

Using a two-dimensional lattice model for a chain of 
{links with / large, Montroll' concluded that the exten- 
sion (r°) is proportional to ¢. Wall,’ using a similar 
model, found that in two dimensions (r*) is propor- 
tional to a power of ¢ higher than the first and that it is 
proportional to ¢ in three or more dimensions. Using a 
random-walk model, Rubin* was able to establish that 
the upper bounds on (r?) are proportional to ?, @, ¢ Iné 
and / in two, three, four, and five or more dimensions, 
respectively. More recently, from the analogy of the 
problem of random flights to Brownian motion, Rubin‘ 
found that (r?) becomes proportional to a power of / 
higher than the first in two dimensions and propor- 
tional to / in four or more dimensions. Hermans et al.°. 
found that (r*) is proportional to / In/ in two dimen- 
sions and to ¢ in three dimensions. However, their 
analysis was invalidated by James’ who along with 
Fixman® and Grimley® calculated that (7?) is pro- 
portional to / in three dimensions, a result which is 
now generally considered to be correct. 

It is the purpose of this paper to generalize the 
methods used by James and Fixman to an arbitrary 
number of dimensions and to compare the results. 
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Structure of Matter sponsored by the Advanced Research Pro- 
jects Agency. 

} National Science Foundation Cooperative Graduate Fellow. 
Present address: National Science Foundation Postdoctoral 
Fellow, Department of Chemistry, Cornell University, Ithaca, 
New York. 

1 E. Montroll, J. Chem. Phys. 18, 734 (1950). 

2F. T. Wall, J. Chem. Phys. 21, 1914 (1953). 

3R. J. Rubin, J. Chem. Phys. 20, 1940 (1952). 

*R. J. Rubin, J. Chem. Phys. 21, 2073 (1953). 

5 J. J. Hermans, M.S. Klamkin, and R. Ullman, J. Chem. Phys. 
20, 1360 (1952). 

6 J. J. Hermans and R. Ullman, J. Polymer Sci. 10, 559 (1953). 

7H. M. James, J. Chem. Phys. 21, 1628 (1953). 

8M. Fixman, J. Chem. Phys. 23, 1656 (1955). 

9T. B. Grimley, J. Chem. Phys. 21, 185 (1953). 


The notation used by James will be followed as closely 
as possible. 


GENERALIZATION OF THE JAMES THEORY 


The model used is that of a freely rotating, freely 
jointed chain of ¢ dimensionless links and ‘+1 small 
impenetrable beads of excluded volume 2, in which the 
distances between adjacent beads are assumed to 
conform to a Gaussian distribution. 

If Pmn is the small probability proportional to 2 that 
configurations of the chain are excluded by the overlap 
of the mth and nth beads, then the total reduction in 
the relative number of chain configurations for a fixed 
end-to-end distance r will be given by 

p(t, 4) =] (1-2 Pn). 
m n<m 


Since Pn» is very small, the expression can be rewritten 
as 


t m—1 
p(t, r) = exp(— >> 2 Ps). (1) 

m=1 n=0 
The expression f,(/, r) and f,°(¢, r) may be defined 
as the appropriate Gaussian distribution functions with 
and without volume exclusion, respectively, for a chain 
in a qg-dimensional space. In a g-dimensional space 
p(t, r) is written as p(t, r). Then it follows that 


Salt, ¥) =pe(t, r) f(t, r). Also the expression given by 


James for Pn» may be generalized to 


Pusft 


frown, Tn) fg (m—n, O) fo (t—m, r—1,,) dT, 








ike rn) feo (m—n, Pn—T yr) fe(lL—m, L—Ln)dt dtp 


(2) 


The quantity of interest, the mean-square extension 
will then be 


rad= [rfl yar / fiat r)dr. (3) 


In order to proceed, it is necessary to formulate a 
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g-dimensional Gaussian distribution function. It is 
assumed that the distribution along the ith coordinate, 
fi°(X;), depends only on X; and not on X; for i¥j. 
This assumption will be valid if the number of links / 
is large and if all X <<#l where / is the rms link length. 

Assuming that the direction in space of a given step of 
length / is random, the component in any given direc- 
tion will be the projection in that direction, / cos@. 
Then (7) may be obtained by integrating over the 
surface of a g-dimensional sphere with a volume 
element 


dr=rt" sin? sin? *¢;: + 


where 0<r<a 
O<gg-2<S 2m. 
O<rs%; 


-singg_sdrdédq,: + 


- 0<0<2; 0<¢:<z, i=1, 2, 
ee the pd 


x dy-2, 


**q—3; 


case g=2, where 


0<@< 272. The distribution function becomes 


tHe) (82) 


fot, X1, Xo, + 


Using 


and setting /=1, the result can be written 
fe(t, X1, X2-++Xq) =( 


It can further be shown that Q,, the result of inte- 
grating over the ¢,, is 


% =2e[ (q—1) /2VTE(g—1)/2)). 


Utilizing these results, the numerator N in (2) becomes 
for q>3, 


2n[_(g—1)/ 


_{ gt—(m—n)] 
ioe f 2n(t—m) 


xf sin? acs 


The integral over 6 in this expression may be rewritten 


as 
D 2k 4/2 
grr m P ? : 
7. ("= kt sin? 6 cos**6d6, 
mm \'—m 0 


where the interchange of sum and integral is justifiable 
by uniform convergence. 

After integration and application of Legendre’s 
duplication formula, the numerator becomes 


N =2n4[(g—1)/2] 


gr? es gr ah 1 
- — | kt 
|t|-4| I'L (q/2) +e] 


x | “rate exp|—! 


q/2mt)*!* exp(—gr?/2t). (5) 


Tm” dre 


{grr = oth 0. (6) 


—m 


xexn| = 


[t—(m—n) |rm? 


dtm, 
2n(t—m) 
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where again, the interchange of sum and integral is 
justifiable, this time by virtue of Dini’s conditions. 
Integrating and writing the resultant sum in closed 
form yields 
qnr’ 


S) ah ile 
( Ea rom 2 (—m) 2 2(t—m)[t—(m—n) | 
N= i mo 


E (m— n) | 2 
q 2n(t—m) 
(7) 


Using similar considerations, the denominator D in 
(2) can be written 


D=[(q—-1) /2}Pe iF 








4n(m—n) (t—m) [ 2 
gl 


r mr 
ee _ (8) 
2t(t—m) 


2(t—m) 
becomes 


ee ae 
ner a(g/a)™ ‘Lua : | 
g(t—7) 


q-i1r j=1 


xexp| - mie |. (9) 


where the sum over j has replaced the double sum over 
m and n, since P», depends only on (m—n). The 
factor (‘—j), or more strictly (‘—j+1), arises from the 
fact that there are (‘—j+1) jth neighbors. 

The appropriate distribution function for the calcu- 
lation of (r,”) is, therefore, for g> 3, 


xexp| — 
Combining these results, Eq. (1) 


p(t, T) = exp| 


/ 


falt, 8) =pa(t, ©) (g/2mt)*? exp(—gr’/2t), (10) 


where p,(/, r) is given by (9). 

The form of this distribution function is such that 
the direct calculation of (r,?) is not feasible. Neverthe- 
less, it is possible to deduce from it the r dependence 
on ¢ by the following considerations. 

Replacing the sum in (9) by an integral (J) and 
changing the variable of integration by the substitution 
u=j/(t—7), one obtains 


1 ‘ (i+u)r% 
| og — exp(—gr'u/2t) du. 
l 


~~ 4(q/2)—2 F 
tv it Th 


Setting 7=/“~*/, and differentiating, it can be shown 
that within an error of less than 1/¢ 


‘(+a)e% 


97/4 — (ny? /J 2 pans acl Ae 
d1,/dt= (qr?/2P) a 


exp(—gr'u/2t)du 


1/t 
+49) exp(—gr?/2F). 

Similarly, 
‘ (1+) 


01,/dr= —(q/ ae 7 (ala exp(—gr’u/2t)du 
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and 
(01,/dt) + (r/2t) (d1;/dr) =t9?— exp(—gr/2P). 


The exponential in the preceding equation may be 
replaced by unity for all values of g except g=4, since /; 
is multiplied by the factor 2-“ to obtain the quantity 
of interest J. Were it not for this factor, it would be 
necessary to retain more and more terms in the expan- 
sion as g increased in order to obtain an approximation 
valid for r of the order of . Therefore, the partial 
differential equations can be rewritten as 


(a1,/at) + (r/2t) (al,/ar) =19-2; g>3, 9X4 
(A1,/dt) + (r/2t) (1,/dr) =1— (2r°/P) ; 


q=4. (11) 


Following the method of Lagrange, the general 


solutions of (11) may be written for g>3, with /; 
converted to J; 


T= {t/[(q/2) —1]}+ (1/10) ga (r/t) ; 
T=t+-g4(r/) — (2rlnt/t) ; 


q=3, q#4 


g=4, (12) 
where g,(r/f) is an arbitrary function of its argument 
r/B. 

At this point, the analysis for the case g=2 can be 
brought to the same stage of development. The nu- 
merator in (2) becomes 

| 


oe t—(m—n) Vn’ 
N=2 en(-— )f Ton exp| _t ——- \ ty 
t—m]Jo n(t—m) | 


1» COSO 
Xexp| - de. 
t—m 


The @ integration yields a zero-order Bessel function of 
the first kind and 


r? © 
N =2x exp| —-—— Yn 
t—m/Jo 


[¢—(m—n) }rm*| 
Xexp; — >I 
n(t—m) | 
Finally, the integration over r,, results in the expression 
an(t—m) 2 
= opp ta — 7 
[t(—(m—n)]| (t—m) (t—m)|t—(m—n)| 
(13) 
Similarly, it can be shown that 
rn(m—n) (t—m) r 
D= \ exp| - 


mr” 
l (t—m) t(t—m) | 


For this case, Eq. (1) now becomes 
7 < ir 
(t, r) =ex -{" 1 ex |- — A 
: alld OS 


and following the same procedure that led to Eq. 


leads finally to 
T=t \nt+lgo(r/t). 
Introducing Eqs. (12) and (16) into (9), (10), and 
(3), and making the substitution w=r/f, the mean- 


square extensions can conveniently be expressed in the 
following relations: 


/ {ue exp] — "+ 0,0) | a 
0 - 
/ {ur exp] —2 + 0,g(0) | a 
0 J — 


i uw’ expl —2u?(1+ O40 Int) +O4g4(u) |} du 
0 


(16) 





(rq? )=l ; q#4 


fer ee See ee 


’ 


/ {u® exp —2u?(14+ Oy Int) + Oxga (a) |} 


0 
g=4, (17) 
where 


0,= —[20/(q—1) (4) (g/2) 27 @) 4; g>3, 


and 


O» = —vt/x. 


This generalized g-dimensional expression for (r,”) 
will be analyzed in a later section. 


GENERALIZATION OF THE FIXMAN THEORY 


Fixman, using a perturbation method analogous to 
that used in the Ursell-Mayer theory of imperfect 
gases, has calculated (7;?) to second order in v. Formu- 
lating his method in g dimensions proceeds in a straight- 
forward manner and one can write to first order in 2, 


(r@2)=t+ut >, >> Pa(Omn) DD frre, Omn) dr. 


(18) 


In order to evaluate the P functions in his expressions 
Fixman generalized a derivation given by Wang and 
Uhlenbeck” to obtain the simultaneous probability 
distribution of s vectors in three dimensions. Further 
generalizing the Wang-Uhlenbeck-Fixman theorem, one 
obtains 





owen" N\aa} (m—n)Lt= (m—n) }? 


9 


gr 


exp) Hi tcnal (19) 


0M. C. Wang and G. E. Uhlenbeck, Revs. Modern Phys. 17, 
323 (1945). 
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and 


a/2 (g—1) 
Pe (Gun w= [Pl (r, Onn) dr= (2) \d 
Qa] 2r's-) 


2(m—n)4!? 


In addition, 


g \2? (q—1) 
frre r, On,)ar=(4) d d 
7 eo 


x| t 1 (21) 
(m—n)2 (m—n) @l2)- J 
Substituting Eqs. (20) and (21) in Eq. ( 


q/2(g—1)z1 
(ray=t+(4) q 
LT 


)/2 
and 


18) leads to 


eT ones (22) 


2 4-9) 12 (m—n) /2)—1 


r2\=I+ >>> (0/z). 


m>n 


These expressions may now be compared with those 


obtained previously. 
DISCUSSION 


The ¢ dependence of (r,?) can be formulated by 
rewriting Eqs. (17) in an expansion to the first order 
in v (or 0,). Then 


/ (ut — 
0 


/ ut exp(—qu?/2)du 


0 


u%*1) ¢(u) exp(—qu? 














| 


(24) 





qA4, 


where 0’,= (0,/v)/“/”-* and where v is assumed to be 
sufficiently small for the expansion to hold. Since the 
integrals in the brackets are independent of ¢, the 
expressions can be written with similar arguments for 
(re); 
(r= (1+ Cot); 
(rq?) =t(1+ Cy Int) ; 


q#4 


qg=4, Inf>1. (25) 


It can be shown that the evaluation of the C, in (25) 
is difficult except for the case g=3, which of course 
gives the James result. The reason for this is evident 
upon inspection of the integral expression for J. Inte- 
grating by parts as often as is necessary, 
mately left with the integral 


one is ulti- 


t 
if (1/u) exp(—gr'u/2t) du 
i/t 
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when g is even. When q is odd the procedure yields the 
integral 


t 
/ 1/1 exp(—gru/2t)du 
it 


which, for large ¢, is effectively (24/q)*4/r. Except for 
g=3, the expressions are intractable for calculating the 
coefficients in the equation for (7,7) except by numerical 
methods. For g=5, one obtains, 
gs(r/th) = (29/5)3(/r—10r/84+-25r°/323). 

Evaluation of Eqs. (22) and (23) proceeds much 
more directly however, resulting in the following ¢ de- 
pendencies of (r,?), including Fixman’s result for g=3 
and reinserting /: 


(r?) =tP[1 + ( 


(rs?) = 


v/2m) (1/P) J; Poe 
(P01 + (2/m) (3/29)! (vA /P) J; 

2) =/P(1+(3 
(re?) =1PL1+ (5 


(rq?) =(P[1+0(t-*) ]; 


L>1 


2r)}(2/m)?(v Int/I*) J; Inf>1 


/2w)>!2(4/m) (v/E) ]: B>1 


a>0, q2=6, {>1. 

There is, then, essential agreement between the two 
procedures. Rubin’s’ upper bound for (r,°) agrees with 
the results calculated using the James and Fixman 
approaches. 

One further aspect of James’ procedure is worth 
considering. As noted previously, Fixman obtained an 
expression for (r;?) to second order in v. To obtain a 
second-order expression using James’ procedure, one 
has for p(, r), 


—LD Punt 2D LL Pan} 


n<m min<mm n 


— DDD Pmt DPD De Prine Ly Pada De Prt 


l<n<m <l<n<m k<l<n<m 


— DDD Point, 


<l<n<m 


p(t, r) =exp| 


(26) 


where, for example, Pmn,y is the probability for the 
simultaneous overlap of the mth and nth beads and of 
the /th and &th beads. The first term in the exponential 
of Eq. (26) has already been discussed; the second and 
third terms, being of order 1/f of any of the remaining 
three terms, may be neglected. The expressions for 
and Prin, appear in the Appendix. 
Unfortunately the summations (or integrations) over 
the various second-order P terms appear intractable 
except be machine methods. It is conceivable that in 
other dimensionalities the integrations could be per- 
formed. At any rate, it is not unreasonable to expect 
that the second-order result for (r;?) using James 
approach would agree with that obtained by Fixman. 
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APPENDIX 


The expression for (Pin,u/v?) equals 
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Similarly (Pmi,nt/v”) is 
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and (Pmt,nk 0) is 
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A theoretical analysis is made of the rate of intramolecular transfer of the odd electron between the two 
phenyl groups in the mononegative ions of the a,w-diphenyalkanes, ¢—(CH2),—@. The essential features 
of the calculations are: (a) It is shown that the polymethylene chain can be replaced by a pseudopotential 
corresponding to an effective direct transfer between the rings. (b) There is a strong tendency for self-trap- 
ping of the odd electron on one pheny] ring, or the other, due to solvent polarization and bond distortions 
in the rings. This self-trapping greatly reduces the rate of intramolecular charge transfer. (c) The intra- 
molecular charge transfer occurs as an electronic resonance effect when a short-lived thermally activated 
molecular state is formed in which the two rings appear to the odd electron to be equivalent to one another. 
The activation energy is estimated to be of the order of 1000 cm™. (d) It is found that the rate of intra- 
molecular charge transfer decreases exponentially with the length of the polymethylene chain, the decrease 
being as much or more than a factor of ten for each added methylene group. 


INTRODUCTION 


HE purpose of this paper is to discuss the para- 

magnetic resonance spectra of the mononegative 
ions of the aw-diphenylalkanes (I) and related 
radicals. Spectra of radicals related to I have been 
observed by Weissman,! 


and by Voevodskii, Solodovnikov, and Chibrikin.’ 
These spectra provide information on the rate of intra- 
molecular charge transfer between two phenyl rings. 
Although the complete series I has not yet been studied 
as a function of the chain length , the data on closely 
related molecules strongly indicate that when n<1, 2 
the rate of odd-electron charge transfer between the 
two rings is fast compared to the o-proton hyperfine 
splittings (~107 sec'), when n>2 this rate is less 
than the hyperfine splittings. The experimental ob- 
servations are summarized in the next section. 

Strictly speaking, the paramagnetic resonance spectra 
of radicals of type I measure the rate at which spin 
magnetization is transferred back and forth between 
the two benzene rings. It is clear, however, that this 
rate is essentially identical to the rate of the intra- 

* Sponsored by the U. S. Public Health Service, by the Na 
tional Science Foundation, and by the Office of Ordnance Re- 
search, U.S. Army. 

+ Alfred P. Sloan Fellow. 
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molecular charge transfer process. The present problem 
is to be contrasted with previous experimental** and 
theoretical> studies of the rate of spin exchange in 
large biradicals, where there is no concomitant intra- 
molecular charge transfer associated with the spin 
exchange or transfer between the two halves of the 
biradical. In the present work we find a coupling of 
electronic and nuclear motions that tends to reduce 
the rate of intramolecular charge (and spin) transfer 
between the two aromatic rings in radicals of type I. 
No comparable effect of nuclear motions on the rate of 
spin exchange in biradicals is evident. 


SUMMARY OF THE EXPERIMENTAL DATA 


Weissman® has reported that the paramagnetic 
resonance spectra of the negative ions of toluene and 
p-xylene are quintets with o-proton hyperfine splittings 
equal to approximately five gauss in each case. (Split- 
tings of four gauss are reported by Voevodskii et al.’) 
This indicates that the z-electron spin densities on the 
ortho and meta carbon atoms are in the range 0.18-0.22. 
Similar spin density distributions have been reported 
in a number of other monosubstituted benzenes by 
Voevodskii et al.? These results are most easily under- 
stood if in the one z-electron approximation the odd 
electron is placed in that real member ¢ of the é2, 
degenerate molecular z-orbitals of benzene that is 
antisymmetric to reflection in the plane (perpendicular 
to the aromatic ring) that “contains” the substituent 
groups.® This orbital yields densities of 0.25 on the 
aromatic carbon atoms ortho and meta to the sub- 
stituent groups, and zero elsewhere. Experimentally we 
know that this theoretical spin distribution is only a 
rough first approximation since the “observed” spin 
densities on the ortho and meta carbon atoms typically 
sum to something less than one, and additional smaller 
hyperfine splittings due to the substituent groups 
themselves are resolved in some cases.” 
~°H. M. McConnell, J. Chem. Phys. 33, 115 (1960). 


6T. R. Tuttle and S. I. Weissman, J. Am. Chem. Soc. 80, 5342 
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Voevodskii, Solodovnikov, and Chibrikin? have 
reported that the paramagnetic resonance of I with 
n= 2 shows nine principal hyperfine lines with splittings 
of 2.5 gauss, roughly one-half the splittings reported 
by these authors for the mono and para disubstituted 
benzenes. As these authors pointed out, this spectrum 
implies that the odd electron is transferred back and 
forth between the two rings with an average frequency 
that is large compared to the hyperfine splittings 
observed in the mono and disubstituted benzene ring 
(~10" sec-'). In later unpublished work, Voevodskii 
and Solodovnikov’ have found that the negative ions of 
the following molecules give five-line slow-transfer 
spectra: 


Cc SO aan re — om ie 2 H, 


CoH, ) 


CH 
| 2 


t 
CHS 


As Voevodskii has indicated’ this suggests that for the 
series I, n<1, 2 will yield fast-transfer spectra, and 
n> 2 will yield slow transfer. 

These results and conclusions are in complete accord 
with the earlier work of Weissman! on the resonance 
spectra of the negative ions of the paracyclophanes II. 
Weissman finds five-line slow-transfer spectra when 
m, m’>3, and nine-line fast-transfer spectra when m 
or m’<2., 


(c H,) 


C4), 


CHARGE RESONANCE ENERGY 


To begin with, let us neglect the coupling of elec- 
tronic and nuclear motions and consider a rigid nuclear 
configuration for I in which, for simplicity, all the 
carbon nuclei are assumed to lie in a single plane. 
When 1 is even, we assume the molecule to have a 
center of symmetry, and when 1 is odd we assume that 
the molecule has a plane of symmetry perpendicular 


7V. V. Voevodskii (private communication). 


TRANSFER IN AROMATIC FREE 


RADICALS 509 
to the plane of the carbon nuclei, and passing through 
the central CH: group. As a first approximation the 
electronic ground state may be regarded as twofold 
degenerate; the odd electron may be placed in the 
empty 7m orbital @ on the left-hand phenyl group 
in I with energy £;,’, or it may be placed in the empty 
m orbital ¢, on the right-hand phenyl group in I with 
energy E,°. Here E,)=E,2=0. From these states we 
may form two new states 


&,=27(¢:+¢,) (1) 
,= 27 (¢:—¢,). (2) 


We assume that the two phenyl groups are sufficiently 
far apart that all direct Hamiltonian matrix elements of 
the form (¢:| 5 | ¢,) are negligible, 


(dr | | b,)~0. (3) 
With this approximation, 
(@, | 1 | b,) = (b, | I | &,) =0. (4) 


The two states ®, and &, will in general interact differ- 
ently with virtual excited states y, involving the 
methylene bridge, and this degeneracy of these two 
states is thereby removed. The corresponding energy 
gap g can be estimated using perturbation theory, as 
indicated below. 

There exists one extremely simple set of states yx 
that leads to a finite energy gap. Consider V=n-+2 3d 
atomic orbitals, where » is the number of methylene 
groups in I. One each of two 3d atomic orbitals is 
centered on one each of the two aromatic carbon atoms 
that are directly bonded to the methylene chain in I. 
The orbital centered on the left-hand ring d; is chosen 
to have the same symmetry properties as ¢; relative 
to the two (approximate) local symmetry planes to 
which ¢; is antisymmetric. That is, ¢; is antisymmetric 
to the plane of the aromatic carbon atoms, and ¢; is 
also antisymmetric to a plane perpendicular to the 
plane of the carbon atoms, and passing through the 
para aromatic carbon atom. The orbital d, is likewise 
antisymmetric to these symmetry planes. The orbital 
dn42 is situated similarly on the right-hand phenyl 
ring, and has the same symmetry properties as does ¢,. 
One each of the 2 3d orbitals do, d3, +++, dn4, is centered 
on the methylene carbon atoms. For simplicity all of 
these n+2 orbitals are assumed to be equivalent to 
one another. A set of virtual states based on these 


orbitals is 
=N 
Vv; = SCA (3) 
= 


Ci=[2/(N+1) } sin[gjx/(N+1) ], (6) 


where V=n-+2 is the number of elements (3d orbitals) 
in the chain. The energies W; corresponding to the 





510 HARDEN M. 


states ; are 
W,=D+6 
€;=2t cosl jx/(N+1) ] 
t= (dg | H | day); 


(7) 
(8) 
(9) 
D is the energy required to remove the odd electron 
from ¢; or ¢, and place it in a single noninteracting 3d 
orbital. The energies of the lowest symmetric and 
antisymmetric states are, to second order 


E,=— 0 (D+6)— | (& | 3¢ | ¥,) |? 

=— Lo (D+6)7| (¢ |e] ¥s) P 
— Do (D+e) (gr | 5 | Ws) (Yi | HC | du) (10) 

E,=— >> (D+6)—| (6 | K| ¥;) P 


+35 (D+e6) “(| | ys) (Yi | HC]. (AN) 
J 
Here 5 is an effective Hartree-Fock Hamiltonian for 
the odd electron. The above matrix elements are readily 
approximated as follows: 
(gr | H | Yj) =CYT 
(dr | H | $j) =Cy’?T 
T= (g1| KH | d,) = (| KH | dy). (14) 


Therefore, 


E,=— T?))(D+6)-“(Cyv)? (15) 
3 


—T?> (D+6)"CyCni 
3 


E,= —T?). (D+6)-(Cy)? 
3 


+T?)°(D+6)"CyvCyi. (16) 
j 


FE, is 


g=—2T*?)) (D+6)7CyCwi. 
=] 


The energy gap g= E,— 
(17) 


If we make the very plausible assumption that 
| ¢;| <D, then each term in the summation can be 
expanded in powers of (¢;/D). When this is done the 
summation on j can be made for each term of the power 
series, and when the largest nonzero term is retained, 
one obtains 


g=— (2T*/D) (—t/D)X-. (18) 


Up to this point the present calculation is mathe- 
matically similar to that used previously ta; estimate 
ground-state singlet-triplet splittings in large biradicals.® 
The present calculation of the energy gap g suffers 
from two difficulties. On the one hand, @ priori theo- 
retical estimates of t, 7, and D are of course extremely 
difficult. It is plausible that t and T are in the range 
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0.1-1.0 ev. This puts g in the order-of-magnitude 
range 10~" to 10-°4— ev (10-4 to 10-24 +8 em) when 
D=10 ev. But on the other hand, the set of virtual 
states’ based on 3d orbitals may not make the largest 
contribution to the energy gap. For example, states in 
which the methylene chain is ionized, 


+ 
(CH,)——CH,—(CH;) — 


might make a larger contribution since here the de- 
generacy is removed primarily by the motion of an 
electron in a positive potential field. However, a rather 
detailed examination of this and other two-electron 
virtual states by the author did not indicate that any 
of these were obviously more effective than the 3d-state 
process treated above. In any event, one expects an 
exponential dependence of g on chain length similar to 
that given in Eq. (18), irrespective of which particular 
states are most effective in removing the degeneracy. 

If the nuclear framework is regarded as being rigid 
and solvent effects are neglected, then it follows that 
an electron placed in the left-hand orbital at time t=0 
will appear in the right-hand orbital at a time t= 
h\ g|~' later. For | g|=10~-" or 10~*—' ev, these times 
are 10‘—% or 10°%—" sec, respectively. Later we shall 
see that this charge-transfer frequency is greatly 
reduced by perturbations that make the two phenyl 
rings nonequivalent, especially solvent effects and 
distortions of the nuclear framework of the two benzene 
rings. 

PSEUDOPOTENTIAL P 


For purposes of discussion it is sometimes par- 
ticularly convenient to imagine that the energy gap g 
arises from a direct interaction between the two orbitals 
¢ and ¢,, rather than an interaction that proceeds 
through the set of NV virtual states y. To this end we 
imagine that the chain of n= V—2 methylene groups in 
I is replaced by a pseudopotential P. That is, the 
Hartree-Fock Hamiltonian for the odd electron in I is 
replaced by a Hartree-Fock Hamiltonian 3 for the 
odd electron moving in the phenyl rings in orbits 
¢: and ¢,, plus the pseudopotential P, 

Hot P. (19) 


The pseudopotential is defined so that the states ®, 
and #, given in Eqs. (1) and (2) are no longer de- 
generate but are split by an energy g equal to that 
given in Eq. (18). It is assumed that 


(¢:| P| $1) =(¢,| P| dr) =0 
(g:| P| br) =38 

(1 | Ho | dr) = (Gr | Ho | o-) =0 
(G1 | Ho | gr) =0. 


(20) 
(21) 
(22) 
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Thus, for the Hamiltonian +P the energies of the 
states ®, and ®, are E,= —}g, E,=4g. As we shall see 
in the following discussions, the notion of the pseudo- 
potential is convenient when the Hamiltonian 3C)+ P 
together with only two variational wave functions @; and 
¢, can account for the important properties of the mole- 
cules I when these molecules are subject to perturba- 
tions that make the two phenyl groups nonequivalent. 
Let V be the perturbation corresponding to a potential 
acting on the odd electron that makes the two phenyl 
groups nonequivalent. This potential might arise 
because the molecule has a nuclear configuration in 
which the two phenyl groups are not equivalent, or 
from the bond stretching and solvent effects discussed 
in the next section. In any event we consider a potential 
V with the matrix elements 


(g:| V | di) =Vi 

(or | 

(¢:| V |) =0 
Vik V,. 


V | o;) i V, 


Under these circumstances the secular equation for the 
total Hamiltonian 3@)>+ P+ V is simply 


|Vi-E 


(27) 
| 38 


F,=3(VitV,)+3L(Vi-V,)* +" }. (28) 


The two corresponding “pseudo wave functions” are: 
¥,=sind®,+ cosd®, 
=sinydi+cosy¢,; 
y=0+1/4 
y_= cos, —sind®, 
= cosygi— siny6, 


tan20= (V,—Vi)g. (31) 
The above calculation is of value if, and only if, the 
spin and excess charge distribution in molecules I is 
essentially | y, |*, or | ~—|? when these molecules are 
subjected to the perturbation V. The adequacy of the 
pseudopotential approximation can be established by 
showing that the two roots of secular Eq. (27) are the 
same as the two lowest roots of the (V+2) x (V+2) 
secular equation based on the Hamiltonian 3+ V and 
the V+2 one electron functions qi, ¢,, ¥x. This secular 
equation is of course equivalent to the (V+2) X (V+2) 
secular equation shown below that is based on the 
Hamiltonian 3+V and the N+2 one-electron func- 
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tions $1, ¢r, dq; 
Vi—E T 


T D—£E 











=, (32) 


Fortunately, the solutions of this type of secular equa- 
tion have been studied in great detail by Herzfeld.* 
When t=7, Vi=V,=0, and | t/D|«1, Herzfeld ob- 
tains a result identical to that given in Eq. (18) to 
order (t/D)%. [Herzfeld does not obtain the sign 
alternation indicated in Eq. (18) since his work is only 
concerned with odd integral values for V.] For the case 
that VixV,, Eqs. (44), (45), (45’), and (46) of 
Herzfeld’s paper reduce to the pseudopotential ener- 
gies given in Eq. (28) providing V; and V, are very 
small relative to D. This is the case when the difference 
between (D—V,)*, (D—V,)%, and D* is negligible, 
and this occurs when NV | V,/D|, N | V,/D|<1. This 
conclusion regarding the adequacy of the pseudo- 
potential approximation can also be arrived at by a 
second-order perturbation calculation similar to that 
exhibited in Eqs. (10)—(16), except that the zero-order 
functions are taken to be of the form sin@®,+cos6®,, 
cosé®,—sin@®,. In this case one arrives at the pseudo- 
potential energy expression Eq. (28) when the @ de- 
pendence of the energy denominators is negligible, and 
this in turn leads to the conditions enumerated above. 
For Vi, V, of the order of as much as 1500 cm“, 
N=3-—6, and D™10 ev, all of the conditions required 
for the pseudopotential approximation are easily met. 


SELF-TRAPPING OF THE ODD ELECTRON 


When an electron moves through a molecule or solid, 
there is a tendency for the nuclear motions to be 
correlated with the electronic motion. This correlation 
represents a breakdown of the Born-Oppenheimer ap- 
proximation and may be anticipated to be important 
in systems whose electronic states are degenerate, or 
nearly degenerate. This tendency of the nuclear 
motions to follow the electronic motions may be 
referred to as a “self-trapping” since the electronic 
mobility is reduced by this effect. The “‘self-trapped”’ 
electron in a conduction band in an ionic crystal is 


8K. F. Herzfeld, J. Chem. Phys. 10, 508 (1942). 
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referred to as a polaron.’ The coupling of z-electronic 
motions and nuclear motions in orbitally degenerate 
aromatic ions has also been investigated." The con- 
figurational instability of long odd-alternant polyene 
radicals is predicted'” to lead to self-trapping effects 
although no “permanent” traps have been found 
experimentally in radicals of this type for chains up to 
and including 13 unsaturated carbon atoms. Quantita- 
tive treatments of these problems often present rather 
formidable mathematical tasks. Our purpose here is to 
demonstrate that this self-trapping effect is crucial to 
an understanding of the observed paramagnetic 
resonance spectra of the radicals of type I, without 
attempting an elaborate mathematical treatment. 

The odd electron in I will tend to be self-trapped on 
one ring, or the other, because of two effects. One is 
associated with the polar solvent, and the other with a 
carbon-carbon bond stretching in the aromatic rings. 
Consider first the polar solvent. Let us imagine that as 
far as solvation energy is concerned a charged phenyl 
group in I is equivalent to a sphere of radius R. Let K 
be the low-frequency dielectric constant of the polar 
solvent, assumed to be homogeneous and isotropic. The 
solvation energy of two spheres, each of radius R, but 
one having a charge gq; and the other a charge 4q,, is 


S= So(q’?+q,’) 
Sy=—}e(K—1)/KR. 


(33) 
(34) 


Here e is the electronic charge. For a fixed total charge 
git+qr=1 the solvation energy is a minimum when 
gi=1, g-=0, or qi=0, g-=1. Thus, as far as solvation 
energy is concerned, there is a tendency for the elec- 
tronic charge to be localized on one or the other of the 
two phenyl groups. The charges q; and gq, are, in our 
dimensionless units, 

gi=sin*y 


(35) 
(36) 


gr= Cos" 


The solvation energy S can be related to the perturba- 
tion potential V as follows. Let 


V=| $1) Sogi(gi |+| ¢,;) Sogr (or |. (37) 
Then 


V.= Sogu; 


V,= Sogr- 


When we take the Hamiltonian to be 30:+P+V, then 


®S. I. Pekar, J. Exptl. Theoret. Phys. U.S.S.R. 16, 341 (1946). 

10H. M. McConnell and A: D. McLachlan, J. Chem. Phys. 
34, 1 (1961). 

4H. C. Longuet-Higgins and L. Salem, Proc. Roy. Soc. (Lon- 
don) 251, 172 (1959). 

2 Y. Ooshika, J. Phys. Soc. Japan 12, 1238, 1246 (1957); 14, 
747 (1959). 

18M. W. Hanna and H. M. McConnell, Symposium on Free 
Radicals in Biological Systems, edited by M. S. Blois, R. O. 
Lindblom, H. W. Brown, M. Weissbluth, and R. M. Lemmon 
(Academic Press, Inc., New York, 1961), Chap. 9. 
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the total energy of the system is either E,, or E_, where 
E,= (w+ | Ho+P+V | 4) 

=g siny cosy+ V1 sin?y+ V, cos*y, (38) 

E,=glqu(1—qu) P+ Solg?+ (1—qu)*]. (39) 


In Eq. (39), Ey has been expressed as a variational 
function of g:. For simplicity let us now assume that g 
is negative (Sy is always negative) so that ¥, corre- 
sponds to the lowest energy state when siny, cosy are 
taken positive. When we examine the dependence of 
E,, on qi, we find two regions of interest. When | g|> 
| 2S | there is only one minimum in the variation of 
E, with gq: and this occurs at gi=}, which corresponds 
to equally charged phenyl rings. When | g| < | 2S | 
the variation of E, with q: is such that g:=} corre- 
sponds to a point of maximum energy, and points of 
minimum energy are found when 


gi= 33 (1—g°/4S0")}. (40) 


If we take R=2.5 A and K=10 in Eq. (34), we 
obtain | Sy | ~0.03 ev or 240 cm™. Since we are con- 
cerned with energy gaps | g| that are probably not 
much more than 10-7, or 10-*4—! ev, where V=3—6, 
it is quite clear that there must be a very strong self- 
trapping of the odd electron by the solvent, i.e., 
qgr~0, or g™1. 

A similar self-trapping effect can arise through 
aromatic carbon-carbon bond distortions. Here again 
we employ a simplified model to illustrate the essential 
points, this time neglecting the solvent effect. Let 
us consider the total energy of the EZ, state (assuming 
g to be negative and siny, cosy to be positive) as a 
function of qi, g- and the bond distances s:, s, between 
the ortho and meta carbon nuclei ir I. We let the two 
ortho-meta carbon-carbon internuclear distances on the 
left-(right-) hand phenyl ring to be equal to one another 
and equal to s;(s,), and let s° be the equilibrium inter- 
nuclear distances for the neutral phenyl groups. In this 
case the potential V is a function of s, s, but, as we 
shall see, s; and s, in turn depend on q; and q, so that we 
again obtain a quadratic dependence of Ey. on q: and 
gr. Thus, 


E,=glq(1 —q) }+4:8(si) + 4,8 (S,) 
43k (s:—3°)?+4h(5,—5°)?. (41) 


Here 8(s:) and 8(s,) are the one-electron ‘“‘resonance 
integrals” of molecular orbital theory, and k is “the” 
quadratic force constant of the ortho-meta carbon- 
carbon bond. Now we suppose the nuclei are of infinite 
mass, and that they take up positions of minimum 
potential energy, for a given qi, g,. The equilibrium 
value for s; is determined by the minimum of the 
nuclear potential energy W for a single bond 


W = $k(si—s°)?+-3q:8(s1). (42) 
When £@(s;) is expanded about the point s;=s° and 
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only the linear term is retained, W is a minimum when 
e i} = 
§31=9°—}3q8 k “A (43) 


where 6’=06/ds; evaluated at s;=s° and where the 
super bar on &; indicates that this value of s; gives a 
minimum for W. If the values for 3; and &, are sub- 
stituted in Eq. (43) and again only linear terms in the 
expansion of 8 are retained, then E, in Eq. (41) 
reduces to an expression equivalent to that given in 
Eq. (39) for the solvent-trapping effect. That is, 


E,= glqu(1—qr) +-8(s°) + So'Lg?+ (1—qu)*], 


where 


(44) 


So = — 3(p’)*k-, (45) 


Here again the odd electron will tend to be self-trapped 
on one or the other of the two rings when | g| < | 2.Sy’ |. 
For an order of magnitude calculation take” p’~3 X 104 
cm~'/A and take k to be the stretching force constant 
of ethylene, k~10° d/cm. This yields an Sy’ of the 
order of 10° cm™. A far more reliable estimate can be 
obtained from detailed treatments of the coupling of 
electronic and nuclear motions in the benzene negative 
ion,” which yield a distortion energy of the same 
magnitude. In any event is it clear that the configura- 
tion of lowest energy is one in which ge 1, q,~0, or 
qi~9, =I. 


INTRAMOLECULAR CHARGE RESONANCE TRANSFER 


In the foregoing sections we have shown that there is 
a very strong tendency for the odd electron in radicals 
of type I to be trapped on one or the other of the two 
phenyl groups. Now we consider mechanisms whereby 
this charge may be transferred back and forth between 
the two phenyl groups. First we note, however, that 
the ‘‘natural” transfer frequency is much too small to 
be of interest. That is, the state @:X, will interconvert to 
the state ¢,X, under the action of 3+ P+V at a fre- 
quency of the order of A~'g(X,| X,), where X; is a 
nuclear wave function representing bond distortion and 
solvation favorable to the electronic distribution g:= 1, 
and X, is the corresponding nuclear function favoring 
gr=1. The overlap (X,| X,) is almost certainly close 
to zero for the problem at hand. 

Time-dependent statistical fluctuations of the po- 
tential V do provide a very effective mechanism for 
transferring charge from one ring to another. For 
example, suppose that for times ¢<0, the potential is 
constant and corresponds to the self-trapping of the 
odd electron on the left-hand ring. Suppose that at 
times 0<t<r the potential is V’, where V’*V. Then 
for times t>7, the potential is V again. As we shall see 
below this simple idealized time-dependent perturba- 
tion can lead to a transfer of the odd electron from the 
left-hand ring to the right-hand ring, with finite proba- 
bility Y. If the odd electron is transferred by this 
perturbation, then of course there is a high probability 
that the nuclei will quickly adjust themselves so that 
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the odd electron becomes trapped on the right-hand 
ring. The perturbation V’ (#V) could arise from a 
fluctuation in the solvent dielectric constant, a colliding 
alkali metal ion, intramolecular internal rotation, or a 
vibrational distortion of one phenyl ring. Perhaps the 
simplest effect to imagine is that of a “hot” rapidly 
moving solvent molecule colliding with the negatively 
charged left-hand phenyl ring in such a way that the 
negative end of the solvent dipole is pointed towards 
the ring. In this way the kinetic energy of the rapidly 
moving solvent molecule is converted into an electro- 
static potential energy of interaction between solute 
and solvent (V->V’). Let us now see what types of per- 
turbation V’ are most effective in producing intra- 
molecular charge transfer. 

A straightforward calculation shows that the proba- 
bility of an intramolecular charge transfer under the 
square wave perturbation V-V’—V is 


i ( p’)2(1— cosAw’r) 
7 (+p) 1+”) 





(46) 


p=(V.—Vi)g 
p'=(V,'—Vi')g 


(47) 
(48) 


Aw’ = AC ( pe V,’)2+¢7} 
=h[1+p?}. (49) 
Let the probability that the perturbation last a time r 
be proportional to exp(—r/r.) where rt, is a char- 
acteristic lifetime of the thermally activated state when 
the potential is V’. The lifetime averaged transition 
probability Y is 


=f" Y exp(—r/r.)dr (50) 
0 


Y=((p—p’)?/2(1+p") (1+) > 
T?=141/r2gh. 


(51) 
(52) 


Since p is a fixed large number, this average transition 
probability is largest in the region —'Sp’ ST, and 
becomes much smaller for all other values of p’. Let 
us refer to this range of p as the “resonance region.” 
As we shall be concerned with the transition probability 
in the vicinity of the resonance region, Eq. (51) may 
be simplified to the following equation 


Y=1/[2(r?+p")], 
lp l<\p| (54) 


and this condition will be of interest in the usual case 
where 


(53) 


when 


r<K| p|. (55) 


As we shall see below these conditions are easily met 
for the present problems. Now average the transition 
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probability Y over a range of p’ values between — Ap’/2 
and Ap’/2, 


Yap = (1/Ap’T) tan(Ap’/2P). 
If the range of integration is taken large enough 


Ap’>27, (58) 
to “completely” cover the resonance region, then 
tan-!(Ap’/2l') may be replaced by its asymptotic 
value, 


Vap= (4/2) (Ap’'T)—. (59) 


It must be born in mind that the validity of Eq. (59) 
presupposes the simultaneous validity of conditions 
(54), (55), and (58). 

Next let us calculate the probability 74, in sec that 
a molecule not initially in the region between — Ap’/2 
and Ap’/2 will be excited to this region. Let Va, be 
the equilibrium number of ‘complexes’ with energy 
and configurations such that —Ap’/2< p’< Ap’/2, and 
let NV be the total number of complexes. By ‘‘complex” 
we mean the negative ion of I plus the local solvent. 
Assume that 


Nap /N<1. (60) 


The inequality (60) will be true for two reasons. First, 
the energy range corresponding to Ap’ is small relative 
to kT, and second, the total energy of the complex 
E(p’) when —Ap’/2<p’<Ap’/2 is large compared to 
kT. If we assume a constant density of energy states for 
the energy range under consideration, then 

E(Ap'/2) 


exp(— E/kT)dE. 


Nap/N= (kT) / 


E(—Ap’/2) 


(61) 


If we now further assume that 
AEKkT, (62) 
where 


AE= E(Ap’/2)— E(—Ap’/2), 


(63) 
then Eq. (61) can be simplified as follows: 


Nap/N=AE(RT)— exp(—E,/kT), (64) 


where Ep is the “complex” activation energy corre- 
sponding to —Ap’/2<p’<Ap’/2. A reasonable order- 
of-magnitude approximation is to take Ey to be equal 
to | So+.So’ | and to set AE equal to the variation of the 
potential energy V’ corresponding to the range of p’ 
between —Ap’/2 and Ap’/2, 


AE~gAp’. (65) 


Finally, under equilibrium conditions, 


(66) 


Nap'te $= No ap’, 
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so that 
nap’ =Te gdp (kT) exp(— E)/kT). (67) 


The probability Z in sec~! that a molecule undergo an 
intramolecular charge-transfer transition due to mo- 
lecular excitations to the resonance region (between 


—Ap’/2 and Ap’/2) is 
Z= NAp’ Yay’ 
Z= (x/2)re1g(VRT)— exp(— Ey/kT). 


(68) 
(69) 


We note that this transition probability does not de- 
pend on the width Ap’, providing of course that our 
choice of Ap’ is compatible with the various conditions 
imposed in the derivation of this probability. Jt is 
interesting to note that this transition probability increases 
with decreasing 7, until the uncertainty principle broaden- 
ing of the activated state becomes comparable to the charge 
resonance energy g, t-gh'~1; for still shorter times Z 
approaches the asymptotic value 


(x/2)g?(hkT)—! exp(— Eo/kT). (70) 


However, except under special conditions (high tem- 
peratures, large activation energies Eo) this asymptotic 
form for Z is not accurate because several of the ap- 
proximations that were made in deriving Eq. (69) 
will break down when 7, becomes very small. 

Now consider the negative ion of I with n=2, N=4. 
The following reasonable values of the various param- 
eters, t-~10-" sec, gh'~10" sec, Ey>=1000 cm, 
kT=200 cm™, give according to Eq. (69) an intra- 
molecular charge transfer rate Z~10", which is close to 
the fast exchange case. Furthermore, for these values 
of the parameters the next member of the series, with 
n=3, N=5, will according to Eq. (69) give a slow 
exchange spectrum. These assumed values for the 
various parameters are all compatible with the several 
approximations made in the derivation of Eq. (69). 
Thus, the present calculations, with the assumed values 
for the various parameters, do appear to give a satis- 
factory account of the experimental results. 


DISCUSSION 


Obviously the numerical details of the foregoing 
calculations cannot be taken too seriously because of 
many numerical uncertainties. We do not have accurate 
numerical values for the energy gap g, or for the lifetime 
t- of the system in the resonance region. Moreover the 
assumption of a uniform density of energy states corre- 
sponds to the neglect of the “entropy of activation” 
in the theory of chemical reaction rates. These un- 
certainties prevent us from drawing much detailed 
information from the observed intramolecular exchange 
rates concerning the molecular configuration that is 
involved “during” the electron transfer step. In 
particular it should be recognized that collisions of 
molecule ions I with alkali metal ions could readily lead 
to equivalence of the two phenyl groups and intra- 
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molecular charge transfer, if the alkali metal ion con- 
centration were high enough. The essential points that 
the present work does establish, however, are that there 
is a very strong self-trapping of the odd electron on one 
ring or the other in molecule ions I, and that short- 
lived configurationally excited states of solute plus 
solvent leading to equivalence of the two phenyl groups 
(as far as the odd electron is concerned) can give rapid 
intramolecular charge transfer comparable to the ob- 
served rates. Moreover it is shown that this rate must 
decrease exponentially with increasing polymethylene 
chain length, by a factor of the order of ten or more for 
each methylene group. 


OTHER APPLICATIONS 


The problem treated here is in some respects similar 
to that involved in oxidation-reduction electron ex- 
change reactions between ions in solution, which have 
been the subject of a number of recent theoretical 
treatments.“ One of our conclusions—that the 
electron transfer takes place by a resonance process 
has been clearly recognized in this theoretical work on 
electron-transfer reactions, although no mathematical 
analysis comparable to that given in our Eqs. (46)- 
(70) has been given previously as far as we are aware. 
We draw particular attention to the uncertainty prin- 
ciple broadening of the activated state as it affects the 
transition probabilities given in Eqs. (53) and (69). 

It is also interesting to note that the self-trapping 
effects dealt with in this paper must be very important 
in greatly reducing the mobility of electrons, positive 
holes, and excitons (especially triplet excitons) in 
aromatic molecular crystals, particularly when there 


“R. J. Marcus, B. J. Zwolinski, and H. Eyring, J. Phys. Chem. 
58, 432 (1954). 

% R. A. Marcus, J. Chem. Phys. 24, 966 (1956). 

1 W. F. Libby, J. Phys. Chem. 56, 863 (1952). 

B. Zwolinski, R. J. Marcus, and H. Eyring, Chem. Revs. 
55, 157 (1955). 
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are only a few aromatic rings in one molecule.’* It is 
therefore likely that a rate equation similar to that 
given in Eq. (69) governs the motion of charge carriers 
and excitons in some molecular crystals. Self-trapped 
positive-hole conductivity in NiO has been treated by 
Yamashita and Kurosawa, and the corresponding 
motion of self-trapped excitons in molecular crystals has 
been discussed by Trlifaj.” 


Note added in proof. There is an alternative and some- 
what more efficient mechanism for intramolecular 
charge transfer. If the intramolecular nuclear distortions 
“follow” the odd electron, then the transfer rate Z in 
Eq. (69) is reduced by a factor (X/° | X,°)°~0.1-0.5, 
but the intramolecular contribution Sy’ to the activa- 
tion energy /, is eliminated. Here X/’ and X,° are the 
intramolecular nuclear vibrational functions corre- 
sponding to the equilibrium internuclear distances of I 
when the odd electron is either on the left- or right- 
hand phenyl rings, respectively. At room temperature 
this mechanism gives a rate that is roughly ten times 
as fast as that discussed above, and an activation 
energy of the order of So, rather than Sp + Sv’. 
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New data concerning the electronic absorption and emission spectra of ferrocene and the absorption 
spectrum of nickelocene are presented. Assignment and discussion of the transitions are made based on the 
experimental results. No ferrocene emission is observed upon excitation into the lowest energy absorption 
band. An emission occurs upon excitation into the next higher energy band. These results are interpreted 
in terms of crossing of the first excited state and the ground state. The luminescence is long lived and is 
interpreted as phosphorescence paralleling an assigned singlet-triplet absorption at 5280 A. No nickelocene 
emission was noted. Assignments of the absorption bands of ferrocene and nickelocene are proposed within 
the framework of each of the major theoretical approaches. 


INTRODUCTION 


HE numerous investigations of the properties of 

the cyclopentadienyl sandwich complexes have 
been reviewed recently by Cotton and Wilkinson! and 
by Fischer and Fritz.2? The review by Cotton and 
Wilkinson also discusses the current status of the 
theoretical investigations of the bonding in the sand- 
wich complexes. In spite of the large amount of research 
which has been carried out on these compounds, 
electronic spectral data, which could be of great aid in 
the interpretation of the bonding involved in these 
complexes, is very limited. The present investigation 
deals with the electronic absorption and emission spec- 
tra of ferrocene and nickelocene. 

Previous investigations of the absorption spectrum 
of ferrocene in solution have been reported by Kaplan, 
Kester, and Katz*; Weinmayr‘; Wilkinson et al.°; and 
by Brand and Sneedon.* The most complete study was 
made by Brand and Sneedon although these authors 
were primarily concerned with the absorption band at 
3070 A which arises because of intermolecular charge 
transfer between ferrocene and halogenated solvents 
such as carbon tetrachloride. 

Absorption studies of ferrocene in the crystalline 


* Supported in part by the Robert A. Welch Foundation. 

{ Taken in part from a thesis submitted in partial fulfillment 
for the degree of Master of Science, University of Houston, 
Houston, Texas, 1960. 

1F, A. Cotton and G. Wilkinson, “Cyclopentadienyl and arene 
metal compounds,” in Progress in Inorganic Chemistry, edited 


by F. A. Cotton (Interscience Publishers, Inc., New York, 
1959), Vol. I, p. 86. 

2 E. O. Fisher and H. P. Fritz, Advances in Inorganic and Radio- 
chem. 1, 56 (1959). 

’L. Kaplan, W. L. Kester, and J. J. Katz, J. Am. Chem. Soc. 
74, 5531 (1952). 

4V. Weinmayr, J. Am. Chem. Soc. 77, 3009 (1955). 

5 G. Wilkinson, M. Rosenblum, M. C. Whiting, and R. B. Wood- 
ward, J. Am. Chem. Soc. 74, 2125 (1952). 

6 J. C. D. Brand and W. Sneedon, Trans. Faraday Soc. 53, 
894 (1957). 


state have been reported by Yamada, Nakahara, and 
Tsuchida.” These workers reported that for the bands 
at 3240 and 4400 A, absorption with the electric vector 
perpendicular to the cyclopentadienyl rings was more 
intense than with the electric vector parallel to the 
rings. An absorption band maximum was reported to 
exist at 2500 A when the electric vector was parallel to 
the rings. It was found that this band maximum shifted 
to 2560 A when the electric vector was perpendicular 
to the rings. The intensity of this band was found to be 
independent of the orientation of the electric vector. 
The absorption spectra of various substituted ferro- 
cene derivatives have been reported by Weinmayr.® 
These data will be utilized in a later discussion. 
Absorption data of nickelocene in solution have been 
given by Fischer and Jira® and by Wilkinson, Pauson, 
and Cotton.” No emission spectral data have been 
reported previously for either ferrocene or nickelocene. 
An interpretation of the absorption and emission 
spectra of ferrocene and nickelocene will be given with 
regard to the experimental results of this study and of 
previous investigations. Tentative assignments of the 
ferrocene spectra will then be made within the frame- 
work of the theoretical energy level schemes of Moffitt," 
Dunitz and Orgel,” Yamazaki," Ruch,“ Matsen,” 
Liehr and Ballhausen," and Robertson and McConnell.” 


7S. Yamada, A. Nakahara, and R. Tsuchida, J. Chem. Phys. 
22, 1620 (1954); Bull. Chem. Soc. Japan 28, 465 (1955). 

8 V. Weinmayr, J. Am. Chem. Soc. 77, 3012 (1955). 

9 E. O. Fischer and R. Jira, Z. Naturforsch. 8b, 217 (1953). 

10 G. Wilkinson, P. L. Pauson, and F. A. Cotton, J. Am. Chem. 
Soc. 76, 1970 (1954). 

1 W. E. Moffitt, J. Am. Chem. Soc. 76, 3386 (1954). 

2 J. D. Dunitz and L. E. Orgel, J. Chem. Phys. 23, 954 (1955). 

18M. Yamazaki, J. Chem. Phys. 24, 1260 (1956). 

4 FE. Ruch, Rec. trav. chim. 75, 638 (1956). 

1% F, A. Matsen, J. Am. Chem. Soc. 81, 2023 (1959). 

1 A. D. Liehr and C. J. Ballhausen, Acta Chem. Scand. 11, 
207 (1957). 

17 R. E. Robertson and H. M. McConnell, J. Phys. Chem. 64, 
70 (1960). 
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The treatments of Matsen and Liehr and Ballhausen 
will also be used in discussion of the nickelocene absorp- 
tion spectrum. 

EXPERIMENTAL 


All absorption spectra were recorded on a Beckman 
model DK-~1 spectrophotometer. Measurements below 
2200 A were obtained while the instrument was being 
purged with nitrogen. Two instruments were employed 
for emission studies: (1) a Steinheil three-prism spec- 
trograph, model GH, and (2) a Hilger medium (in- 
frared) glass one-prism spectrograph. Exciting light 
for total emission studies was supplied for the ultra- 
violet region by a 100-w, Osram high-pressure mercury 
lamp. For excitation in the visible region a Sylvania 
150-w, tungsten filament projection lamp was used. 
This lamp has a parabolic mirror behind the filament 
which increased the light intensity to the equivalent 
of a 500-w lamp. Wavelength selection was controlled 
by the use of a Hilger quartz prism monochromator or a 
Bausch & Lomb grating monochromator. A modified 
Becquerel phosphoroscope was used in conjunction 
with the spectrograph for obtaining emission spectra 
of lifetimes greater than approx 5X10~ sec. The ex- 
citing light for the phosphoroscope was supplied by,’a 
i-kw, Hanovia Xe-Hg compact arc lamp. Wavelength 
selection was controlled by a combination of solution 
and glass filters. bu 

Emission spectra were determined at liquid nitrogen 
temperature in either of two solvent systems which 
formed a clear glass at 77°K: (1) EPA, 2 parts absolute 
alcohol, 5 parts ether, and 5 parts isopentane; or (2) 
3-methyl pentane. The isopentane (Phillips instrument 
grade), 3-methyl pentane (Phillips pure grade), and 
ether (Baker’s A.R.) were purified by fractional distil- 
lation over calcium hydride or sodium. In addition, the 
isopentane and 3-methyl pentane were chromato- 
graphed by passing them through an activated silica 
gel column after distillation. The pure absolute ethanol 
was used without further purification. 

Absolute ethanol was used for absorption measure- 
ments without further purification. The isopentane 
used for absorption studies was the same as that used for 
emission studies except the distillation step was omitted. 
The cyclohexane was Eastman Spectro Grade. Ethyl 
iodide was Mallinckrodt A.R. grade and was used 
without further purification since its absorption spec- 
trum was devoid of absorption bands in the region of 
investigation. Ethyl bromide was Fischer Certified 
Reagent which was further purified by a low-tempera- 
ture vacuum distillation. 

Ferrocene was obtained from Matheson, Coleman, and 
Bell. It was purified by sublimation in vacuum after 
being subjected to high vacuum for 5 min in order to 
remove any volatile impurities. Singly sublimed ferro- 
cene of approx 10-? M in EPA was used for the majority 
of the emission studies. A check of the ferrocene emis- 
sion using doubly sublimed ferrocene revealed no de- 
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Absorption spectrum of ferrocene in isopentane at 


tectable difference from that obtained using singly sub- 
limed ferrocene. Standard Kodak spectroscopic plates 
were used to record the emission spectra. Doubly 
sublimed ferrocene was used for the determination of 
the absorption spectrum. 

Nickelocene was synthesized through the reaction of 
nickelous bromide and cyclopentadiene in the presence 
of diethylamine as described by Wilkinson, Cotton, 
and Birmingham.’ After low-temperature vacuum 
distillation of the unreacted liquids from the reaction 
flask, the reaction mass was transferred into an inert 
atmosphere. There it was washed several times with 
degassed, warm water in order to dissolve any remain- 
ing nickel bromide. The nickelocene was extracted 
with spectro grade cyclohexane, washed several times 
with water, and transferred to a quartz emission tube. 
The solvent was then removed in vacuum. Previously 
degassed 3-methylpentane was then distilled onto the 
nickelocene, and the tube was sealed under vacuum. 
A small amount of a yellow-brown material, probably 
an oxidized product, precipitated from the solution 
after a few days. However, no further precipitation 
occurred. The material was apparently insoluble and 
did not interfere with the formation of the low-tempera- 
ture glass used in emission studies; therefore, its pres- 


8 G. Wilkinson, F. A. Cotton, and J. M. Birmingham, J. Inorg. 
& Nuclear Chem. 2, 95 (1956). 
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TABLE I. Absorption spectrum of ferrocene at room and low temperatures. 





Band maxima A Solvent 


€ i Reference 


Room temperature (24°C) 


2025 Isopentane 
2300 Isopentane 
2400 , Isopentane 
2300 (sh Ethanol 
2600 (sh) Isopentane 
2650 (corr.)» Isopentane 
2600 (sh) Ethanol 
3240 Isopentane 
3240 Ethanol 
4400 Isopentdne 
4400 Ethanol - 
4400 Ethyl Bromide 
4400 Ethyl] Iodide 


4400 50:50 Ethyl 
iodide-ethanol 


5280 (: Isopentane 
5280 (s} Ethanol 

5280 (s Ethyl Bromide 
5280 (sh) Ethyl Iodide 


5280 50:50 Ethyl 
iodide-ethanol 


This study 

This study 

3500 (corr.)> This study 
4600 This study 
2360 This study 
1600 (corr.)» This study 
2190 This study 
0.00080 This study 

0.00085 This study 

0.0022 This study 

0.0021 This study 

0.0024 This study 

0.0026 This study 

0.0024 This study 


This study 
This study 
This study 
This study 


This study 
0 


Low temperature (— 183°C) 


3240 Isopentane 


4240 Isopentane 


® (sh) denotes a shoulder. 


b 2300- and 2600-A shoulders resolved by correcting for tail of 2025-A band. 
© See reference 17. 


ence was not considered to be detrimental. The absorp- 
tion spectrum of the extracted nickelocene in cyclo- 
hexane and carbon tetrachloride was identical to that 
given by Fischer and Jira.’ The infrared spectrum was 
the same as that reported by Wilkinson, Pauson, and 
Cotton.” 


RESULTS 


Ferrocene 


A representative absorption spectrum of ferrocene 
in isopentane at room temperature is presented in Fig. 
1. Details of the absorption spectrum are compiled in 
Table I. Some ferrocene absorption data obtained at 
low temperature by Dave, Evans, and Wilkinson” 
and published here for the first time, are also included 


"L. D. Dave, D. F. Evans, and G. Wilkinson (personal com- 
munication, 1960). 


45. 
80.: 


in this table. The effect of various solvents on the 
4400-A band and 5280-A shoulder is illustrated in 
Table II. The results given in these figures and tables 
represent all of the absorption features which were 
noted. An extensive search for other bands in the 
region of 1900 to 10 000 A revealed none with extinc- 
tion coefficients greater than one. The oscillator 
strengths in Table I were computed from the equation 


f=4.32X10 fed, 


where ¢ is the molar extinction coefficient and 7 is the 
wave number in cm™. The quantity Jed? was evaluated 
by using the approximation 


[ea =€max (0/2). 


This approximation for the f number of the 4400 A 
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II. Solvent effects on ferrocene 4400- and 5280-A bands. 





Solvent e (4400 A) 


95.7 
102 
110 


Ethanol 

Isopentane 

Ethyl Bromide 

Ethyl Iodide 

50:50 Ethanol-ethy] iodide 





® Relative to preceding solvent system. 


band agreed within 5% of the value obtained by the 
integration of the absorption area by weighing. 

Total emission studies of ferrocene were complicated 
by overlapping of mercury lines from the exciting 
source with the emission spectrum of ferrocene. An 
investigation of the spectral range 3000 to 9000 A 
yielded no discernible emission when the ferrocene 
solution was excited in the 4400-A region. Luminescence 
occurred only upon excitation in the 3240-A region. 
Since the lifetime of the emission was greater than 10™ 
sec, the phosphoroscope was utilized to obtain the 
emission spectrum. It was noted that the solvent 
system (EPA) emitted with excitation in the 3240-A 
region. The ferrocene emission spectrum reproduced 
in Fig. 2 was obtained by subtracting the solvent 
emission from the ferrocene and solvent emission. 
Band maxima are listed in Table III. The mean lifetime 
of emission was estimated by visual observation. The 
most frequent vibrational interval in the emission 
spectrum was 695+140 cm™! (maximum deviation). 
The infrared vibrations of ferrocene which correspond 
most closely to this value are the Fj, 492- and 834-cm™! 
bands and the A», 478-and 811-cm~ bands.” 
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Fic. 2. Emission spectrum of ferrocene in EPA at —196°C. 


2 E. R. Lippincott and R. D. Nelson, Spectrochim. Acta 10, 
307 (1958). 


% Change* 


&% Change* e/a 


€2 (5280 A) 


5 a 0.078 
9 +5.: 0.077 
3.4 é 0.075 
2 wns 0.081 


3.0 . 0.072 


Nickelocene 


A representative absorption spectrum of nickelocene 
in cyclohexane at room temperature is illustrated in 
Fig. 3. The data for this curve from 54 000 to 24 000 
cm™ are taken from Brand.*! The remaining data are 
from this study. The extinction coefficients for the curve 
below 24 000 cm™ were calculated after using an ex- 
tinction value of Brand to determine our unknown 
nickelocene concentration. Details of the nickelocene 
absorption spectrum at room and low temperature are 
presented in Table IV. These data have not been 
published previously. 

Emission studies of nickelocene yielded no detectable 
luminescence. Excitation was attempted in the 3080-, 
4200-, 5700-, and 6660-A, regions and photographic 
plates were employed which covered the 3000- to 
9000-A region. 


DISCUSSION 
Ferrocene Absorption Spectrum 


From the data of the present study it will be noted 
that there are three distinct bands: 4400, 3240, and 
2025 A and three shoulders: 2300, 2600, and 5280 A in 


TABLE III. Emission spectrum of ferrocene in EPA at —196°C. 








Band 
maxima* 
cm! 


Onset of Termination® 
emission of emission 
cm"! cm"! 


Mean 
lifetime 
sec 


Relative 
intensity 





20 760 14 610 
19 930 29 
18 880 73 
18 160 86 
17 500° 86 
16 840 100 
16 300> 61 
15 560 39 


14 890 19 








® Maximum deviation is +100 cm™!. 
b Maxima which may not be real. 


21 J.C. D. Brand (personal communication, 1960). 
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Fic. 3. Absorption spectrum of nickelocene in cyclohexane 
at 24°C. 

the absorption spectrum of ferrocene at room tempera- 
ture. The shoulders at 2600 and 5280 A have not been 
reported by other investigators. However, the extinc- 
tion coefficients for the other spectral features are in 
good agreement with those of previous investigators. 
In the following discussion the notation V-V will be 
used to denote an allowed transition from a bonding 
level to an antibonding level, such as a r-x* transition; 
N-Q will be used to describe a symmetry-allowed transi- 
tion from a nonbonding level to a nonbonding or anti- 
bonding level, such as a n-x* transition. 

The absorption band at 2025 A has a high oscillator 
strength (f=0.77) and most likely corresponds to an 
N-V transition. The intensity and half bandwidth of 
this band are very similar to the N-V transition of 
benzene at 1840 A. According to Platt and Klevens” 
the f number of the V-V transition in benzene is 0.69. 
Since the aromatic nature of the ferrocene molecule 
has been illustrated by its typical aromatic reactions,’ 
some features of its absorption spectrum would be 
expected to be similar to the absorption spectra of other 
aromatic compounds. Therefore, this transition is 
assigned as a V-V transition between z orbitals similar 
to the 1840-A band in benzene. The maximum of this 
band in ferrocene is at longer wavelength than the 
N-V band in benzene, possibly because of greater 
delocalization energy in ferrocene. 

The shoulders at 2600 and 2300 A appear to be too 


2 J. R. Platt and H. B. Klevens, Chem. Revs. 41, 301 (1947). 
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intense to be assigned to completely forbidden transi- 
tions, although it is difficult to determine their true 
intensity because of the overlapping tail of the 2025-A 
band. Values of the band maxima and extinction coeffi- 
cients after correction for the tail of the 2025-A band, 
are given in Table I. In further discussion, it will be 
necessary to consider the data in Table V which show 
the spectral consequences of substitution of various 
groups on the cyclopentadienyl rings of ferrocene. 
These data are taken from Weinmayr.‘® It appears 
from examination of these data that the shoulders at 
2300 and 2600 A undergo a red shift and an intensifica- 
tion upon substitution of the various groups on the 
rings. This behavior has been observed in substituted 
benzenes for both V—-V and N-Q transitions; for ex- 
ample, see Matsen.* An explanation for the origin of 
these bands is that they are allowed transitions with 
forbidden character mixed with them. A recent article 
by Albrecht™* has discussed this type of transition. 
Albrecht concludes that the existence of mixed polariza- 
tion in a single electronic transition is indicative of the 
presence of forbidden character. Since Yamada et al." 
have found mixed polarization for the shoulder at about 
2600 A in their work on single crystals of ferrocene, 
this shoulder and possibly the one at 2300 A may be 
allowed transitions with mixed forbidden character. 
However, it is diffcult to determine whether their 
polarization data in the 2600-A region is applicable to 
the 2600-A shoulder, the 2300-A shoulder, or both since 
they apparently did not realize that there were two 
bands present. 

The 3240-A band, as can be seen from the data in 
Table I, does not shift with a change in temperature. 
If this were a relatively pure, symmetry forbidden d-d 
transition which occurred because of vibrational dis- 
tortion of the molecular symmetry, a sharpening and 
shifting of the band maximum with a decrease in 
temperature would be expected.” Since no wavelength 
shift was found upon lowering the temperature, this 
band is attributed to a forbidden transition which is 
unlike those normally assigned to ligand field splitting 
of degenerate d levels. The band does shift considerably 
with substitution on the cyclopentadienyl rings (Table 
V); so, it appears that molecular orbitals of the rings 
are involved in the transition. It should also be noted 
that the intensity of this band changes drastically with 
substitution of the rings. The data of Table I and of 
Brand” show no wavelength shift of this band maximum 
from 3240 A in solvents such as isopentane, benzene, 
iso-octane, cyclohexane, or ethanol. Thus, the 3240-A 
band is assigned as a N-Q type of transition of the type 
3d-MO* or ring »-MO-MO* transition, or as a sym- 
metry-forbidden V-V transition. If the transition is of 


°*8 F. A. Matsen, “Applications of the theory of electron spectra,” 
in Technique of Organic Chemistry, edited by A. Weissberger 
(Interscience Publishers, Inc., New York, 1958), Vol. IX, p. 667. 

* A.C. Albrecht, J. Chem. Phys. 33, 156 (1960). 

% G. Maki, J. Chem. Phys. 29, 162 (1958). 
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N-Q type, then the insensitivity of the band maximum 
to solvent changes is most likely due to shielding of 
the nonbonding or 3d electron by outer bonding elec- 
trons which prevents any large solvent interaction 
with the nonbonding electron. 

The low intensity band with maximum at 4400 A 
exhibits a marked wavelength shift to 4240 A with a 
decrease in temperature to — 183°C. This shift is suffi- 
cient to account for the very pronounced change in 
color of ferrocene from orange to lemon yellow when the 
temperature is decreased from ambient to that of 
liquid nitrogen. This band is very broad and is found to 
become more intense as substitution on the cyclo- 
pentadienyl rings reduces the molecular symmetry of 
ferrocene. Since the wavelength of the band maximum 
is insensitive to substitutions on the cyclopentadienyl 
rings, it presumably is a transition between levels which 
are highly localized on the iron atom and therefore are 
not affected by ring substitutions. Therefore, this 
particular band is assigned as a forbidden d-d transi- 
tion localized on the iron atom. Dave, Evans, and 
Wilkinson” have reported two partially resolved bands 
in the 4400-A region at 4000 and 4500 A. Again, as 
in the case of the 3240-A band, the band maximum is 
insensitive to solvent changes from isopentane to 
ethanol, ethyl bromide, or ethyl iodide. Since the elec- 
tron involved in this transition occupies a nonbonding 
d orbital both in the ground and excited states, any 
effects of solvent interaction on the ground and excited 
states might be expected to be similar, resulting in little 
wavelength shift. 

The 5280-A shoulder appears to be a singlet-triplet 
transition because of its low intensity. The extinction 
coefficient of the band after correction for the tail of 
the 4400-A band is approximately one. It can be noted 
from the data of Table II that perturbation of this 
transition by ethyl bromide and particularly ethyl 
iodide increased its intensity. If the intensity change 
were due only to a solvent effect modifying the tail of 
the 4400-A band, it would be expected that the ratio of 
the two extinction coefficients (€/e,) would remain 
constant as for the case of ethanol and isopentane. 
However, this ratio for ethyl iodide is greater than for 
the other solvents. Such intensification of a band by 
ethyl] iodide has been shown by Kasha”* to be indicative 
of a singlet-triplet absorption. Further evidence for the 
iodine perturbation of this transition is shown in the 
absorption spectrum of iodoferrocene reported by 
Nesmeyanov, Perevalova, and Nesmeyanova.” The 
extinction coefficient at 5300 A is approximately 20 
compared to 8 in ferrocene. The 4400-A band has also 
increased in intensity in iodoferrocene so that the 
extinction coefficient is approximately 200 compared to 
100 for ferrocene. Moreover, the 4400-A band maximum 


26M. Kasha, J. Chem. Phys. 20, 71 (1952). 
277A. N. Nesmeyanov, E. G. Perevalova, and O. A. Nesme- 
yanova, Doklady Akad. Nauk S.S.S.R. 100, 1099 (1955). 
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Tae IV. Absorption spectrum of nickelocene at room and low 
temperatures. 








maxima 


Solvent Reference 


Room temperature (24°C) 


1920 





Cyclohexane 
2750 (sh)* Cyclohexane 
3080 

3350 (sh) 


Cyclohexane 
Cyclohexane 
4250 (sh) 
2700 (sh) 
3075 

3450 (sh) 
4400 (sh) 
5700 (sh) 
6920 

2700 (sh) 
3075 

3450 (sh) 
4400 (sh) 
5700 (sh) 


Cyclohexane 
Cyclohexane or ethanol 
Cyclohexane or ethanol 
Cyclohexane or ethanol 
Cyclohexane or ethanol 
22.0 
62.4 
5790 
11 580 
5876 
29.1 
23.0 


Cyclohexane or ethanol 
Cyclohexane or ethanol 
Carbon tetrachloride 
Carbon tetrachloride 
Carbon tetrachloride 
Carbon tetrachloride 
Carbon tetrachloride 
6920 


Carbon tetrachloride 66.6 


Low temperature (— 183°C) 


4200 Isopentane 


40.0 


5700 Isopentane 


33.5 
$2.2 


Isopentane 


6660 


® (sh) denotes a shoulder. 
b See reference 18. 
© See reference 17. 


has blue-shifted to 4350 A. There is a notable prefer- 
ential increase in intensity of the 5300-A band in spite 
of the blue shift of the 4400-A band. This is strongly 
indicative of an increase in an intramolecular spin- 
orbital coupling perturbation. From these considera- 
tions and the emission spectrum of ferrocene which will 
be discussed later, the 5280-A shoulder is assigned as a 
spin forbidden singlet-triplet absorption corresponding 
to the forbidden singlet-singlet absorption at 3240-A. 

In summary, the designations for the transitions of 
ferrocene are given in Table VI. 

Yamada ef al.” gave a brief explanation of the results 
of their study. They considered the bands at 3240 and 
4400 A as being due mainly to the coordinate linkages 
around the central atom of the complexes. The band 
at 2500 A was noted as arising from an electronic transi- 
tion in the cyclopentadienyl rings in coordination with 
the metal atom. The interpretation by Yamazaki" 
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TABLE V. Substitution effects on ferrocene absorption spectrum.* 


Compound 


Band maxima (A) and molar extinction coefficients 





2300 (sh) 


5100 2360 


‘Cp2 (carboxy 


2660 


2670 
5400 


2(acetyl) 


2270 (sh) 
19 400 


2700 
8400 


2 (Cyc lopenteny 1) 
2(Cyclopenty] 


2430 
17 100 
2370 
16 100 


2810 
13 200 


2(p chloropheny| 
2770 
9900 


2660 
6150 


‘p2 (phenyl) 
‘p2(p-nitropheny! 


2420 
15 900 


2450 
26 900 


2800 
12 800 


‘p2( p-hydroxypheny! 


2850 
16 100 


‘p2(p-chloropheny]) 2 


2430 
18 700 


2820 
14 400 


2730 
35 000 


‘p2 (phenyl) » 
*Cp2 (biphenyl) 3 


2600 (sh) 


(sh) 


3240 4400 
of: 102 


3070 3550 4390 
3180 3580 
1100 148 


3250 


4450 
289 


4420 
424 270 


3250 4440 
61 110 


3200 4490 
1540 422 


3200 4470 
1160 322 


3250 4060 
12 500 1440 


3450 4460 

294 294 
3460 4540 
2620 810 


3230 4500 
1840 754 


3630 
5840 


5030 
24060 


* For compound 1, the solvent is isopentane. For 2-4, isooctane. For 5, methyl cellosolve. The other solvents are ethanol. 


by eCpz denotes ferrocene. 


will be discussed in a later section. Jaffe has also given 
a partial interpretation of the absorption spectrum of 
ferrocene. 


Ferrocene Emission Spectrum 


The luminescence of ferrocene is of a very unusual 
type. It was obtained by excitation into a band of low 
intensity («€60) and is very dependent on the excita- 
tion frequency. In fact, the emission can be visually 
observed upon excitation at 3240 A; however, no 
emission can be seen with excitation in the 4200-4400-A 


TABLE VI. 


Band (A) 


N-V (x-x*) 
V or N-O 
V or N-Q 
3d-MO* or n—-MO-MO*) 


Designation 





2025 
2300 N 
2600 N 
3240 N-Q 
N-V symmetry forbidden 


3d-3d 


singlet-triplet 


* H. H. Jaffe, J. Chem. Phys. 21, 156 (1953). 


region. The only other compound which exhibits a 
parallel behavior is azulene. 

The unusual behavior of azulene was first reported 
by Beer and Longuet-Higgins”® and was later confirmed 
by Viswanath and Kasha.” These authors found no 
fluorescence of the usual kind, i.e., first excited singlet 
(.S’)-ground state (.S), and no phosphorescence. The 
only emission found was that attributed to the second 
excited singlet state S’’—S fluorescence. Different 


S 











Fic. 4. Energy level scheme for ferrocene. 


*M. Beer and H. C. Longuet-Higgins, J. Chem. Phys. 23, 
1390 (1955). 
%® G. Viswanath and M. Kasha, J. Chem. Phys. 24, 574 (1956). 
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explanations for the results are offered in the two 
publications. 

In the case of ferrocene, the lack of S’-S and S’—S 
fluorescence and the nature of the long-lived emission 
(2 sec) obtained upon exitation into the 3240-A band 
must be explained. Reference to Fig. 4 will aid in the 
following discussion. Since no emission is obtained by 
excitation at 4400 A, S’ and S apparently cross, thus 
converting the electronic excitation energy into ground- 
state vibrational energy without emission. An alterna- 
tive explanation is that the energy absorbed at 4400 A 
is partially or wholly transferred to a low-lying triplet 
(T) by intersystem crossing and emitted as phosphores- 
cence beyond 10 000 A. Since the major portion of this 
study was carried out in the region below 10 000 A, 
this particular phosphorescence could have been over- 
looked. However, since phosphorescence was obtained, 
either this lower triplet (7°) does not exist, or the 7’—-T 
internal conversion is not very efficient since a moder- 
ately intense emission was obtained. Moreover, because 
emission is obtained by excitation at 3240 A, the process 
of intersystem crossing (.S’’-7”) is more efficient than 
the internal conversion from S”’ to S’ or that from S” 
to another possible 7 state. The internal conversion 
between S” and S’ may be of low efficiency because of 
a difference in symmetry of the two levels. This emis- 
sion result provides additional corroboration of the 
distinction noted earlier between the two absorption 
bands at 4400 and 3240 A. 

Since no phosphorescence was observed upon excita- 
tion at 4400 A, the process of intersystem crossing from 
S’ to T’ is also of low efficiency. This probably arises 
because of the difference in symmetry of the two levels. 
The absence of fluorescence corresponding to the S”’—S 
transition can be accounted for on the basis of internal 
conversion to S’ and subsequent internal conversion 
to the ground state and also a relatively high transition 
probability for S’’~7”. It is also possible that if any emis- 
sion did occur, reabsorption by the S—S’ transition at 
4400 A could explain the lack of S’’—S emission. How- 
ever, the process S’’-7’—S is more efficient than any 
one of the processes and moreover, more efficient than 
the summation of the postulated processes since a 
considerably amount of emission results. 

Upon comparing the room-temperature absorption 


Tasie VII 


Symmetry 
D 


Metal orbitals 


4s, 3d2 
dpe 

Apz, Apy 
3dzz, 3dy:z 
3d,2_y2 
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TaBLe VIII. Allowed transitions of ferrocene in Dsa, Don, and Door 
point groups. 








Group Transition Polarization 





Ai-E,u x,y 


A 1y-Aau Z 
A;'-hy x,y 


A \'-A 2” z 


and low-temperature emission spectra, it appears as 
if the overlap of the 5280-A shoulder and the origin of 
the emission is rather large. One possible contributing 
cause may be the uncertainty in the intensity of the 
emission spectrum at the origin due to the emission of 
the solvent blank which had to be subtracted. In addi- 
tion, if a blue shift is applied to the 5280-A shoulder 
equal to that shown by the 4400-A band upon lowering 
of the temperature, the overlap is reduced to that 
normally found between absorption and emission 
spectra. 

The mean lifetime of the observed emission is rather 
long even for phosphorescence. However, such long 
lifetimes have been previously observed for the phos- 
phorescence in aromatic hydrocarbons by McClure.*! 

In conclusion, the observed emission is attributed to 
a 7’-S phosphorescence corresponding to the 5280-A 
singlet-triplet absorption. If another low-lying triplet 
exists, then the observed emission is unique since ap- 
parently no other case of phosphorescence correspond- 
ing to emission from a triplet other than the lowest 
is known. It therefore appears that only one of the two 
postulated triplets is present, the one involved in the 
emission. 


Nickelocene Absorption Spectrum 


In the interpretation of the nickelocene absorption 
spectrum, the previously designated assignments for 
ferrocene will be relied upon to a great extent. This 
assumes that the energy levels in the complex are not 
altered appreciably by the addition of two more un- 
paired electrons. Unless otherwise denoted, all transi- 
tions are triplet-triplet. The following features of the 
absorption spectrum at room temperature are notable: 
band maxima at 1920, 3075, 6920 A and shoulders at 
2700, 3450, 4400, and 5700 A. 

The band at 1920 A is an allowed transition which is 
designated as a .V-V transition corresponding to the 
2025-A \-V transition in ferrocene. The intensity of 
this band is less than the \V—V band in ferrocene. 

The shoulder at 2700 A is denoted as a N-V or 


31 DPD. S. McClure, J. Chem, Phys. 17, 905 (1949). 





524 D. . SCOTTI AN DAR. SS ECEER 


TABLE IX. Mixing of metal and cyclopentadieny! orbitals of TABLE X. Possible allowed transitions for ferrocene in the 
ferrocene in various theoretical treatments. various theoretical treatments. 


Cp* ; stale Remeeng Energy change 

p and metal orbitals _ _ MO 2 —_— » aoe Suieieenien 
Ruch oo ae sods talae 

Cp (o,) +4s+3d,2 o,(1) 

Cp(ou) +4), ou(2) 

Cp (a_) +3di2+3dye 19(3) 

Cp(mu) +4p2+4py Tu(4) 

Cp (o,) +4s+3d o4(5) €ig-4p (Cru) 36 600 

Cp (69) +3dzy+3d2_, 5, (6) €2xg 4p (ein) 23 800 

Cp (6,) +3dz,+4d (5,) +3d,2_y? 6,(7) Crg~Cay 51 

Cp (ou) +4), ou(8) 

Cp(o,) +4s+3d, 

Cp (du) 





Dunitz and Orgel 


Qiu-big! 45 200 
ig4p (din) 36 600 


ig'—4 (€1u) 22 600 
Ciutig’ 16 500 

Yamazaki Crug” 17 400 
4s+3d2+Cp (a’) eiu-4p (ain) 20 
4p.4+-Cp(a,”’) ‘ 
3diz+Cp (er) +3d,z 
4s+3d2+Cp (ay’) 
3dz*_y?+Cp (e2') +3dry 25 wu(4)-6,(7) 
4p,.+Cp(e') +4p, , o,(5)-01(8) 
4s-+3d.+Cp(ar’) 5, (6)-5y (10) 
4p,+Cp(a2’’) 
3deet+Cp(e:”) +3dye Moffitt 
4p.+Cp(a’) +4py p Cp (aig) 49 (€1u) 
Cp (¢2’’) h(a1g)—4p (14) 
3dz2_y2-+Cp (@’) +3dzy 

Moffitt 

Cp (¢ig) +3dz24-3dys b (é1g) 
Cp (dix) Cp (diu) 
Cp (aig) Cp (aig) 
4s+3d,2 h (dig) 3d (€29)—Cp (€2u) 
Cp (é1u) Cp (é1u) 
3dzy, 3dz*-y? 3d (eo) 
— — e:”"-04"" 42 250 
4s, Spy 4p (eu) 
Ap, 4p (a1y) a;'*—a,'"* 22 400 
Cp (éig) +3dzet+3dys r(€ig)* a'*-e,'* 37 400 


C1u-€2y" 51 


Cp (é:u)—k (aig) 
Cp (é1u)—r (€1g) 
Cp (éiu)-Cp (¢29) 
3d (€24)-4p (€1u) 


Yamazaki 


ee, 
Q - " 


Cp (€29) Cp (é2,) e,'-e,'* 32 200 

Cp (eu) Cp (eau) 
Dunitz and Orgel 

Cp (aig) +45 (ay) +32. Cy 34 200 

Cp (diu) ss ieee 

Cp (61g) +3dsa+3dye “9 

Cp (29) +3dzy+3de*-y? ' a a — ao 

3d,2+-45 (aig) +Cp (aig) 

Cp (ers) N-Q transition similar to the 2300- and 2600-A shoul- 

Cp (ig) +3dee+3dys ders in ferrocene. It will be noted from the data of 

Cp (aig) +45+3d, Table IV that this shoulder is the only one in which a 

4p (ar.) change of intensity is appreciable upon varying the 

4p a solvent from cyclohexane or ethanol to carbon tetra- 

Cp (ew) chloride. This may be due to a red shift of the band 

Cp (€2) +3d2y+3de2-4? under the 3075-A band. 

2 eaiy — a The band at 3075 A is relatively intense and occurs 

* Denotes cyclopentadienyl. at approximately the same wavelength as the inter- 


€2'—€2"" 34 000 
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molecular charge transfer band of ferrocene in carbon 
tetrachloride described by Brand and Sneedon.* The 
absorption spectrum of nickelocene in carbon tetra- 
chloride shows no new bands other than those found 
in cyclohexane or ethanol. This may be explained by 
assigning the 3075-A band as a intermolecular charge 
transfer band which occurs in any of the solvents listed 
in Table IV because of the ease of oxidation of nickelo- 
cene to the nickelicinium cation. However, the extinc- 
tion coefficients for this band in carbon tetrachloride 
and cyclohexane are almost equal implying that 
cyclohexane and carbon tetrachloride are of equal 
capacity as electron acceptors. This latter conclusion is 
difficult to accept. A preferred alternative assignment 
for the 3075-A band is that it is an intramolecular 
charge transfer band which fortuitously occurs near the 
wavelength of the charge transfer band in ferrocene. 

The shoulders at 3450 and 4400 A in the absorption 
spectrum of nickelocene closely parallel the wavelength 
of the ferrocene 3240- and 4400-A bands. However, 
the intensity of the 3450-A shoulder of nickelocene 
indicates that this transition is not the same as the 
3240-A band in ferrocene. This transition may be an 
allowed transition between the nickel 3d and the 4s 
or 4p levels. The intensity of the 4400-A band indicates 
that it is a forbidden transition. It will be noted from 
the data in Table IV that the 4400-A band shifts to 
4200 A upon lowering of the temperature. This band is 
denoted as a forbidden 3d-3d transition similar to the 
ferrocene 4400-A band. 

The shoulder at 5700 A is assigned as a forbidden 
3d-3d transition localized on the nickel atom. The 6920- 
A band is assigned as a forbidden 3d-4p transition 
localized on the nickel atom. 


Nickelocene Emission 


No definitive emission of nickelocene was found al- 
though excitation in all of the absorption bands of 
nickelocene was attempted. The emission, if it exists, 
must occur beyond the last absorption band which 
places its origin beyond 8000 A. The emission may not 
have been located because of low nickelocene concen- 
tration, intrinsic low intensity of the emission, and the 
relatively low sensitivity of the photographic plates in 
the 8000-10 000-A region. 


THEORETICAL TREATMENTS 


Several different theoretical treatments of the bond- 
ing in ferrocene have been published. The majority of 
these treatments have been concerned with prediction 
of the magnetic properties of the cyclopentadienyl 
complexes. A number of the treatments have not 
succeeded in the latter regard, especially with the 
complexes containing metals other than iron. Ad- 
mittedly, these treatments are at best semiquantitative, 
but it will be very interesting to compare the predicted 
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Fic. 5. Theoretical energy-level diagrams for ferrocene. 


spectral properties of ferrocene with those found in this 
study. This discussion is limited primarily to ferrocene 
since many of the treatments require adjustment of the 
levels to obtain the experimentally found paramagnetic 
ground state of nickelocene. The discussion will deal 
with the theoretical schemes of Matsen, Ruch," 
Dunitz and Orgel,” Moffitt," Yamazaki, Liehr and 
Ballhausen,"* and Robertson and McConnell.” Within 
the framework of each theoretical discussion, tentative 
assignments for the observed transitions of ferrocene 
will be made on the basis of transition energy, polariza- 
tion, and the type of orbitals involved in the transitions 
as determined experimentally. Since all of the theoreti- 
cal studies do not utilize the same symmetry point 
group, it will be useful to know the symmetry of the 
various metal orbitals in the Dsa, Ds,, and D,, point 
groups. These are shown in Table VII. 

The formally allowed dipole transitions and polariza- 
tions for each of the point groups D.n, Dsa, Ds,, are 
given in Table VIII. The z axis has been taken as 
perpendicular to the cyclopentadienyl rings. 

The transition energies for the treatments of Ruch, 
Moffitt, and Dunitz and Orgel were obtained by measur- 
ing the interval between the respective energy levels 
of each energy level scheme with dividers and a rule. 
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Ferrocene 
Ruch Treatment 


Ruch" considers the cyclopentadienyl rings as discs 
and chooses the D,, point group for his theoretical 
treatment. His treatment involves considerable mixing 
of the various metal and cyclopentadienyl orbitals. 
This mixing is given in Table [X. Cotton and Wilkinson! 
have criticized this treatment because of the lack of 
details concerning the assumptions used in calculating 
the energy level scheme. Ruch’s energy level scheme 
along with estimated energies is presented in Fig. 5. 
The transitions with energy changes greater than 50 000 
cm and involving levels below the 7, (4) level have 
been disregarded. The dipole allowed transitions are 
listed in Table X. 

On the basis of transition energies, the 2025-A 
(49 380 cm=') band could be assigned as the 6,(6) 
6, (10) transition, the 2300-A (43 480 cm~!) shoulder 
as the m,(4)-6,(7), and the 2600-A (38 460 cm) 
shoulder as the o,(5)-o,(8) transition. However, the 
assignment for the 2025-A band involves a nonbonding 
MO and is probably more reliably assigned to the 2300- 
A shoulder. The 2025-A band then corresponds to the 
m,(4)-6,(7) transition. There is no readily apparent 
reason for the weakness of the shoulder at 2600 A if 
the last assignment is accepted as being correct. Also, 
the observed lack of polarization for the 2600-A shoulder 
is not in agreement with the predicted z polarization. 

There are no other transitions which are symmetry 
allowed but spatially forbidden to account for the weak 
band at 3240 A (30 860 cm~). This latter band could 
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be assigned as the symmetry forbidden 6,(6)-0,(8) 
transition. The 4400-A (22 730 cm-') band can be 
assigned as the o,(5)-6,(7) or 6,(6)-6,(7) forbidden 
transition. 


Moffitt Treatment 


The molecular orbital approach of Moffitt'' is one 
of the most physically appealing of the theoretical 
treatments. This author constructed molecular orbitals 
from the 2pm carbon orbitals of each cyclopentadienyl 
radical. He then placed the radicals parallel to each 
other and so aligned that they formed the pentagonal 
antiprism structure of ferrocene. New cyclopentadieny] 
molecular orbitals were then constructed in the result- 
ing Dsa symmetry. The neutral iron atom was then 
placed at the center of symmetry of the pentagonal 
antiprism. The z electron field of the rings mixed the 
iron 4s and 3d,* orbitals and produced the hybrid 
orbitals h(a;,) and k(a,,). Moffitt assumed that the 
principal bonding took place by overlap of the 3d,, 
and 3d,, iron orbitals with the proper cyclopentadieny] 
orbitals. Other orbitals were regarded as either non- 
bonding or only slightly bonding in character. The 
mixing of the orbitals is given in Table IX. The resulting 
energy level diagram is illustrated in Fig. 5. 

Considering transitions with energy changes of less 
than 50 000 cm involving no levels below the Cp (a1,) 
level, the allowed transitions listed in Table X are 
obtained. The 2025-A (49 380 cm) band can be 
assigned as the Cp (e:,,)—Cp (é2,) transition. This transi- 
tion is a n-MO-n-—MO transition. The 2300-A (43 480 
cm~') shoulder can be assigned as the 3d (¢2,)—Cp (eo. ) 
transition. This assignment explains the low intensity 
of the 2300-A shoulder since the assigned transition 
involves a n-AO on the metal atom and a m—MO on 
the rings. The 2600-A (38 460 cm-') shoulder is as- 
signed as the Cp(e,)-r(é19) transition of n-MO-MO* 
type. However, the observed polarization does not 
coincide with the predicted one. The 3240-A (30 860 
cm~') band is assigned as the Cp (e;,,)—k (a1,) transition 
of the n-MO-n-AO type. This assigned transition does 
not possess the observed z polarization. Alternatively, 
the 3240-A band could be assigned as the forbidden 
h(ai,)-k(a,,) transition. This assignment does not 
coincide with the effects of ring substitution on the band 
maximum since no ring orbitals are mixed in the 
h(aig) or k(ay,) orbitals. The 4400-A (22 730 cm!) 
band can be assigned as the forbidden 3d (e2,)—-4p (a1. ) 
or the 3d(é,)—k(ai,) transition. 

It can be seen that there are three remaining allowed 
transitions which are not observed experimentally. 


Dunitz and Orgel Treatment 


These authors” have carried out a semiquantitative 
calculation for the cyclopentadienyl sandwich com- 
plexes which is very similar to that of Moffitt. The major 
differences between this scheme and Moffitt’s are: 
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(1) placing the e,,* MO below the 4 iron orbitals and 
(2) in attributing most of the shift of the iron 4s orbital 
to interaction with the ring a, orbital rather than to 
4s, 3d.2 mixing. However, Dunitz and Orgel agree with 
Moffitt that the 4s and 3d,2 orbitals do mix under the 
field of the cyclopentadieny] radicals. They constructed 
two energy-level diagrams, one allowing for this mixing 
and the other ignoring it. This discussion will be limited 
to the case of the 4s and 3d,2 mixing since the authors 
admit it is present. 

The mixing of the appropriate ring and metal orbitals 
as well as the resulting molecular orbitals of this treat- 
ment are shown in Table IX. The energy-level scheme is 
illustrated in Fig. 5. Considering no transitions in- 
volving levels below the a, level, the allowed transitions 
in Table X result. 

The 2025-A (49 380 cm™!) band is assigned as the 
€2y~€m OF the €1,-€2’ transition or both since they are 
degenerate. Both of these transitions are of the V-Q 
type, and the assignment does not coincide with the 
intensity of this band. The 2300-A (43 480 cm™') 
shoulder is assigned as the d1,-é' transition of the 
n-MO-MO type. The 2600-A (38 460 cm) shoulder 
is attributed to the degenerate e-4p(a1.), 4p (e1.) 
transition of the MO-n-AO type. This latter assign- 
ment gives the observed mixed polarization for the 
2600-A shoulder. The only N-Q transition remaining 
which can be assigned to the 3240-A (30 860 cm~') 
band is the eé,~é’ transition of the n-MO-MO* 
type. This transition has the proper polarization but is 
considerably different in energy from the experimental 
value. The 3240-A band could also be assigned as either 
the e1, ei)’ Or é1y-@iy’ forbidden transition. The 4400-A 
(22 730 cm~!) band is assigned as the forbidden a,’ 
4p(a),) transition. 


Yamazaki Treatment 


The calculations of Yamazaki™ represent the only 
ones of quantitative nature. This author apparently 
included more interactions than did Moffitt or Dunitz 
and Orgel, but the results were reported in such a brief 
publication that its value was lessened. He performed 
a self-consistent field computation for ferrocene in both 
the Dsa and D;, point groups obtaining the same results 
for both cases. It is difficult to tell which metal and 
cyclopentadienyl orbitals were mixed, but the list in 
Table [X is believed to be an accurate one. The result- 
ing energy level diagram is illustrated in Fig. 5. Con- 
sidering transitions involving energy changes of less 
than 50 000 cm™, no doubly excited states, and no levels 
lower than the ey’ level; the allowed transitions listed 
in Table X are obtained. 

The best assignment for the 2025-A (49 380 cm!) 
band is the e;’’-e;'* transition. This transition is of the 
ax-m* type. The 2300-A shoulder (43 480 cm=') can be 
assigned as the e,’’~e.”" transition, it being of the MO 
n-MO type. The 2600-A shoulder (38 460 cm™') is 
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Fic. 7. Theoretical energy-level diagrams for nickelocene. 


assigned as the e’~e’’ transition of the MO-n-MO 
type. This last assignment does not give the nonspecific 
polarization observed by Yamada et al.” for the band at 
approximately the same wavelength as the 2600-A 
shoulder. If the 2600-A shoulder is considered to be a 
mixture of the almost degenerate e:’—e:’’ and e'~e,'* 
or é:'~e;'* transitions, then the observed mixed polariza- 
tion is explained. On the basis of energy the 3240-A 
band (30 860 cm™'!) band is assigned as the e1’~e:’* 
transition. However, this assignment does not give the 
proper polarization as would the a;'*-a,’’* transition. 
Neither of these assignments explains the low intensity 
of the band. Alternatively, the 3240-A band could be 
assigned as either the e;'—e;'* or e'’—e’* forbidden 
transition. The 4400-A (22 730 cm~') band is then 
assigned as the forbidden e,’~e,;'* transition. After com- 
pleting this assignment, four allowed transitions re- 
main, none of which were experimentally observed. 

Yamazaki has offered an interpretation of the 3240- 
and 4400-A bands in the absorption spectrum of ferro- 
cene. He did not state which transitions these bands 
corresponded to, but only gave transition energies. The 
author listed allowed transitions of x, y polarization as 
0.9 and 3.8 ev. The allowed transitions of x, y polariza- 
tion which correspond to these must be the e,'—a,'** 
(0.6 ev) and e'~e;'* (4.0 ev) or e;’—e2’* (4.0 ev) transi- 
tions. Yamazaki also gave allowed transitions of z 
polarization as 2.5 and 3.7 ev. The only allowed transi- 
tions of this polarization which are close to these 
energies are the a;’*—as'’"* (2.8 ev) or e;'-e)'’* (2.4 ev) 
and e'~e)”” (4.2 ev) transitions. It should also be noted 
that he assigned these weak experimental bands as 
allowed transitions without any explanation for their 
low intensity. His interpretation of the bands appears 
to be of questionable reliability. 


Matsen Treatment 


Matsen"® has calculated the splitting of the d orbitals 
of the metals in the cyclopentadienyl metal complexes 
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TABLE XI. Summary of experimental and theoretical assignments of ferrocene absorption spectrum. 


Type 


N-V 
N-Q, N-V 
N-0, N-V 


3d-MO*, n-MO-MO*, 30 860 


N-V (forbidden) 


3d-3d, (d+Cp))-(d+Cp) 


Singlet-triplet 


SCOTT AND R. S. BECEER 








Assignments based on experiment 


Energy Polarization 


cm! 





49 380 
41 670* 
37 7508 x9, % 


z (mixed x, y) 


22 730 
18 934 


z (mixed x, y) 





Assignments based on theoretical treatments and experiment 


Transition 


Assigned 


mu(4)-5,(7) 
5,(6)-5,,(10) 
o,(5)-01u(8) 
59(6)-o.4(8) 


Cp (eiu)—Cp (é29) 
3d (€29) -Cp (€2u) 
Cp (éiu)—1 (19) 


Cp (é1u) -k (aig) 
h (dig) -k (aig) 


3d (€29)-4p (diu) 
3d (€29)—k (aig) 


C29 C2u 
Cu C29! 


Qu lig’ 
Cig 4p (diu, Ciu) 


Ciu-Cig’ 
Cigbig’ 


” 
Cig Aig 


Q1g'-4p (iu) 


Polarization 
predicted* 


Energy 


Type cm! 


Symmetry 
allowed 





Ruch 
(Cp+4p)-(Cp+3d+4d) 
(Cp+3d)-(Cp) 
(Cp+4s+3d)-(Cp+4p) 
(Cp+3d)-(Cp+4p) 
(Cp+4s+3d)-(Cp+3d+4d) 
(Cp+3d)-(Cp+3d+4d) 

Moffitt 
(Cp)-(Cp) 
(3d)-(Cp) 
(Cp)—(Cp+3d) 


(Cp)-(4s+3d) 
(4s+3d)-(4s+3d) 


(3d)-(4p) 
(3d)-(4s-+3d) 


Dunitz and Orgel 


(Cp+3d)-(Cp) 
(Cp)-(Cp+3d) 


(Cp)-(Cp+3d) 
(Cp+3d)-(4p) 


(Cp)-(Cp+3d) 
(Cp+3d)-(Cp+3d) 
(Cp+3d)-(Cp+3d+4s) 


(3d-+-4s)-(4p) 


Yamazaki 
(Cp+3d)-(Cp+4p) 
(Cp+3d)-—(Cp) 


(Cp+3d)-(Cp) 
(Cp+3d)-(Cp+3d) 
(Cp+3d)-(Cp+4p) 


(Cp+4p)-(Cp+3d) 


40 450 
42 250 


34 000 
34 200 
32 200 


32 600 
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TABLE XI.—Continued. 








Assignments based on theoretical treatments and experiment 


Transition 


Obs (A) Type 


Assigned 


Polarization 
predicted¢ 


Energy 
cm! 


Symmetry 
allowed 








Yamazaki—Continued. 


3240 


(Cp+4s+3d)-—(Cp+4p) 
(Cp+4p)-(Cp+4p) 
(Cp+3d)-(Cp+3d) 


(Cp+3d)-(Cp+3d) 


22 400 
30 600 
29 250 


21 000 


Matsen 


3d (aig) ~3d (€29) 
3d (€1g) ~3d (€29) 


(3d)-(3d) 
(3d)-(3d) 


30 320 
22 730 


Liehr and Ballhausen 


 (€29)—xa (€1g) 
d(ex,)-d (aig) 


(3d)—(Cp+3d) 
(3d)-(3d+4s) 


30 860 
14 850 


Robertson and McConnell 
(3d) —-(3d) 
(3d)-—(3d) 


3das-3d41 
4400 Sbe-Bily 





® Corrected values. 
> See text for reference. 
© For comparison to observed, see experimental assignment. 


using a strong, ligand field model of D.., symmetry. He 
obtained good correlation between his predicted 
magnetic moments for the different complexes and 
those observed experimentally. Assuming Matsen’s 
orbital assignment and his calculated orbital energies, 
the energy level scheme in Fig. 6 is obtained for ferro- 
cene in terms of Dg, the ligand field strength, assuming a 
formal charge of —1 on each ring. 

Taking the 4400-A (22 730 cm~) band as the 3d (e:,) 
3d(@,) transition with AE=6Da, Da=3790 cm“ is 
calculated. On using this value of Dg and AE=8Dz,, 
the prediction of the transition energy for 3d(a,)- 
3d (€2,) is 30 320 cm~. The experimental value is 30 860 
cm™! (3240 A) which is in good agreement with the 
predicted value. Therefore, the 4400-A band is assigned 
as the forbidden 3d(e:,)—3d(e,) transition, and the 
3240-A band is assigned as the forbidden 3d(a,,)- 
3d(e2,) transition. It has been noted previously that 
substitution on the cyclopentadienyl rings does not 
afiect the 4400-A band, but does affect the 3240-A 
band. It therefore appears that the 3d(e,) and 3d (é2,) 
orbitals are not appreciably mixed with the ring orbitals 
through bonding. This is rather surprising since the 
other theoretical treatments invoke bonding between 
the ring and metal ¢,, orbitals to a great extent. Perhaps 
the insensitivity of the 4400-A band maximum to ring 
substitution is due to the mixing of both 3d(e,) and 
3d(é@,) orbitals with the ring orbitals to the same 


degree. Upon ring substitution each level is affected 
to nearly the same extent resulting in no over-all 
wavelength shift. Following this reasoning, the shifting 
of the 3240-A band would be the resultant of no effect 
on the 3d(a,,) orbital and a substantial effect on the 
3d (e,) orbital upon ring substitution. The latter inter- 
pretation implies no appreciable bonding of the rings 
through the 3d(a.,) orbital. 


Liehr and Ballhausen Treatment 


These authors" have performed a semiquantitative 
treatment utilizing features of both the molecular 
orbital and crystal field theories of bonding. They 
follow Moffitt in assuming that the primary source of 
the bonding is through the metal and cyclopentadienyl 
ei, orbitals. They also mix the 3d(ai,) and 4s(aig) 
orbitals. The resulting energy level diagram for ferro- 
cene is given in Fig. 6. In order to establish an energy 
level diagram in absolute energy units to compare with 
the observed spectrum, the following must be ascer- 
tained: the correct value for Zsa, and q(€1g, Gig, 29), the 
charge of the cyclopentadienyl ring orbitals. Only two 
of these variables can be evaluated from experimental 
data in the case of ferrocene. If q(ai,)=q (¢x) = $e,” 
then the variables are reduced to just Z3q and q(é,). 
At the value of Z3g= 2.9780, which is the lower limit of 


® A. D. Liehr (private communication, 1960). 
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the values of Zsa given by Liehr and Ballhausen," 
the best agreement between the AE of 22 730 cm™ 
observed experimentally and a calculated AE occurs 
for the d(e,)-d(a,) transition (14 850 cm). The 
value .of g(eé1,) must then be set at 0.228 in order to 
fit the calculated AE of the d(e2,)—xa(ei,) transition to 
the observed value of 30 860 cm. This value of g (é1,) 
is to be compared to the value of q(e,)=%e for the 
case of purely ionic bonding. It is noteworthy that 
the assignment of the 4400-A band as the d(e,)- 
d(a,,)[{d-d] transition and the 3240-A band as the 
d (€29)—Xa (€ig)[d-MO*] transition would correspond 
to the experimentally found designation for these transi- 
tions, i.e., 4400 A, d-d and 3240 A, forbidden V-V. 


Robertson and McConnell Ionic Model 


These authors” made quantitative calculations of the 
d orbital splitting of the sandwich complexes using an 
ionic model. They also made qualitative statements 
pertaining to the orbital energy order within a molecu- 
lar-orbital approach. It will be necessary to restrict our 
discussion to the ionic model since a quantitative energy 
level scheme for the covalent model was not given in this 
treatment. The ionic model of this treatment is based 
on the splitting of the 3d orbitals of the respective 
metal atoms by a cylindrical potential field which is 
produced by circular line charges on the cyclopenta- 
dienyl rings. The resulting calculations of the 3d orbital 
splitting are given in terms of ro, the distance from the 
origin at the iron atom to the line charge, and gq, the 
circular line charges. These authors point out that the 
ionic potential .also mixed the 3d(ai,) and 4s(ai,) 
orbitals, thereby lowering the calculated energy of the 
3do (aig) level. They conclude that the 3dy and 3d. 
orbitals lie close in energy while the 3d, orbitals are 
considerably higher in energy. The energy level scheme 
for ferrocene is illustrated in Fig. 6. 

Assigning the 4000-A (22 730 cm) band as the 
3d42-3d4; transition, the best fit for this transition is 
obtained by setting ro=1.6A and g=1.7e. These values 
of the parameters yield a value of AE=20 910 cm™ 
for the 3dy-3d,; transition. To obtain agreement with 
the experimental value of 30 860 cm™ (3240 A), it 
must be assumed that the mixing of the 4s orbital with 
the 3d) orbital provides an additional 9950-cm™ 
lowering. This places the 3do, 4s orbital below the 3d 2 
level by 8000 cm—. 

However, if it is assumed that the 3dp level after 
mixing still lies above the 3d42 level in energy, then the 
3240-A band can be assigned as the 3d4.~3d,, transition. 
The best fit for this transition energy occurs with ry= 
1.7A and g=2.3e. Calculation of AF for the 3dy—3d41 
transition gives 18 400 cm™. A value of 4300 cm™ for 
the (3d, 4s) stabilization will then bring the (3do, 
4s)-3d,, transition energy in line with the observed 
value of 22 730 cm. It appears that this latter assign- 
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ment is more reasonable than that in the preceding 
paragraph. The value for g of 2.3e is consistent with the 
withdrawal of electrons from the region of the iron 
atom to the rings by the bonding process. 


Nickelocene 


Matsen Treatment 

For the case of nickelocene, the energy level diagram 
in Fig. 7 is applicable. 

By taking the 6920-A band (14 450 cm™) as the 
3d (e1,)—3d (ex) transition, Dg is calculated to be 2410 
cm”. The 3d(a,,)—3d(e,) transition then has a AE= 
19 280 cm™ vs 5700 A (17540 cm) and 4400 A 
(22 730 cm™) found experimentally. However, assign- 
ing the 5700-A band as the 3d (e,,)—3d (e2,) transition, 
Dz is calculated to be 2920 cm; AE for the 3d(a,,) 
3d(e,,) transition then becomes 23 360 cm™! vs 22 730 
cm (4400 A) determined experimentally. The latter 
assignments fit the experimental data better and 
therefore are preferred over the previous ones. The 
6920-A band can then be assigned as a forbidden 
3d (€2,)-4p transition. 

Assuming the latter assignment is correct, a transi- 
tion energy for 3d(e,,)-4p is approximately the sum of 
14 450 cm= (6920 A) and 17 540 cm™ (5700 A)= 
31 990 cm! which is close to the energy of the experi- 
mental bands at 3450 A (28 990 cm~!) and 3075 A 
(32 520 cm~'). These bands are assigned as the 3d (e1,)- 
4p (ai), 4p(e1.) transitions. A similar computation for 
the 3d(a,)4p transitions gives Ak=37 180 cm“ 
versus the experimental value 37 040 cm™! (2700 A). 
Only one transition is observed in this region. 


Liehr and Ballhausen Treatment 


For the case of nickelocene, the electronic system of 
ferrocene is modified by the addition of two electrons. 
The energy-level diagram is given in Fig. 7. In order 
to reproduce the experimental fact of two unpaired 
electrons in the ground state, one electron must be 
placed in the d(ay,) orbital and the other in the xa (é1y) 
orbital. Again, as for ferrocene, the best agreement for 
experimental and calculated transition energies is ob- 
tained at Z3¢= 2.9780. This value of Zsa gives the 
d(es,)-d (ay) transition energy as 14 850 cm~!, assum- 
ing q(diy)=q(ex)=%e. The experimental value is 
17 540 cm™!. In order to obtain agreement with the 
experimental value of 22780 cm=! for the d(e2,) 
Xa(€1y) transition, q(é¢)=0.215e. This value of q(e1,) 
is close to that found for ferrocene. The 6920-A band 
of nickelocene is assigned as the xa(ey)—4P (em) 
transition. 


CONCLUSION 


Both the experimental and theoretical assignments 
for the ferrocene absorption spectrum have been 
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collected in Table XI. In some theoretical treatments 
it was not possible to unambiguously assign one theo- 
retical transition to each observed band. The molecular 
orbital treatments give fairly good agreement between 
experimental and predicted data for all the bands, 
considering the many interactions which were neglected 
in the theoretical calculations. However, some of the 
molecular orbital treatments suffer from an excess of 
predicted allowed transitions which were not observed 
experimentally. 

The assignments for the 4400-A band within the 
ligand field treatments agree well with the experimental 
designation. Matsen’s calculations fit the observed 
transition energies for the 3240- and 4400-A bands 
better than the other ligand field treatments. In the 
treatment of Matsen, there is agreement between the 
experimental and theoretical nature (d-d) of the 4400- 
A transition. In addition, if d and ring orbitals are 
mixed, the substitutional effects can be explained. The 
nature of the 3240-A band is not satisfactory unless 
mixing of d and ring orbitals occurs. The symmetry 
nature of the ring orbitals to be mixed has been pre- 
viously noted to be ey and é:,. Moreover, this assign- 
ment of the mixing of the ring and d orbitals agrees 
with the conclusion regarding the mixing based on 
overlap integrals determined by Dunitz and Orgel. 

It is interesting that the ligand field treatment of 
Matsen, which implies ionic bonding, should succeed 


so well in predicting the energies of the long wavelength 
bands of ferrocene which does not possess any large 
amount of ionic bonding. It would appear that the 
process of bonding between the 3d and cyclopentadieny] 
orbitals does not alter the energy of the resulting 
orbitals to such an extent that a ligand field treatment 
is invalid. Within the ionic models, the ferrocene ab- 
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sorption bands at 2300 and 2600 A could possibly be 
assigned to transitions between the occupied 3d orbitals 
and the empty 4 orbitals. It appears that in the cases 
of the molecular orbital treatments, particularly that 
of Dunitz and Orgel, minor modification of orbital 
energies and mixing would provide highly acceptable 
results regarding the nature of the bonding and spec- 
troscopic data. 

Within the framework of the theoretical treatments 
considered the singlet and triplet states are degenerate. 
This arises because of the omission of e?/rj. electro- 
static repulsion terms. Consequently, it is not possible 
to assign the observed triplet within any of the theo- 
retical treatments. If it is assumed that the emitting 
triplet is associated with the second excited singlet 
state as previously discussed, electrostatic repulsive 
terms could be large for the case of ferrocene. Moreover, 
it should be noted that the addition of repulsion terms 
could modify the energy order of the singlet states which 
would then modify the assignments within a theoretical 
treatment. 

Further investigation of these and similar molecules 
is in progress. 
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The deactivating influence of impurities in anionic polymeriza- 
tions is considered from the point of view of the ultimate molecu- 
lar weight distributions obtained with various systems. 

With the assumption that initiation is much faster than propa- 
gation, theoretical expressions for the weight distribution functions 
and the weight-to-number average chain length ratios are derived 
for the cases in which mono- and bifunctional growing chains are 
subjected throughout the course of polymerization to given, fixed 
ratios of monomer to impurity concentrations. The relationships 
obtained are shown to be applicable to systems of practical 
interest. 


N recent years anionic polymerization systems in- 

volving stable propagation centers have been in- 
vestigated for different monomers. The goal of such 
studies has been the development of systems and 
techniques which would yield polymers of predictable 
molecular weights and predeterminable molecular 
weight distributions; the synthesis of monodisperse 
materials has been of particular interest. 

Under ideal conditions and in the absence of chain 
end deactivation, it is possible to synthesize virtually 
monodisperse polymers.'* Moreover, when chain 
end deactivation can be instituted at will throughout 
the course of the polymerization of such materials, 
polymers of any desired molecular weight distribution 
can be prepared.* 

In practice, the most difficult aspect of such schemes 
is the preparation of pure monomer, free from im- 
purities which cause undesirable deactivation of grow- 
ing chains. Many investigators in the field of anionic 
polymerization have fallen short of their intended 
objectives because of the monomer purification problem. 

It is the purpose of the present communication to 
examine in general terms the effects of small amounts 
of impurities present in the monomer on the final 
molecular weight distributions of various anionic 
polymerization systems. We shall also endeavor to 
describe the most judicious selection of experimental 
conditions which, in conjunction with the inherent 
physical properties of a given monomer-initiator 
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The molecular weight distributions of both mono- and bifunc- 
tional anionic polymers derived from the foregoing model are 
found to broaden with increasing impurity content in the mon- 
omer supply. The molecular weight distributions for the latter 
are narrower than those for the former at corresponding levels of 
impurity content. For moderate degrees of deactivation, the 
weight distribution function for bifunctional polymers exhibits 
the characteristic maximum as well as the rudiments of a second 
relative maximum at lower molecular weight. 


system, will most closely achieve the goals set forth 
in the opening paragraph. It is, of course, impractical 
to attempt to embrace the entire problem of the effect 
of impurities on systems of widely differing character- 
istics. We shall therefore restrict ourselves to a qualita- 
tive examination of the more obvious systems, together 
with a detailed investigation of two systems of particular 
interest which will serve as illustrative examples. 

In order to simplify an otherwise involved system of 
classification, while at the same time attempting to 
maintain a realistic approach, we make the following 
assumptions for all cases considered: (a) initiation of 
propagation centers is effectively instantaneous, i.e., is 
rapid in comparison to the reaction time of these 
centers with monomer (or impurities)’; (b) depropaga- 
tion of polymer chains is negligible; (c) the reaction 
of (monofunctional) impurities with propagation 
centers yields products which are inactive throughout 
the further course of the polymerization and which 
in no way affect propagation of the remaining active 
centers; (d) the rate constant for addition of a mono- 
mer unit to a growing chain (k») and that for addition 
of an impurity (k,) are independent of the lengths of 
the polymer chains; (e) chain transfer does not occur; 
and (f) homogeneous reaction conditions with regard 
to temperature and mixing of components prevail. 

We shall distinguish between batch polymerizations, 
where initiator and monomer are mixed in a single 
operation, and polymerizations in which monomer is 
added gradually (for instance from the gas phase‘) at 
any chosen rate to the initiator solution. (Batch poly- 
merizations can be employed only when homogeneous 
reaction conditions are achievable before the ensuing 
reaction proceeds to an appreciable extent, i.e., only 
for relatively slow reaction rates; fast polymerization 


7 The methods employed here could, if desired, also be applied 
to the more general (impurity-free) systems treated by L. Gold 
[J. Chem. Phys. 28, 91 (1958)] in which various ratios of the 
initiation and propagation rates are considered. 
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reactions necessitate gradual addition of monomer to 
the intiator solution.) 

Both mono- and bifunctional initiators are con- 
sidered; in reference to the latter, equal reactivity 
of each end of the molecule is assumed. If initiation is 
instantaneous (as previously postulated) and _ if 
chain end deactivation does not occur, both of these 
propagating species, in accordance with conditions 
previously stipulated, yield by either the batch or 
continuous monomer feed process polymers whose 
molecular weight distributions may be represented by 
the Poisson function 


W(K, Xn) 
=[K (Xng—1)*+ exp(1—Xno) 1/[Xno(K—-1) 1] 


K=1, 2,3, ++, (1) 


where W(K, Xn) is the weight fraction of K mers 
present in a mixture of number average chain length 
Xn (the particular expression given applies for initiators 
of unit length). For such systems, the weight-to-number 
average chain length ratio is 


Xvo/Xng=1+1/X np—1/X ny’. (2) 


BATCH POLYMERIZATIONS 


We consider first the case where k, is small and the 
ratio® k,/kp is (a) large, (b) unity, or (c) small. A 
sufficiently large ratio k,/kp in the propagation of 
monofunctional centers will give rise to initial deactiva- 
tion of some species and thus results essentially in 
increasing the total number average degree of poly- 
merization of the long chain polymer product over that 
which would be predicted on the basis of the original 
initiator concentration. The molecular weight dis- 
tribution of the polymer obtained will differ insig- 
nificantly from the Poisson form realized under ideal 
conditions; the weight-to-number average chain length 
ratio will be closely approximated by the value in 
Eq. (2). 

A large value of k,/k, in the case of bifunctional 
propagation centers, however, will result primarily in 
the deactivation at an early stage of the polymerization 
of propagating species at one end alone. Since only a 
relatively few centers will be completely deactivated, 
the majority of the molecules will propagate at one or 
both ends, thus yielding for the final polymer product 
an over-all X, value only slightly larger than that 
predicted assuming no deactivation. The corresponding 
molecular weight distribution function will in general 


8 Throughout the qualitative discussions of this section it is 
assumed that the reaction of growing chains with monomer and 
with impurity are first order in monomer and impurity concen- 
tration, respectively. The conclusions apply equally well to 
systems in which this is not the case if the conditions pertaining 
to the relative values of the rate constants kp and k, are replaced 
by corresponding conditions expressed in terms of the relative 
reaction rates of monomer and impurity. 


533 


consist of two partially superimposed Poisson functions, 
characterized by individual number average molecular 
weights differing by a factor of two. The approximate 
weight-to-number average chain length ratio can be 
easily calculated from either the total number average, 
or the number average chain lengths of the two com- 
ponent distributions, and the extent of chain end 
deactivation. 

When &, and &, are equal, the molecular weight 
distributions of the end products of the batch and 
continuous feed processes are identical. This case will 
be treated in detail later. 

When the ratio k,/k, is sufficiently small, chain end 
deactivation in the batch process will occur primarily 
toward the end of the reaction (exhaustion of monomer 
supply). The principal effect, with either mono- or 
bifunctional initiators, will thus be deactivation of 
long chains; the number average molecular weights 
will agree with the predicted values and the molecular 
weight distributions will be closely approximated by 
the Poisson function. 


POLYMERIZATION BY CONTINUOUS MONOMER 
ADDITION 


We now examine in detail polymerization processes 
for which k, is large and in which continuous monomer 
feed affords the only practical means of synthesizing 
polymers meeting the requirements set forth in the 
opening paragraph. Strictly speaking, the model sys- 
tem to be described, previously treated in part in ap- 
proximate fashion by Swarc and Litt’, applies only to 
the case where k, and k, are equal” and will be de- 
veloped in accordance with this condition. If, however, 
the monomer feed rate is such that the reaction of 
propagation centers with both monomer and im- 
purities is essentially completed within the time interval 
of an incremental monomer addition (which involves 
the influx of an amount of monomer small in comparison 
to the total amount ultimately consumed by the 
system) then the results of this treatment are, to be a 
satisfactory approximation, applicable for all values of 
the ratio k,/Rp.™ 


1. Monofunctional Initiators 


Consider a fixed number of initiators to which is 
added an intimately dispersed monomer-impurity 
mixture. Let the lengths of both the monofunctional 
propagating centers and the impurities equal the length 


9M. Szwarc and M. Litt, J. Phys. Chem. 62, 568 (1958). 

10 Another requirement is that first-order kinetics for reaction 
of monomer and impurity prevail. The results are applicable 
without change for special cases of more general systems also if 
conditions are such that the monomer/impurity ratio in the 
monomer supply remains fixed throughout the course of poly- 
merization. 

The results are also applicable for all kinetic orders, not 
necessarily equal in, regard to reaction of active chains with 
monomer and impurity. 
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Fic. 1. Differential distribution function for monofunctional 
systems. (X,=101). 


of one monomer unit. We designate by a the mole 
fraction of impurities in the monomer supply; the 
parameter a@ may also be regarded as the probability 
that, at any stage of the polymerization, a growing 
chain end reacts with an impurity molecule, 1—a being 
the corresponding probability for reaction with a 
monomer unit. 

Let us now suppose for the present that addition of 
an impurity molecule to the end of any growing chain 
does not constitute termination, i.e., that such a chain 
may continue to propagate by further addition of 
monomer, or impurity molecules, with no possibility of 
termination. In a system of this kind, the final mo- 
lecular weight distribution will be Poisson and will be 
given by 


Px (x, 6r) =[0r—-1) 2 exp(1—6r) /(x—1)!, (3) 


where P;,“(x, Or) is the probability that a molecule 
selected at random contains a total of x units (some 
of which may be impurities) and where 6; is the number 
average chain length for the mixture. This hypothetical 
collection of molecules will also possess a certain dis- 
tribution of first monomer sequence lengths (the total 
length of the first uninterrupted sequence of monomer 
units, starting from the initiator unit and ending either 
at the terminus of the chain or at the first impurity 
unit, whichever occurs first). For the actual polymeriza- 
tion conditions assumed in this treatment, the dis- 
tribution of first monomer sequence lengths defined 
above must be identical with the chain length dis- 
tribution of those molecules which would be found 
in a final mixture if, as originally stipulated, addition 
of an impurity unit terminated all further growth of a 
chain end. Thus, we need only compute the first 
monomer sequence length distribution appropriate to 
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the hypothetical distribution of Eq. (3), and relate 
the parameter 6; to the true X,, for the real mixture in 
order to arrive at the desired distribution function for 
the system of interest. We shall henceforth regard the 
distribution of first monomer sequence lengths for Eq. 
(3) as equivalent to the actual distribution which we 
seek. 

A true K mer (where K includes the terminal initiator 
unit and possibly a deactivating impurity at the other 
end of the chain) can arise from two sources in the 
hypothetical distribution of Eq. (3): (a) from chains 
whose total length is greater than or equal to K in which 
an initial sequence of K—2 monomer units followed by 
a deactivator (impurity) unit occurs, and (b) from 
chains of total length A containing no deactivators. 
The probability of a true A mer from either of these 
sources is 


P©(K, 67) =(1—a)* "Pp, (K, 67) 
+a(1—a)* 25> P(x, Or). (4) 
r=k 


For 6; large, the second term in the above equation may 
be replaced by the normal approximation to the 
Poisson distribution [or, more precisely, the normal 
approximation to the Bernoulli distribution which 
P(x, Or) actually is]. The weight distribution 
W1(K, X,) of the final, real, mixture may now be 
obtained from Eq. (4) and we find 


W1(K, X,) =[K(1—a)**/X,, [a(1— (ft) ) 
+(1—«) (@;—1)*— exp(1—0r) /(K—1)!], (5) 


where X, is the number average chain length of the 


real mixture, 6; is a function of a and X,, to be explicitly 
defined, and 


t 
&(t) = (1/2m)8f exp(—y?/2)dy, 


where t= (K —6;) /(@;—1)}. 

The parameter 6; may be expressed in terms of the 
true number average chain length X, (the mean first 
monomer sequence length) and the impurity content 
parameter a. The details of this calculation are given 
in the Appendix; the result is 


6;=1—(1/a) In(1ta—aX,). (6) 


For any nonzero impurity level, continued addition of 
the monomer/impurity mixture will eventually result 
in deactivation of all propagation centers, thus imposing 
an upper limit on X,. The relationship between a and 
this maximum value is 


Xnmax = (1 +a) /a. (7) 


The fraction 8 of polymer molecules in the final 
mixture which are deactivated (contain an impurity 
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at the end of the chain) for given a and X, may be 
obtained from the relation 


Br=a(X,—1), (8) 


which also serves as a definition of X, for such systems. 
A general expression for the weight average chain 
length can be obtained from the mean square first 
monomer sequence length (see Appendix). After 
elimination of 6; by means of Eq. (6), the weight-to- 
number average chain length ratio thus calculated is 


Xw/Xn=(1/Xn)[14+2/a—2/aXy 
+ (2/X,) (1—1/a) (X,—1—1/a) In(1+a—aX,) J. (9) 


The value of this quantity at the maximum X,, 
[Eq. (7) ] is the corresponding ratio for complete 
deactivation and is 


bom Xala, 1=1+(1—a) /(1+a@)*22. (10) 


The weight distribution function at the maximum 
ais 
W1(K, Xx) |a,1=[a?/(a+1) JK(1—a@)**, (11) 
which, as noted by Swarc and Litt,’ is of the Flory form. 
The differential distribution curves for monofunc- 
tional polymers of X,=101 and for various a between 
0 and 0.01 (the latter value corresponding to complete 
deactivation for this molecular weight) are shown in 
Fig. 1. These were calculated from Eq. (5), after 
substitution for 6; from Eq. (6). 


2. Bifunctional Initiators 


We consider now initiated molecules of length two 
monomer units which are capable of propagation at 
both ends. Following the method of Sec. 1 we again 
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Taste I. Comparison of X../X, ratios. X,=101. 


a ( pay T (X. /X,) Il 





0 1.01 1.01 
0.003 1.12 Ey 
0.005 ‘g : b.23 

0.008 
0.010 
0.015 
0.020 


1.48 
1.97 


temporarily ignore the deactivating effect of impurities. 
The hypothetical chain length distribution for such a 
system is again Poisson and may be expressed either 
in terms of total chain length, or in terms of the chain 
lengths of the two ends of the bifunctional molecule. 

In this system a true K mer can arise from three 
sources in the hypothetical distribution: (a) from 
chains of total length K which contain no deactivators; 
(b) from chains of total length greater than or equal to 
K which contain at least one deactivator in one portion 
of the chain and none at the other; and (c) from chains 
of length greater than or equal to A which contain 
at least one impurity unit in each of the two portions 
of the molecule. The continuous first monomer se- 
quences passing through the bifunctional initiator in 
each of these three types define, respectively, (a) real 
chains containing no deactivators; (b) chains termi- 
nated at one end only; and (c) chains terminated at 
both ends. We find for the weight distribution of 
bifunctional polymers the following: 


Wr(K, X,) =[K(1—a)*-/X,,] 
X { (0r47—2)* 2 (1—a)? exp(2—@rr) , (K—2)! 
+a*[1—( [K—6r |/ [@rr—2}') } 


k=3 
+2a(1—a) S°[ (Orr/2—1)4 exp(1—671/2) /j!] 


7=0 


<[1—-6((K —j—611/2—1]/[6rr/2—1}) ]}, 


(12) 


where 6; is the hypothetical number average chain 
length for the system. This parameter may be evaluated 
by the methods of Sec. 1, and we find 


O11 = 2[1— (1/a) In(1+a—aX,,/2) ]. (13) 


For the bifunctional case, the relationship between a 


and the maximum _X, is 


Xinax= 2(1 +e) /aw. (14) 


For any a and X,, consistent with Eq. (14), 0x may be 
calculated from Eq. (13) and used to define W77(K, X,,) 
of Eq. (12). 
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The relationship between a@ and 77, the fraction of 
all molecules which are deactivated at one or both 
ends, is 

Brn =1—(1+a—aX,/2)?. (15) 


The general weight-to-number average ratio for the 
bifunctional system is 


Xu/Xn=(1/aX,) [o2X, (1+X,/2) +2a(X,—2) 
+4a(1/a—1)(1+a—aX,,/2) In(ite—aX,/2)], (16) 


which for complete deactivation (all chain ends termi- 
nated) becomes 


Xw/Xnlap-1=1+ (1—a) /2(1+a)°~3. 


(17) 


The corresponding weight distribution function at 


the limiting a value is 
Wr(K, Xn) |p;71=[a*/2(1+e) ]K(K—3) (1—a)*, 
(18) 

The differential distribution curves for bifunctional 
polymers of X,=101 and a=0, 0.005, and 0.0202 
(the latter corresponding to complete deactivation of 
all chain ends) appear plotted in Fig. 2. A curve for 
monofunctional polymer of the same X, and a=0.005 
is shown for comparison. For a=0, the monofunctional 
curve is practically identical with that for the bi- 
functional case; for the value of X, considered, there is 
no monofunctional curve corresponding to an @ value 
of 0.0202. 7 

In Table I values of the ratio X../X,, computed 
from Eqs. (9) and (16) for X,=101 and various a, are 
listed for the mono- and bifunctional systems. 


DISCUSSION AND CONCLUSIONS 


In the preceding sections the molecular weight 
predictability and the molecular weight distributions 
of anionic polymers have been analyzed as functions 
of three variables: the type of polymerization process; 
the rate constants pertinent to the monomer-impurity 
mixture; and the functionality of the initiated species. 
In any given proposed synthesis, the experimenter can 
normally exercise some latitude in the selection of these 
variables. Usually, however, the rate constants char- 
acteristic of the desired monomer (and the impurities 
present) are fixed and the more convenient batch 
process will be preferred whenever k, is sufficiently 
small. The choice of experimental conditions thus 
reduces to the selection of the functionality of the 
initiated species, the merits of which in any particular 
instance we may now profitably examine. 

In batch polymerizations (slow rates) it has been 
pointed out that propagation of monofunctional centers 
in instances where the ratio k,/k, is large, in contrast 
to the bifunctional case under the same conditions, 
leads to a polymeric product of narrow chain length 
distribution. Such distributions would be expected 
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wherever the relationship between k, and k, is such 
that, at the end of the reaction, virtually all chains 
deactivated are of short length, separable, and con- 
sidered distinct from the primary polymer product. 
The number average chain length of the product will 
in general, however, differ significantly from the 
predicted value (calculated assuming no impurities). 

If, on the other hand, the ratio k,/k, in the batch 
process is such that an appreciable portion of the 
chains deactivated by the end of the reaction would 
normally be included as members of the polymeric 
product, the use of bifunctional initiators is more apt 
to lead to the narrower distribution of chain lengths. 
Neglecting the relatively small number of chains which 
are deactivated at both eads early in the reaction, the 
chain length distribution in this case will involve a 
spread of molecular weights differing by a factor of 
approximately 2. As mentioned earlier, the predicta- 
bility of number average chain length in the bifunc- 
tional systems should be good. 

Thus, it would appear that from the standpoint of 
both molecular weight predictability and narrowness of 
chain length distribution, bifunctional initiators are a 
better choice in all batch polymerizations, except where 
large values of the ratio k,/kp prevail, in which case 
monofunctional propagation centers offer a distinct 
advantage in regard to reduced dispersion of chain 
lengths. 

Turning next to the continuous monomer addition 
systems, we note from Table I that at the same X,, 
and @ the X,,/X, ratios for bifunctional polymers are 
always less than the corresponding values for the 
monofunctional systems. The shapes of the differential 
distribution curves of Fig. 2 are indicative of this result. 
The lesser sensitivity of the dispersion of chain lengths 
in the bifunctional case, as compared to the mono- 
functional at the same a, may be attributed to the 
growth potential of these molecules at both ends, thus 
rendering less severe the effect of deactivation of one 
propagating end. 

We conclude that in polymerization systems where 
large values of k, necessitate use of the continuous 
monomer addition process, bifunctional initiation 
affords the more practical means of attaining the 
primary objectives of anionic polymerizations. 

Finally, we may consider the case in which a poly- 
meric product of specified functionality is desired, to be 
used subsequently, for example, in the synthesis of 
branched materials.” The rate constants for the system 
chosen will again normally be fixed and it remains only 
to select, when a selection is offered, the more favorable 
of the two polymerization processes. 

When &, is large, the batch method, as mentioned 
earlier, is not feasible for either mono- or bifunctional 


2% The molecular weight distributions of various branched 
molecular synthesized by anionic polymerization or other tech- 
niques are considered in a separate communication [T. A. 
Orofino, Polymer (to be published) }. 





MOLECULAR WEIGHT 


systems and continuous monomer addition must there- 
fore be employed. The effects of the ratio k,/k, and the 
functionality of the initiated species on the molecular 
weight distributions of the products have been dis- 
cussed previously. 

If k, is sufficiently small, if a monofunctional product 
is desired and if the ratio k,/k, is large, then as men- 
tioned earlier the batch process is to be preferred from 
the standpoint of reduced molecular weight dispersion. 
For other values of k,/k,, batch polymerization of 
monofunctional species, in comparison with continuous 
addition, presents no disadvantages in molecular 
weight heterogeneity or predictability and would 
therefore normally be selected for convenience. 

With bifunctional initiators, the batch process again 
is to be preferred whenever the magnitude of k, permits 
except in one instance: If the ratio k,/k, is large, con- 
tinuous monomer addition is likely to produce the more 
narrow molecular weight distribution and on this 
account is to be preferred over batchwise polymeriza- 
tion. In the limiting case (k,>>k,), the former will yield 
a polymer product varying continuously in molecular 
weight over a twofold range; the latter will yield a 
mixture of two more or less distinct polymer fractions, 
differing by the same factor of two in molecular weight. 
It can be shown that the sample consisting of the 
spectrum of chain lengths between the two limits 


possesses a X,,/X,, ratio closer to unity. 


Note added in proof. Since the original presentation of 
this work (Polymer Division Preprints, 138th ACS 
Meeting, September, 1960, New York City, p. 106) a 
related article by R. V. Figini has appeared in the 
literature [Makromol. Chem. 44-46, 497 (1961) ]. In 
this publication the author derives expressions for the 
molecular weights and the molecular weight distribu- 
tion of an anionic polymerization system equivalent to 
the one for bifunctional initiators treated in detail in 
the present communication. The author’s results, 
although qualitatively in agreement, differ in detail 
from those herein reported due to his assumption of a 
simplified polymerization process. Consequently, the 
molecular weight distribution curves presented there 
must be regarded as somewhat schematic representa- 
tions. 

Included also in the above-mentioned publication are 
applications of the theory presented to some experi- 
mental data on anionic polymerization systems. While 
we have not elected to discuss such comparisons in de- 
tail in our present work, we would point out the 
author’s apparent neglect of other factors, i.e., initial 
chain-end deactivation arising from handling and from 
sources in the system other than the monomer supply, 
which must also be properly taken into account in the 
analyses of such experimental data. 

In Fig. 5 of his publication, the author compares the 
molecular weight distribution of an anionically pre- 
pared polystryrene sample, as determined experi- 


DISTRIBUTIONS OF 


ANIONIC POLYMERS 


mentally by Schneider and Holmes [J. Polymer Sci. 38, 
552 (1959) ] and as calculated from theory for the same 
weight-to-number average chain-length ratio. From 
this comparison the author concludes that the two- 
peaked distribution predicted by theory is not sup- 
ported by experimental evidence and that therefore 
impurities had been absent from the reaction system. 
It is clear from the data of the original article, how- 
ever, that the possibility of chain-end deactivation at 
some stage of the polymerization cannot be ruled out 
and that, in fact, the experimental curve may repre- 
sent a superposition of two peaks in the type of dis- 
tribution predicted by his (and the present) theory. 


APPENDIX. COMPUTATION OF MOLECULAR WEIGHTS 


In the hypothetical distribution of Eq. (3), the 
probability P“(i, x) that a monofunctional x mer 
contains an uninterrupted initial sequence of exactly 7 
monomer units is 


P® (i, x) = (1—a) ‘a; if 1<2—2, 


=(l-—a)*"; if t=x-1, 


=(); if i>-x. (Al) 
In the first of the above cases, the initial monomer se- 
quence is terminated by the presence of an impurity 
at chain element position i+2, in the second by ter- 
mination of the molecular chain. The mean first mono- 
mer sequence length (J), for « mers is thus 


z—2 
(lew =a), (1—a) (i+2) +2(1—a) 
i=0 


=(1/a)[ita—(1—a)*]. (A2) 


The number average degree of polymerization of the real 
mixture (the over-all mean first monomer sequence 
length) is obtained by summation of the above expres- 
sion over all x values in accordance with the chain 
length distribution given in Eq. (3) of the text. We thus 
find 


Xa= >> Pa (x, Or) (le) 
z=1 


=(1/a)[1+a—exp(a—aéz) ], (A3) 


which, when solved for 67, yields the result given in 
Eq. (6). 

The mean square first monomer sequence length 
(2), from which X, for the real mixture can be 
evaluated, may likewise be readily computed. For 
x mers in the hypothetical mixture we find 


z—2 
(2 w= aD) (1—a) *(i+2)*+22(1—a) 4 
i=0 


= (1/a?)[(2+a+a?+ (1—a)*""(a—2—2eax) ]. 
(A4) 
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The weight average degree of polymerization may be 


expressed 


x. = | 1 ; a 3: P, © (x, 47) “ dq Avy 


z=1 


(AS) 
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which, upon completion of the summation, substitution 
for 6; in accordance with the defining Eq. (6) and 
division by X,, yields the result given in Eq. (9). 

The computation of X, and X,, for the bifunctio- 
nal systems proceeds in a manner analogous to that 
outlined above. 
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The relationship between the measured Verdet constants of a number of molecules and the quantum- 
mechanical theory of the Faraday effect is examined. The observed behavior of nitric oxide, which is sig- 
nificantly different from that of the diamagnetic gases, is explained by a consideration of the effect on the 
Verdet constant of the transition from the *I; state to the *2 state lying at 44.000 cm™. 


INTRODUCTION 


F plane-polarized light is passed through matter 

which has been placed in a constant magnetic field, 
it is found that the plane of polarization of the emergent 
light is rotated through an angle @ with respect to the 
incident beam. This phenomenon is known as the 
Faraday effect. The angle @ is directly proportional to 
the magnetic field strength H and to the path length / 
of the light through the medium, i.e., 


6=VIH-k, (1) 


where Kk is a unit vector in the direction of propagation 
of the light. The constant of proportionality V is called 
the Verdet constant. 

Using purely classical arguments, Becquerel! in 1897 
showed that the Verdet constant of diamagnetic 


where 


162°Nv? 


Va=— » v(n'n)[(n’ | m.| n’)—(n| m,|n)] 


monatomic gases may be written 
’ = (e/2mc?) v(dn/dv), (2) 


where 7 is the index of refraction of the gas, c and » are 
the vacuum speed and frequency of the light, respec- 
tively, and e and m are the electronic charge and mass, 
respectively. 

The form and applicability of the Becquerel equation 
were confirmed by later quantum-mechanical calcula- 
tions.2-* These also showed that if one considers a 
magnetic field directed along the z axis of a right- 
handed space-fixed Cartesian frame, the general expres- 
sion for the Verdet constant can be written as the sum 
of three terms 


V=VitVetVe, (3) 


Im[ (2 | pe| n’)(n’ | py | n)JeWne? 





QOch* 


n,n'sén 


(v?(n'n) —v*)? 


_ Srv? (n|m.|n) Im (n!| pr | n’)<n’ | p, | 2) Je-W nk? 


Och a.nten kT (v?(n'n) —v*) 
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and 


Cc 


IN MOLECULES 


[tml (n’ |m.|n"’)(n| p,|n'){n"’ | py|n)+(n" | m.|n')(n| pe|n’’) <n’ | p, | n)] 





Och? n,n'!¥Fn 
nl tzén nt 


Sr2N yp? 
te be ‘ighitiasiie 


v(n''n’) (v?(n'n) —v?) 





: ) 
Pe al |m.|n){n| pr\n’){n’ | py|n”)+(n\| m.|n"){n'" | p, | n')(n' | p, | n))) 
v(n’’n) (v?(n'n) —v*) | 


The symbol Im[ ] stands for the imaginary part of 
the complex expression in square brackets, the quan- 
tities (n| m,|n), (n| p.| mn’), are the matrix elements 
of the indicated components of the magnetic and 
electric dipole moments, respectively, connecting the 
states of the molecule denoted by the n’s, v(n’n) is the 
energy difference W,,—W, between the states ”’ and n 
measured in units of reciprocal seconds, Q is the parti- 
tion function, V is the number density of the gas, and 
h, k, and T are Planck’s constant, Boltzmann’s con- 
stant, and the absolute temperature, respectively. 
The terms denoted by V4 are referred to as the dia- 
magnetic terms, those by Vg as the temperature de- 
pendent paramagnetic terms, and those by Ve, as 
the temperature-independent paramagnetic terms. 
Recently Ingersoll and Liebenberg® undertook the 
careful measurement of the Verdet constants of many 
common gases. It is the purpose of this paper to examine 
the relationship between the results of these workers 
and the quantum-mechanical theory of the Faraday 
effect. First, the general expression for the Verdet 
constant of molecules is presented and some of its 
properties discussed. In the next section, the special 
case of cylindrically symmetric molecules is con- 
sidered. For such molecules, it is shown that the 
diamagnetic terms are simply related to the molecular 
polarizability perpendicular to the line joining the 
nuclei. It is then shown that the two terms comprising 


fa 167°.Vv? 








(6) 


) 


the Verdet constant of diamagnetic cylindrical mole- 
cules, V4 and Ve, are of the same order of magnitude. 
The behavior of the experimental data for molecules of 
the latter group is next considered and found to agree 
well with that predicted by the theory. 

Paramagnetic diatomic molecules are discussed in the 
next section. Special attention is given here to the 
Verdet constant of nitric oxide. In contrast to the Verdet 
constants of the diamagnetic gases, that of nitric oxide 
is negative and temperature dependent. In addition, it 
is approximately one order of magnitude greater than 
the others. It is shown that each of these anomalies can 
be explained on the basis of the presence of the tem- 
perature dependent Vg which makes a negative con- 
tribution for transitions from the ground Ij state to 
excited 2 states. A calculation is performed which 
indicates that for nitric oxide Vg tends to dominate 
VatVe, so that the observed relative order of magni- 
tude is reasonable. 

The Faraday effect in oxygen has recently been 
treated in detail by Hougen.” To close the section on 
paramagnetic molecules, the results of his work are 
presented. 


GENERAL EXPRESSION FOR MOLECULES 


It can be shown® that, when applied to molecules, the 
expressions (4), (5), and (6) can be put into the form 


v(n'n)((n’ | mz | n’)—(n | me | no) Im (| pe | nn’) (n’ | p, | 2) 


3gch? (v?(n'n) —v?)? 


nizn 
(&.9.0) 

Sr Nv? 
3=———— 


3gch 


(n| me |) ImE (| pe | 2’) <n" | py | wn) ] 
nfs kT (v?(n'n) —v?) 
(£,0,0) 
|Im[ (ne! | my | n!’) (a | pe| nn’) (n"’ | py | a) (n" | me | n> (n| pel rn’) n' | py | ny) 
3gch? ntAn | 
nlln in! \ 
(E,9,0) 


Sa2Nv! 





v(n''n') (2 (n'n) —v?) 


Im (2 | me |) (n| pel nn’) (n’ | py | 


} ) 
n”’)+(n| me | n’’)(n'" | pel no | 


U | Py | n) | 


” 9 ’ 9 (9) 
vin n) (y*(n'n) —v*) | 


Here &, n, and ¢ refer to a right-handed Cartesian co- 
ordinate system fixed in the molecule and 


means sum over all terms obtained by a cyclic exchange 
of £, n, and ¢. It has been assumed that the excited 
vibrational and electronic states are sufficiently greater 
in energy than the ground state so that the partition 
function in Eq. (1) could be replaced by the electronic 


(E.9,$) 


°L. R. Ingersoll and D. H. Liebenberg, J. Opt. Soc. Am. 44, 


566 (1954) ; 46, 538 (1956) ; 48, 339 (1958). 10 J. T. Hougen, J. Chem. Phys. 32, 1122 (1960). 
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TABLE I. Verdet constants of diamagnetic gases in microminutes per oersted-centimeter-atmosphere.* 


vX10- (sec™) Hydrogen Nitrogen 


3.25 17.29 .92 
13.85 
11.40 
10.67 


Carbon monoxide Carbon dioxide Nitrous oxide 


31.51 


25.23 
24.74 20.35 
20.28 16.88 
19.00 15.77 
15.11 12.63 
12. 10.51 
12. 10.36 
11.0: 9.38 
10. 9. 
10. 8.67 
7.32 
6.27 
5.42 
4.74 
4.18 
3.50 
aaa 





* Data from reference 9. 


degeneracy of the ground state g and the sum over 
could be replaced by its leading term alone. 

If the molecule is diamagnetic in its ground state, 
the diagonal elements of the angular momentum 
operator in Vg vanish so that V is temperature inde- 
pendent in this case. If, in addition, the molecule lacks 
cylindrical symmetry, there exist no nonzero diagonal 
elements of the components of the angular momentum. 
The Verdet constant of such molecules consists entirely 
of Ve. 


CYLINDRICALLY SYMMETRIC MOLECULES 


The diamagnetic terms for molecules possessing 
cylindrical symmetry can be cast into a form reminiscent 
of the Becquerel equation. From the theory of quantum 
mechanics we use the general rule that the nonvanishing 
matrix elements of the three components of an arbi- 
trary vector physical quantity A are 


(n, A| Ar|n’, A), (n, A| Az+iA,|n’, A—1), 


(n, A—1| Ar—iA,|n’, A), (10) 
where A is the projection of the orbital angular mo- 
mentum, in units of #, on the line joining the nuclei, 
the ¢ axis." It can have the values 0, +1, +2, etc., 
depending on whether the state is a = state, II state 


1. D. Landau and E. M. Lifshitz, Quantum Mechanics— 
Non- Relativistic Theory (Addison-Wesley Publishing Company, 
Inc., Reading, Massachusetts, 1958), p. 294. 


A state etc. The symbol m includes all other quantum 
numbers labeling the state. 

Whether or not any of the above matrix elements are 
zero depends on the nature of A and on the state n. 
Thus, for example, in the case of a homonuclear 
diatomic molecule, if A is a polar vector such as the 
electric dipole moment, the elements are zero if m and 
n’ label states which are of the same parity. On the 
other hand, if A is an axial vector such as the magnetic 
dipole moment, the elements are zero if m and n’ have 
opposite parity. 

We see that only transitions for which AA=-+1 make 
a contribution to V4. When AA=-+1 for the transition 
n’—n, we have from (10) 

(n’, A | pe—ip, | n, A—1)=0, (11) 
or 


(n', A | py| nm, A—1)=—i(n’, A| pe| mn. A—1). 
It follows that, in this case, 
Im[ (x | pe | n’)(n' | py | 2) J=—| (| pe| n’) PP 
Similar reasoning applied to the case AA= —1 gives 
Im[_(n | pe | n’)(n! | py|n)J=+| (2 | pe |’) 


Moreover, when AA= —1, the difference (n’ | m; | n’)— 
(n| mz|n) also appearing in the numerator of V4 is 
|e|h/2mc, one Bohr magneton. When AA=-+1, this 
difference is — | e | h/2me. 


(12) 


(13) 


(14) 
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We thus conclude that when we are dealing with 
linear molecules, the diamagnetic terms can be written 


_ AmweNY? v(n'n) | (n| pel n’) ?? 
~ Shmeg nk = (2(n'n)—)2 





A 


(15) 


Equation (15) can be further simplified. The mo- 
lecular polarizability perpendicular to the axis of sym- 
metry a is” 





_ 2 v(n'n) | (n| pe|n’) ? 


1¢ 
glinten v(n'n) —v* (16) 


Equation (15) can therefore be written 


Va=(aNev/3mc*) (da;:/dv), (17) 


or finally 


Va= (e/6mc*) v(On;/dv), (18) 


where m;=1+2rNag. This last is the desired result. 


DIAMAGNETIC DIATOMIC AND LINEAR TRIATOMIC 
MOLECULES 


Let us consider in some further detail the nature of 
the Verdet constant for diamagnetic diatomic and 
linear triatomic molecules. First of all, we expect that 
there be no terms from Vz, present, that is, that V be 
temperature independent. That is indeed what is 
observed. 

It is also possible to estimate the relative orders of 
magnitude of V4 and Vc. We use Eq. (17) to write V 
in the form 


V = (wNev/3mc*) (da:/dv) + Vc. (19) 





vV2 x 10-14 











i] 
40 
y? x 107? 


¥ Fic. 1. »V4+X10™ plotted against »*>X10-% for some dia- 
magnetic gases. The solid circles refer to the nitrogen data. (In 
each of the figures, the units of V and » are taken as microminutes 
per oersted-centimeter-atmosphere and second™, respectively.) 


2 J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular 
Theory of Gases and Liquids (John Wiley & Sons, Inc., New York, 
1954), p. 888. 
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Taste II. Values of AoX10~% and voX10-" for the diamagnetic 
gases. 








AoX10°* voX10-% 





2.72 
3.95 
1.86 
4.78 
15.4 


Hydrogen 3.33 
3.65 
2.65 
3.47 


4.85 


Nitrogen 
Carbon monoxide 
Carbon dioxide 


Nitrous oxide 








At radiation frequencies far from all absorption bands 
of the molecule, both a; and the total polarizability a 
can be expressed 


a: = A/(ve?—v*) and a=B/(vP—v*), (20) 


where A, B, vo”, and v;’ are constants, and the condition 
v<v", vy is satisfied. Thus, to a good approximation, 
the ratio of da:/dv to da/dv is a constant, a:(0) /a(0) 
ve'/vy2, where a:(0) and a(0) are the zero-frequency 
values of the polarizabilities.! Equation (20) now be- 
comes 

Fares 


a a(O) v2 ae 


where V,, the so-called ‘normal’? Verdet constant is 
defined® 


Vn=(rNev/mce?) (da/dr). (22) 


The ratio of the observed Verdet constant to Vz, a 
quantity recorded in the literature as y,'°* has been 
measured for many of the diamagnetic gases and found 
to be frequency independent and between 0.5 and 1.0 
in magnitude. We thus obtain 


Ve={1—(1/3y) Lag(0) /a(0) ](ve?/?) JV (23) 


and 


Va= (1/37) Lae (0) /a(0) }(v0?/n?) V (24) 


and can conclude that V4 and V¢ are of the same order 
of magnitude. 

Table I contains Ingersoll and Liebenberg’s? results 
for a number of diamagnetic diatomic gaseous mole- 
cules and for N,O and COs. The straight lines obtained 
in Fig. 1 from plotting »V~+ vs v* for each gas shows 
that the dispersion in each case is well represented by 
an expression of the form 


V = Ay’*/ (ve? —v*)?, (25) 
where Ap and vp” are constants. It can be shown that 
this form for V also implies °*<v?(n'n) , v9." 


Table II lists the values of Ap and » computed for 
each gas. 


18 C, G. Darwin and W. H. Watson, Proc. Roy. Soc. (London) 
A114, 474 (1927). 

4 T, Tobias, “The Farady effect in molecules,” thesis, Princeton 
University, 1959. 





I. TOBLTAS AND 
TABLE III. Verdet constants of nitric oxide and oxygen.® 


Nitric oxide Oxygen 


vX107" (sec™!) 


11.69 


ae 


8.25 


® Data from reference 9. 


PARAMAGNETIC DIATOMIC MOLECULES 


Table III contains the dispersion data for nitric 
oxide. Three departures from the behavior exhibited 
by the diamagnetic gases are immediately evident. 
First, the rotation is negative. Secondly, its absolute 
value is at’ least an order of magnitude greater than it 
was for the other gases discussed. And finally, the 
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Verdet constant of nitric oxide becomes more negative 
with increasing frequency. This too, a comparison 
with Table I shows, is opposite to the diamagnetic gas 
behavior. 

In addition, as might have been expected from the 
general theory, the Verdet constant of nitric oxide is 
temperature dependent. For every degree the tempera- 
ture was raised, the rotation changed one part in 455 
in the positive direction over the range 17° to 70° C 
at all wavelengths.° 

The ground electronic state of nitric oxide is "II. 
That is, the molecule has a resultant spin and orbital 
angular momentum each of which has a component 
on the internuclear axis: the former of magnitude h/2 
and the latter of magnitude h. There exists the possi- 
bility for these two components to point in the same 
or in opposite directions. Experimentally, it is found 
that the state in which the components point in the 
same direction (*II}) is 121 cm™ greater in energy than 
the other (7I,).% 

Since the gyromagnetic ratio for spin angular mo- 
mentum is twice as large as that for orbital, we see 
that the *II, state of nitric oxide is diamagnetic while 
the "Il; state is paramagnetic with a permanent mag- 
netic moment of two Bohr magnetons. The energy 121 
cm~! gives a Boltzmann factor of e~'"4/? which at room 
temperature is 0.56. Hence, in transforming Eqs. (4), 
(5), and (6) to the forms of Eqs. (7), (8), and (9), it 
is, in this case, necessary to retain two terms in the 
sum over ». Also the partition function Q becomes 


Q=2(1+e7%/7), 


From these considerations, we see that the Verdet 
constant of nitric oxide can be written 


(26) 





9 11, | pe | n’) 12 
n’, *Ily) | (IT; | pe | 2 ) | 42D 8. 


h(v?(n’, *1,) —v*)? a, 


V =2D8n>. 


TT, | me |?1T;) Im CH | pe | 2”) (n! | py 1; Je? 
+D> Sa me mit | be oa edi 1 12 at 
nl RT (v?(n", *11y) —v*) 


where 


h(v?(n’, *II,) —v)? 


9 





+Ve, 


(27) 


D=[89?Nv*?/6hc(1 +677) ] 
and 
Bm= |e | h/2mce. 

Transitions of only two types can make an appreciable contribution to V4 and Vg, namely *II—*2 and *II->"A. 
We first consider the former. Using the relations described earlier between the p; and p, elements and the fact 
that all the matrix elements are diagonal in 2, the projection of the spin in the internuclear axis, we have in the 
Vz term 

CII; | mg |?1ly)=+28, and 


CY | py "My )= Fiz | pe |My). (28) 
py VT; p: |" 


Thus for a single transition of this type the contribution 9 to the Verdet constant is 
4DB mv (2E, My) | 2 | pe |My) |? _ 4D Bmw (2Z, 71T,) | (2D | pe |2Ty) |e 14/7 


. 
h(v?(23, 211) —v*)? h(v?(23, 211) —v?)? 


9) 
e 





ADBm | 2 | pe |?1y) [e-74/? 
kT (?(23, 21y) —0?) 


® G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand Company, Inc., Princeton, New Jersey, 1950), p. 558. 
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A similar analysis for transitions of the type *II—"A 
shows that here vg is positive. 

Nitric oxide has an excited state which has been 
characterized as *2 lying at approximately 44 000 cm™! 
above the ground state.'® A good part of the Verdet 
constant observed in the visible should be due to 
transitions to this state. From Eq. (29), it is possible 
to make an estimate of the relative orders of magnitude 
of the various terms for this transition. We take 
T=300° K and A\=c/v=4900 A. Then Eq. (29) be- 
comes 


v=4DB», | 2 p: | "TT; ) (1.20 10° 18) 


+4DBm | PX | pe |P1Ty) |2(6.72 10-%) 


—4DBm | PZ | pe |My) |2(1.05X 10-7) +e. (30) 
Thus at this temperature and frequency, and for this 
transition, the temperature dependent paramagnetic 
term is negative and 28 times greater in magnitude than 
v4 and v¢ combined. (To arrive at this result, the 
assumptions | (22 | pg |*11y) |? = | CD | pel*ty) |? and v¢e4 
were made. ) 

Each of the ‘anomalies’ shown by the Verdet con- 
stant of nitric oxide is explained by these considerations: 
the sign and magnitude of the rotation, the direction of 
its change with frequency, the temperature depend- 
ence of V, and the sign of the temperature coefficient. 

We have seen that at a wavelength of 4900 A and a 
temperature of 300°K, the contribution of Vz arising 
from the transition to the *2 state at 44.000 cm™ is 
greater than that of V4 and V¢ combined by a factor of 
—28. An estimate of the size of this factor for all 
transitions can be made if we write V in the form 


B(v)e iT 


v=|40) 5: daa see late w4/T)—1, (31) 


where A(v) and B(v) 


are two functions of the fre- 
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v?x 102? 


Fic. 2. —”V4X10-* plotted against v2 10~” for nitric oxide. 
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vV72 x 10714 








1 ! 1 
2.0 4.0 6.0 8.0 


y?x 1029 
Fic. 3. vV-4X10™ plotted against X10~* for oxygen. 





quency alone. We once again have assumed that 
Va=Ve. 

The ratio V7,/V7, at the temperatures T,=289°K 
and T,=333°K has been reported to be 0.903 at 4900A.° 
From this value and Eq. (31) we arrive at the result 
B(v) =7430 A(v) and hence at 300°K the contribution 
of Vz is approximately 8.9 times greater in magnitude 
than V4t+Ve. 

To check the expected frequency dependence, in 
Fig. 2 -V~—' has been plotted as a function of v*. The 
resulting line shows that at a given temperature the 
Verdet constant can be written in the form 


9 ‘na 
Agy?/(ve?—v"). 


At 17°C, Ap=606 and p= 1.62 10". 

The Verdet constant of oxygen deserves special 
mention. Its values over the frequency range are listed 
in Table III. If we express V in the form 


V =p" Ao/ (vp? —v?)? (32) 


by plotting yV~ as a function of »’, a straight line is not 
obtained, but instead the curve shown in Fig. 3 indi- 
cating that the condition v<v(n'n), vo is not being 
satisfied in this case. Hougen™ has shown that mag- 
netic dipole transitions between the ground state 
multiplet levels make a frequency independent con- 
tribution to V of the form 


V =648,3N /3kThe (33) 


which has the value 1.95 umin/oecm atm at 17°C. 
With the inclusion of this term in the usual expression 
for V, the experimental data can be fitted to within 
1%. 
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A Taylor series expansion of the intermediate coupling energy levels for Nd*+ and Er**+ was calculated. 
New energy levels can be calculated without rediagonalizing the matrix. A calculation for NdCl,; is dis- 


cussed as an example. 


INTRODUCTION 


HE typical feature of the spectra of the rare earth 
ions is that they always appear in the form of groups 
of lines. The separation of different lines within a 
group varies from a few to several hundred wave num- 
bers and the separation between different groups of 
lines is usually in the order of a thousand wave numbers. 
The center of the groups is always at about the same 
position for the same rare earth ion in different host 
crystals. This suggests the separation within a group is 
due to the Stark splitting, and the center of the differ- 
ent groups corresponds to the energy levels of the free 
ion. If the crystal interaction is weak and treated as a 
first-order perturbation, of course, the position of the 
center of the groups of lines is the same for all crystals. 
According to this, Wybourne!' used a combination of 
the spectra of (Nd+La)Cl;-7H,O and (Nd+La)Cl; 
and fit it to an intermediate coupling calculation by 
treating F2, Fy, Fs, and ¢ as independent variables. The 
result is very impressive. However if one wants to 
change the parameters one profits very little from this 
work, since the matrix has to be set up and diagonalized 
again. A slight variation of the parameters is necessary 
because the parameters have a small dependence on the 
crystal field. If the variation of the parameters is small 
enough the energy levels can be calculated through a 
Taylor series expansion of the eigenvalues. 


METHOD OF THE TAYLOR SERIES EXPANSION 


In a Taylor series expansion the energy of a level 7 
will have the following form: 


4 
E;= Fo;+ >, (0E;/dPi) APi, 
i=1 


E;=the energy of level 7, 


Ey;=the zero-order energy of level 7, (Wybourne’s 
energy level is used as this zero-order energy 
level), 


Pi=the parameters. 


(1) 


+ This work was supported by the Office of Ordnance Re- 
search, U. S. Army. 
1B. G. Wybourne, J. Chem. Phys. 32, 639 (1960). 


It is very difficult to calculate the partial derivatives 
analytically. However a numerical calculation can be 
done easily by changing the parameters slightly and 
calculating the difference of eigenvalues from the zero- 


Taste I. The zero-order energy levels and the partial derivatives 
of the energy levels with respect to Fa, Fi, fs, and ¢ for Nd**.* 








Level Eo;,cm™ O0£F;/OF2 9OF;/0Fy OE;/0Fe AEF;/dt 


0.00 





4 Toe 
4 Tuy 
4 Tisre 
4 Tiss 
4 Fy 
4 Fs 
2 Hor 
4 Sse 
‘Fin 
4 Foe 
2 Gir 
* Goa 
2 Kise 
4 Gin 


0.00 
1928.28 
3976.38 
6099 .07 
1523.34 
2606.77 
2612.05 
3453.73 
3611.08 
4902.45 
5986.02 
7353.65 
7357 .56 
8977.79 
9288 .93 
9718.72 
1027.21 
1248.27 
1254.58 
1825.83 
3147 
3878. 
6349. 
8640. 
8694. 
8836. 
9267. 
9414. 
0070. 
0934. 
1003. 
2730. 
3773. 
4121. 
4972. 

3 9666. 
4 1115.57 7 
4 8155.75 28 


0.00 0. 
—2.54 —11. 
—3.24 —16. 
—1.90 —13. 
39.50 —588. 
39.86 —631. 
121.28 238. 
41.04 —602. 
48.07 —598. 
58.06 —382. 
123.31 406. 
133.23 —368. 
63.01 —991. 
137.34 236. 
101.66 —620. 
88.67 —723. 
132.96 2355. 
85.49 239. 
132.02 —215. 
70.75 —940. 
93.71 226. 
165.56 —93. 
78.98 329. 
112.82 —1382. 
122.27 —78. 
93.37 —1260. 
103.43 —1535 
77.14 188. 
131.11 —97. 
74.07 185. 
104.84 —1617 
60.87 132 
126.58 —465 
56.55 167. 
63.21 —58. 
110.81 690. 
110.89 591. 
139.58 —893. 


SHAUN KF ONWWO 


WW WWWWWHNNHNNHNNDN WNNDN tt re ee re re ee 
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2 
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® F,=331.567 cm™, F4=49.056 cm™!, Fe=5.170 cm™, and {=906.000 cm™. 


order result. Once the partial derivatives are calculated 
the first-order energy level can be obtained from Eq. 
(1). 

The partial derivatives of the eigenvalues evaluated 
at Wybourne’s parameters for Nd** and Er** are listed 
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in Tables I and II, respectively. The (0£;/0F:), 
(0F;/dF), and (0E;/d¢) were calculated by increasing 
each parameter by 1 cm™!; (0/;/0Fs) was calculated 
by increasing Fs by 0.1 cm~ and multiplying the differ- 
ence by a factor of 10. 


EXAMPLE OF CALCULATION 


The zero-order energy level (Wybourne’s energy 
level) for Nd** fit the experimental spectrum reported 
by Carlson and Dieke? only to about 300 wave num- 
bers.? Most likely this error is due to the energy of the 
ground state which was used as the zero-point energy 
instead of the center of the ground level. The center of 
the ground level is about 200 cm™ from the ground 
state. In order to get a better fit a slight variation of 
the parameters is necessary. 

The difference between the experimental spectrum 
and the zero-order energy level (AE;) was calculated. 
Setting AE; equal to E;— Fo; and using Eq. (1) one 
gets 

4 
AE;= > (0E;/0 Pi) APi. 
i=l 
Twenty-one levels were used from the experimental 
spectrum and 21 equations like (2) were obtained with 


TABLE II. The zero-order energy levels and the partial derivatives 
of the energy levels with respect to F2, Fs, F's, and ¢ for Er'+.* 


Level E£o;,cm™ O0F;/dF2 OF;/dFs 


OF;/dF 6 


OF; /d¢ 





0.00 
6775. 
0414. 
2496. 
5447 .40 
8521.99 
9406 .46 
0716.5 
2319. 
2701. 
4891.7 
6888 .67 
7405 .99 
7937. 
8354.25 
2057. 
2853. 
3619. 
3969. 


0.00 0.00 0. 
—0.53 —3.13 —6. 

1.93 16.77 83. 

9.22 61.64 —3. 
20.78 39.83 —333. 
35.32 59.39 —403. 
24.20 66.20 —53. 
33.13 47.58 — 579. 
37.04 35.30 — 430. 
34.65 59.08 — 487. 
18.64 111.33 —151 
34.39 94.82 —472. 
25.95 128.95 239. 
44.05 64.84 —695. 
34.68 129.35 —390 
38.03 109.50 —302 
27.88 135.86 211 
43.55 93.39 189. 
55.35 70.05 —882. 
37.98 106.96 — 500. 
56.99 6.8 251 
16.42 136.52 
63.77 194.67 
87.93 105.65 —1519 
63.56 112.45 —55 
64.19 73.48 194. 
74.44 64.50 —855. 
55.20 130.71 —55 
47.99 175.87 —420. 


0.00 
94 
17 
72 


* Tisie 
§ Tiss 
‘Tuya 
§ Fo 


CNwrn oO 


83 
92 
93 
79 
.88 
19 
“a0 
33 
81 
9 
4.17 
4.08 
.92 
65 
.90 
16 
31 
68 
10 
29 
66 
77 
44 
80 


— 


NR WNHWENHNNK ON wh 


WWW WWN DWN NHN WD NR 


60 
—1152 
3 9676. 
4 0419. 
4 0730. 
4 2830. 
2 4 3336.3 
2 Ps §=4 3621.12 
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wn 
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® Fo= 433.640 cm@!, F4=67.522 cm™, Fe=7.090 cm™, and (= 2471.00 cm™. 
2. H. Carlson and G. H. Dieke, J. Chem. Phys. 34, 1602 
(1961). 
3E. Y. Wong, J. Chem. Phys. 34, 1989 (1961). 


Ndt* AND Er*? 


TasLeE III. Energy levels calculated from this Taylor series 


expansion compared with the spectra of NdCl; and 
Er (C2HsSO,)3-9H;0.% 








NdCl; 


E exptl. E calc. 





0.00 
1881.53 
3864.31 


1292.44 
2329.03 
2459.15 
3382.81 
3293.20 
4576.10 
5286.74 
7000.56 
7000. 56 
8614.97 
8885.24 
9293 .88 


0.00 
1865.47 
3850.61 
5911.44 
1297 .69 
2929.90 
2377 .60 
3161.65 
3298.21 
4569 .60 
5671.60 
6936.91 
6997 .87 
8660.19 
8787.73 
9256.61 
0661 .66 
0741.86 
1042.12 
1317.38 
2892 .04 
3391.99 
6032.73 
8077.22 


pee pee ph fem fash fe eh fem eh fem eh eh 


0889 . 24 
1028.25 
1289.36 
3068 .46 
3640.97 
5972.33 
7827.81 


DOD DNDN DDD PN Fe 


NINN NNW bd bY 


Er ( CoH sSO4) s° 9H,0 


0.0 0.0 
6644.0 
0223.5 11 
2309.0 61 
5258.7 —47. 
8340.9 —9. 
9092.5 —57 
0491.1 —27 
2070.3 we: 
2442.1 25 
4519.8 4. 


4 Tis 
* Tisve 
‘Tun 
4 Foe 
§ Ton 
4 Sa 
2 Aiy.2 
* Fi 
* Foe 
* Fy 
2 Gor 


© 
° 


0211.9 
2370.3 
5211.4 
8331.9 
9149.7 
0463 .6 
2127.7 
2467 .6 
4523.9 


NWNNNRR eee 
NWINNNR Re ee 
Rue Um OnWOD 





® All units are in cm™!. Parameters for Nd: F2=331.21, Fa=47.095, Fe=5.353, 
and ¢=878.52. Parameters for Er: F2=429.38, Fi=66.419, Fs=6.907, and [= 
2423.91, 


only 4 unknowns, namely, AF2, AFy, AFs, and Ag. A 
least-square method was then carried out by letting 


4 
>> (E;/Pi) APi-AE;=5;, (3) 
i=l 
and solving >, for a minimum. By taking the partial 
derivatives with respect to the parameter Pi one ob- 
tains the following 4 equations in 4 unknowns, 


4 
> [>-(0E;/d Pi) APi—AE; |(0E;/8P,) =0, (A) 


7 i=1 


where k=1, 2,3,4. The above equations were then 
solved and the following results: AF,=—0.355 cm", 
AF,=0.183 cm“, AF,=—1.961 cm™, and Af =— 
27.485 cm~', were substituted in Eq. (1). This new set of 
energy levels is listed in Table III together with the 
experimental spectrum. The average deviation is im- 
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proved to 90 cm™. A similar calculation for Er** is also 


listed in Table III. The experimental spectrum was 
obtained from the absorption spectrum of 


Er( Col 1;S¢ )s ) AS) 1.¢ 4, 


DISCUSSION 


There are still two questions remaining. How does this 
Taylor series expansion compare with the direct 
diagonalization of the matrix, and what happens to the 
wave functions? The first question can be answered 
easily by carrying out a direct diagonalization of the 
matrix and comparing the difference. If all the param- 
eters are increased by 10%, this Taylor series expansion 


produces an error of about 6 cm~! compared to the direct 
diagonalization. This error is well within the average 
deviation obtained by comparison with the experimen- 
tal results. 


Y. WONG 


The wave functions can be calculated in the same 
way, but this seems to be unnecessary. The wave func- 
tions are useful only in the Zeeman effect and Stark 
effect where a slight change of the wave functions 
produces only a second-order correction. This was dis- 
cussed by Wong,’ and can be confirmed by comparing 
the results reported by Wong and those reported by 
Carlson and Dieke,? in an analysis of the J =$ levels of 
the NdCl; spectrum. 
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Mass Spectra and Metastable Transitions in Isotopic Nitrous Oxides* 


G. M. Becun anp L. LaNnpAv 
Chemistry Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received February 2, 1961) 
The mass spectra of the four species N*N“O, N“N"®O, N=N“O, and NNO have been recorded. The 
(NO) * fragment produced was found to be formed by rearrangement, as well as by loss of the end nitrogen. 


The mass spectrum of each of the nitrous oxides contained ions corresponding to metastable transitions. 
These ions were shown to arise from both spontaneous and collision induced dissociation of the parent 


molecule ion (N,O)*. The electron impact dissociation of nitrous oxide is discussed. 


INTRODUCTION 


ITROUS oxide has been shown by infrared spectral 

studies to have a linear N—-N—O structure.! 
Several previous mass spectrometric studies? utilized 
natural abundance N.O, and the molecule N=N"O has 
been examined briefly in conjunction with a study of the 
thermal decomposition of ammonium nitrate.® One or 
both of the nitrogen atoms in N.O can be substituted 
with N® and four isotopic species prepared. It was be- 
lieved that a comparison of the mass spectra of the four 
nitrous oxide species would yield considerable new 
information. In addition, recent observations of meta- 
stable transitions in the mass spectra of small mole- 
cules®” suggested the possibility that such transitions 
might be observed in the mass spectrum of nitrous oxide. 
Such metastable transitions in mass spectra arise from 
the dissociation of polyatomic ions in the field-free 
region between the ion exit slits and the magnetic 
field. They are characterized by the appearance of 
small diffuse peaks which often occur at nonintegral 
mass positions. A search for such peaks was made. 


EXPERIMENTAL 


Details of the preparation of the isotopic nitrous 
oxides have been described previously.! The molecules 
were synthesized from highly enriched N® produced 
in the Nitrox pilot plant® at the Oak Ridge National 
Laboratory. The N® used was of 99%+ purity except 
in the case of N"N"O where 96.4% N"® was used. The 


* This paper is based on work performed for the U. S. Atomic 
Energy Commission by Union Carbide Corporation. 

1G. M. Begun and W. H. Fletcher, J. Chem. Phys. 28, 414 
(1958). 

FE. C. 
(1930). 

3 J. Collin and F. P. Lossing, J. Chem. Phys. 28, 900 (1958). 

‘American Petroleum Institute Research Project 44, Carnegie 
Institute of Technology, Serial No. 96 (April 30, 1959). 

° L. Friedman and J. Bigeleisen, J. Chem. Phys. 18, 1325 (1950). 

®H. M. Rosenstock and C. E. Melton, J. Chem. Phys. 26, 314 
\ 1957 ) . 

7C. E. Melton, M. M. Bretscher, and R. Baldock, J. Chem. 
Phys. 26, 1302 (1957). 

8 J. A. Hipple, R. E. Fox, and E. U. Condon, Phys. Rev. 69, 
347 (1946). 

9G. M. Begun, J. S. Drury, and E. F. Joseph, Ind. Eng. 
Chem. 51, 1035 (1959). 


G. Stueckelberg and H. D. Smyth, Phys. Rev. 36, 478 


mass spectrometer employed was a 6 in. radius, 60° 
sector-type instrument fabricated by Nuclide Analysis 
Associates. Scanning of the spectrum was done mag- 
netically, and a Cary model-31 vibrating reed electrom- 
eter was used as a detector. The ion source did not con- 
tain a repeller. The ion accelerating voltage was 4050 v 
and the ionizing electron potential was 58 v. The ion 
beam traversed a distance of approximately 28 cm from 
the accelerating slit to the magnetic field. The samples 
were introduced through a viscous leak system. The ion 
gauge connected to the spectrometer tube was shut off 
during observation of the mass spectra. 


DATA 


The mass range 12-48 was scanned for each isotopic 
species. These data were normalized to the value of 100 
for the parent ion of the major isotopic species in each 
case. Corrections were made, as far as possible, for 
background, traces of other isotopic species, and im- 
purities. The mass spectra of the various molecules can 
be tabulated in terms of seven hypothetical reactions 
illustrated below for the N®N“O molecule. 


N®N4O- 5 (N5N! )) + tee 
NN > (N'¢ )) + +N+e 
NN 1M J (N¥N"*)4 +O+e ‘ 
N}®NI( )- >(N*% )) + +N'4+e . 
N»NIY — (( ))t +NUNU+Ee : 
NNO (N#)+-+N"4O+e— 
N®N"O— (N"*)+-+-N¥O+e-. 

A similar set of reactions can be written for each of 
the other three species examined. It should be empha- 
sized that the equations are incomplete since only the 
positive ions are considered in this study. The negative 
ions from N2O were studied previously.” Table I lists 


the corrected and normalized results in terms of these 


 P. S. Rudolph, C. 


E. Melton, and G. M. Begun, J. Chem. 
Phys. 30, 588 (1959). 
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TABLE I. Summary of mass spectral data for the isotopic 
nitrous oxides. 








Relative peak height 
N*N¥O 


Probable 


process N¥NO N¥N¥4O N®N®O 





100.0 100.0 100.0 100.0 
20.4 21.6 18.9 21.7 
8.3 8.5 7.6 9.0 
1.9 1.9 1.8 2.1 
vee | 2.4 2.0 2.4 
2:0 2.1 1 2.3 
2.0 2.3 1.8 2.3 








seven processes. With N“N“O and NNO, the separa- 
tion of processes (2) and (4) and of processes (6) and 
(7) was calculated by the use of data from the mixed 
species. The data for these species gave only the sums of 
the processes in each case. 

Metastable transitions were studied by first search- 
ing for diffuse peaks in the mass spectra of the various 
species and then by examing several of the peak more 
closely in terms of the effects of variations in pressure 
and accelerating voltage. Fragment ions of mass M; 
created from metastable parent ions of mass M, 
should appear at mass M* as given by® 


M*=M?/M,. 


The observed metastable peaks can be accounted for 
by the following three transitions, illustrated for 
N¥NMO;: 


(N™N4O)+— (NBN4)+-L0, (A) 
(N5N4O)+— (N4O)+-+-N®, (B) 
(N3N¥O)+— (N¥O)++N¥, (C) 


The apparent masses, observed and calculated, and the 
processes giving rise to them are tabulated for the 
various molecules in Table II. 

Typical scans for the various moiecules are shown in 


TABLE : TE. Metastable hes in the mass es of nitrous oxide. 





Pea mass 


Molecule Obs Calc Process 





N¥N¥“O 17.9 17.82 
20.5 20.45 


N“N¥O 18.7 18.69 
21.4 21.36 
20.1 20.00 


N®N4O 18.7 18.69 
20.0 20.00 
21.3 21.36 


N®=N4O 19.6 19.57 
20.9 20.89 
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Fic. 3. Metastable peaks in the mass spectrum of N“N"O. 
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Fic. 4. Metastable peaks in the mass spectrum of N¥NO. 
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Fic. 5. N*4NO; peak 20.45/peak 30 vs analyzer pressure. 


Figs. 1-4. Peaks at masses 17 and 18 are due to water 
background, while sharp peaks at 19 and 20 are due to 
residual HF which was present as background in the 
mass spectrometer from previous samples. 

In all cases, the most intense metastable peak was 
found to correspond to process (B). In the case of the 
molecules N*N“O and N®N®O, no differentiation is 
possible between processes (B) and (C). With the 
mixed molecules N“N“O and N4NO, where the two 
processes were separable, both were found to occur. 

In order to investigate the origin of the metastable 
peaks, a study of the pressure dependence was made. 
Representative plots are shown in Figs. 5 and 6, where 
the relative height of the metastable peak is plotted vs 
the ion gauge reading in the mass spectrometer tube. 
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3 
ION GAUGE PRESSURE (mmx 10") 


ic. 6. N5N®O; peak 20.89/peak 31 vs analyzer pressure. 
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TABLE III. Experimental and calculated mass spectra for N“N“O. 


Exptl Calc 


100 100 


20.4 2 ae | 


9.0 


Nt+0Ot é 3.8 


Similar plots were obtained with the other isotopic 
species. In addition, the relative metastable ion intens- 
ity vs the intensity of a primary N2O ion was plotted. 
All of these curves show characteristics similar to Figs. 5 
and 6. Such plots were made only for the ion beam 
associated with process (B), as the other ion beams were 
too small for quantitative measurements. The ratio of 
the largest metastable peak to the parent ion peak 
varied from 4 to 18X10~, corresponding to about one 
transition in ten thousand (assuming equal collection 
efficiency for the metastable and parent ions). 

In order to estimate the half-life of the metastable 
ions, a series of observations were made on N¥N"“O 
using a different mass spectrometer which contained a 
repeller in the ion source chamber. This instrument 
was also a 6 in. radius, 60° sector-type instrument. 


Observations of the metastable peak height were made 
at different repeller voltages, and the half-life was 
estimated the the method of Hipple." A value of 
~2X10~ sec was obtained for the half-life, but due to 
lack of sensitivity the determination should be regarded 
as one of order of magnitude only. 


DISCUSSION 


Figures 5 and 6 illustrate the increase in relative 
intensity with pressure shown by the metastable peaks. 
For a purely spontaneous metastable transition, no 
increase in relative intensity is expected with pressure. 
However, the curves do not extrapolate to zero pressure 
as would be expected for purely collision induced transi- 
tions. Thus it is concluded that for process (B), both 
unimolecular and collision induced transitions have been 
observed. For processes (A) and (C), metastable peaks 
were observed but their origin was not conclusively 
demonstrated. 

A hypothesis often applied to explain the mass spec- 
tra of diatomic systems is that of an instantaneous 
vertical Franck-Condon transition from the molecule 
to various electronic states of the ion. Depending upon 
the configuration of the nuclei at the time of impact, the 
ion will then either immediately decompose or remain 
intact. Some examples of calculations based on these 


J. A. Hipple, Phys. Rev. 71, 594 (1947). 


AND L. 
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assumptions are given in references 12-19. If one 
regards the mass spectra as produced by a Franck- 
Condon type dissociation, calculations can be made by 
the method used by Schaeffer” for CO,. Since no in- 
formation is available about the excited states, the 
critical bond breaking distances must be adjusted until 
the desired bond breaking pattern is obtained. On using 
the data of reference 1, this calculation was done for 
N"N#O and the results are shown in Table III. Here 
the critical bond breaking distances were adjusted to 
—0.0785 and —0.149 A from the equilibrium position 
for the N—-N bond and the N—O bond, respectively. 
In addition, the assumption was made that when one 
bond was broken the charge would reside with the 
larger fragment, and that when both bonds were broken 
the charge would be randomly distributed among the 
fragments. These assumptions were based on the ob- 
served near equality in intensity of the monatomic 
fragment ions in the spectra of all the species. 

Agreement between calculated and experimental 
values is reasonable, but whether the adjusted values 
of the critical bond breaking distances have real 
significance can be verified only by calculations using 
excited state wave functions. The isotopic effects be- 
tween similar ions of the different isotopic species 
were not compared as it was found that the individual 
mass spectra were not reproducible enough to warrant 
such comparisons. A Franck-Condon vertical transi- 
tion followed by immediate decomposition can account 
for the main features of the mass spectra, but it does not 
account for the ions produced by process (4), or for the 
observation of metastable transitions. 

Rosenstock et al.”° have proposed an absolute reaction 
rate theory of mass spectra based upon the assumption 
that, following vertical excitation and ionization, the 
molecule does not immediately dissociate, but under- 
goes a number of vibrations during which a statistical 
redistribution of the energy takes place. For N,O the 
activation energies for the ionic decomposition reac- 
tions, as estimated from appearance potential data,?* 
would indicate that approximately equal amounts of 
NO? and OF ions should be produced. This is not the 
case. In addition, it has been pointed out® that for 
small polyatomic molecules, the number of electronic 
states would probably be insufficient to ensure a suffi- 
cient number of crossings of the potential surfaces for 
energy equilibrium to occur. The observance of delayed 


2 W. Bleakney, Phys. Rev. 35, 1180 (1930). 

18 W. Bleakney, E. U. Condon, and P. T. Smith, J. Phys. Chem. 
41, 197 (1937). 

4H. D. Hagstrum and J. T. Tate, Phys. Rev. 59, 354 (1941). 

1% H. D. Hagstrum, Revs. Modern Phys. 23, 185 (1951). 

16 1). P. Stevenson, J. Chem. Phys. 15, 409 (1947). 

17Q. A. Schaeffer, J. Chem. Phys. 18, 1501 (1950); 23, 1309 
(1955). 

18 J. D. Morrison, Revs. Pure Appl. Chem. 5, 22 (1955). 

1 F. H. Field and J. L. Franklin, Electron Impact Phenomena 
(Academic Press Inc., New York, 1957). 

2H. M. Rosenstock, M. B. Wallenstein, A. L. Wahrhaftig, 
and H. Eyring, Proc. Natl. Acad. Sci. U. S. 38, 667 (1952). 
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decompositions in N,O, however, indicates that a 
stable, excited state of the ion does exist and that 
transitions from this excited state take place to a 
repulsive state. That all such transitions are not im- 
mediate may be due to a difference in multiplicity of 
the two states or a crossing of the potential curves at 
rather improbable interatomic distances requiring a 
tunneling effect for transition. The striking experimen- 
tal fact about the mass spectra of all the species of 
N,O is the appearance of ions produced by process (4). 
These ions were also reported for N“N®O by Friedman 
and Bigeleisen,®> who estimated a seven percent re- 
arrangement in this molecule. In addition, our observa- 
tions of the metastable peaks show this same associa- 
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tion of nonbonded N and O atoms. A possible explana- 
tion of process 4 is the formation of triangular, activated 
ions which then decompose by the breaking of two 
bonds, yielding NOt ions which contain either of the 
nitrogen atoms from the N.O. Thus it appears that in 
the case of the electron impact ionization and dissocia- 
tion of N.O, there are in operation simultaneously sev- 
eral processes as discussed above, and that no one 
picture exclusively explains the observed mass spectra. 
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Thermodynamics of the Vaporization of Nickel Oxide* 
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A mass spectrometric investigation of the vapor species in equilibrium with nickel oxide has shown the 
vapor phase to consist of Ni, Oz, NiO, and O, whereas the solid phase consists of a NiO solid solution and 
Ni(s). The dissociation energy of NiO(g) was found to be 86.5+5 kcal/mole. 


INTRODUCTION 


HE vaporization of nickel oxide has been the subject 
of a number of investigations.' The most recent 
quantitative study is that of Johnston and Marshall? 
who performed a Langmuir type vaporization of a 
nickel oxide film which had previously been formed by 
oxidation of a nickel ring. Johnston and Marshall con- 
cluded that NiO vaporized without dissociation. They 
based this conclusion on the fact that the calculated 
AH? vap (NiO) was constant as a function of tempera- 
ture and, further, that they failed to detect the presence 
of oxygen in gases pumped off during one of their runs. 
Brewer and Mastick* in a re-evaluation of Johnston 
and Marshall’s data have cited evidence which indicates 
that the vaporization of NiO is primarily by dissociation 
to the elements. In addition, Brewer and Mastick 
performed several qualitative experiments in which 
x-ray examination revealed the presence of Ni and NiO 
in the vapor condensate and also in the residue which 

* Supported by the National Science Foundation. 

1 (a) H. W. Foote and E. K. Smith, J. Am. Chem. Soc. 30, 
1344 (1908); (b) R. N. Pease and R. S. Cook, J. Am. Chem. Soc. 
48, 1199 (1926); (c) L. Wohler and O. Balz, Z. Elektrochem. 27, 
406 (1921); (d) A. Skapski and J. Dabrowski, Z. Elektrochem. 
38, 365 (1932); (d) A. F. Kapustinsky and L. Schamovsky, Z. 
anorg. u. allgem. Chem. 216, 10 (1933). 

2H. L. Johnston and A. L. Marshall, J. Am. Chem. Soc. 62, 
1383 (1940). 

3 L. Brewer and D. F. Mastick, J. Chem. Phys. 19, 834 (1951). 


remained in the Knudsen cell after prolonged vaporiza- 
tion experiments. Brewer and Mastick believe that the 
Ni-O system possesses a wide solid solution range for 
NiO and that the solubility of nickel in the oxide phase 
increases with increasing temperature. Thus they feel 
that, in the case of the condensate, the nickel found in 
the x-ray pattern is due to disproportionation of the 
condensate from the constantly vaporizing NiO solid 
solution. And as the temperature is decreased, the 
decreased solubility of Ni in NiO at the lower tempera- 
tures results in precipitation of Ni in the residue. 

Using the results of Johnston and Marshall, Brewer 
and Mastick have calculated a limiting dissociation 
energy for NiO of <99 kcal/mole. More recently, 
Huldt and Lagerqvist* attempted to determine the 
dissociation energy of NiO using the spectroscopic 
flame technique. The dissociation of NiO in the flame 
was so pronounced, however, that they were unable 
to determine an exact value, and a limiting value of 
<97 kcal/mole was estimated. 

A spectrum which was attributed to NiO has been 
reported by Rosen.®> The spectroscopic information on 
NiO is fragmentary and no value for the dissociation 
energy has been reported. 

This mass spectrometric investigation was under- 


*L. Huldt and A. Lagerqvist, Z. Naturforsch. 9a, 358 (1954). 
5B. Rosen, Nature 156, 570 (1945). 
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TaAsBLe I. Partial pressures of species in equilibrium with the 
* Ni-O system. 

Pyj Pxio 

(atm) (atm) 


Po. 
(atm) 





-46X10° 
98X10 
3.34 10° 
.33X 10S 
.70X10% 
.77X10°% 
.17X10% 
.23X10° 
.67X10 
.85X 10% 
.45X10°% 
.90X 10% 


3.47X10 
5.661077 


-83X107 
2.71107 
2.90107 

.48X107 

.82X107 

.55X 107 

.34X107 

.07 X10 

.30X 10% 

.73X10% 

1.5210 
1.98X10* 
.65X 10% 2.05X10-* 
.58X 107% 2.23X10* 
.31X10% 2.60X10* 
2 
3 
4 
4 


713X107 
1606 97X107 
1624 
1625 
1630 
1646 
1651 
1657 
1659 
1673 
1673 


.09X10 
.09X 10° 
.21X10 
.78X10 
96X10 
.16X 10% 
2.19X10 $ 
7910-4 
.88X 107% 
.22X10% 
.20X 10% 
3.59X 107% 
3.6110 
.28X 10% 


1679 
1679 
1684 .06X 10-8 .71X10° 
.43X 10% .30X 10% 
.20X107 .22X10-* 


10X10 .23X10-* 


1684 
1707 


1709 


5.5210 


taken in order to determine the vapor species over nickel 
oxide and also to determine the dissociation energies 
of these species. 


EXPERIMENTAL PROCEDURE 


The experimental details and techniques which are 
associated with the application of the mass spectrom- 
eter to high temperature vaporization processes have 
previously been reported.’ For this study the outer 
Knudsen cell and lid were constructed of moiybdenum, 
whereas the inner liner and lid were made of recrystal- 
lized morganite alumina. The knife-edged effusion 
hole in the alumina lid was 1 mm in diam. 

Initially there was some question as to the suitability 
of Al,O3; as a container material, especially in view of 
the meager information available on the NiO-Al,0; 
phase diagram.? However, no evidence of crucible 
reaction was found at the temperatures of this study 
other than a brilliant turquoise coloration on the walls 
of the crucible. This is apparently similar to the blue 
coloration observed by Brewer and Mastick® with their 
BeO cell. A calibrated Leeds and Northrup optical 


6 Mark G. Inghram and J. Drowart, in International Sympo- 
sium on High Temperature Chemistry at Asilomar, California 
McGraw-Hill Book Company, Inc., New York, 1960). 

7E. M. Levin and H. F. McMurdie, Phase Diagrams for 
Ceramists (The American Ceramic Society, Columbus, Ohio, 
1959). 
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pyrometer was used to determine temperatures. Black 
body sighting holes were used and corrections were 
made for transmission of the windows. Fisher certified 
reagent grade NiO was used as a source of samples. 


EXPERIMENTAL RESULTS 


The mass spectrum was surprisingly simple and the 
only peaks observed in the temperature range 1575- 
1710°K were those corresponding to Nit, NiO+, O,*, 
and O*. The fact that the intensities of Nit and O,+ 
were much: greater than the NiO* intensity indicates 
that NiO vaporizes primarily by dissociation to the 
elements. Controlled atmosphere experiments were also 
used to establish the nature of the species present in 
the vaporization of NiO(s). Under conditions of 
increased oxygen partial pressure, no additional vapor 
species were detected. Ionization efficiency curves were 
measured as a means of distinguishing parent and 
fragment ions. The spectroscopic ionization potential 
of mercury was used to calibrate the electron energy 
scale. The corrected appearance potential of Nit was 
7.6+0.3 ev which is the spectroscopically observed 
value for the ionization potential of nickel.’ The meas- 
ured appearance potentials of NiO+ and O,*+ were 
9.5+0.3 and 12.5+0.3 ev, respectively. The ionization 
efficiency curves gave no evidence which might suggest 
the formation of any of the ionic species by other than 
simple ionization. The results of both the ionization 
efficiency curves and the appearance potentials sub- 
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Fic. 1. Equilibrium partial pressures (atm) of the vapor species 
over NiO(s) as a function of 1/7104 deg K™. 


8 C. E. Moore, U.S. Natl. Bur. Standards Circ. No. 467. 
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stantiate the conclusion that the observed ions were 
formed by simple ionization. 

The pressure calibration was obtained by quantita- 
tive vaporization of a known amount of silver. Further- 
more, an independent calibration check was made by 
use of the O,+/O+ ratios. The relative ionization cross 
sections used were Ag= 34.8, Ni=24.4, NiO=27.7, 
O.= 6.58 and 3.29. Secondary electron efficiencies of the 
multiplier were corrected for molecular weight and 


for the vaporization of NiO (s) under neutral conditions 
are presented in Table I and Fig. 1. 


DISCUSSION 


The presence of nickel on the lid of the Knudsen 
cell in our experiments and those of Brewer and 
Mastick*® suggest the possibility that some Ni(s) is 
present in the cell at the vaporization temperature. If 
metallic nickel is present under vaporizing conditions, 
then the reaction NiO(s)—Ni(s)+4302(g) should 
enable one to calculate the heat of formation of NiO (s) 
from the Os: pressures. The free energy functions for 
Ni(s) were taken from Stull and Sinke.’® The values 


TABLE IT. Reaction energies. 





Do? (NiO) AHo°s(NiO) AHo’vap(NiO) AHo°vap(Ni) 
kcal/mole —_ kcal/mole kcal/mole kcal/mole 


T°K 





87.0 —57.0 130.3 101.3 
87.3 56. 129.0 100.6 
87.0 57. 130. 101.1 
87.8 é 129. 101.1 
86.2 56. 129. 101. 
86.6 56.7 129. 100. 
86.8 -56.7 129.5 102. 
86.6 56.6 129. 100.: 
86.4 56. 129. 100.5 
85.9 : 129. 
86.6 56. 129. 
86.5 56.5 129. 
86.2 ‘ 129. 
86.3 ‘ 129. 
86.4 oa 129. 
86.0 : 129. 
85.8 : 129.5 
86.1 56.< 129. 
86.1 129.1 


1575 
1587 
1596 
1606 
1624 
1625 
1630 
1646 
1651 
1657 
1659 
1673 
1673 
1679 
1679 
1684 
1684 
1707 
1709 








9 J. W. Otvos and D. P. Stevenson, J. Am. Chem. Soc. 78, 546 
(1956). 

1D. R. Stull and G. C. Sinke, Thermodynamic Properties of 
the Elements, Advances in Chem. Ser. No. 18 (American Chemical 
Society, Washington, D. C., 1956). 


NICKEL OXIDE 


TABLE III. Free energy functions, (pe /P) in 
ca] deg! mole“. 


NiO(g) 


NiO(s) 





17.64 
18.44 
19.19 
19.92 


62.52 
63.10 
63.65 
64.18 


1600 
1700 


for the heat of formation of NiO(s), AHo°;, are shown 
in Table Il. The average third law heat of formation of 
NiO(s) is —56.5 kcal/mole. This shows good agree- 
ment with the value of —56.8 kcal/mole reported by 
Boyle, King, and Conway." 

In addition, the reaction Ni(s)—>Ni(g) should allow 
one to calculate the heat of vaporization of nickel. The 
results of this calculation are presented in Table I 
and the average third law AHo°vap (Ni) is found to be 
100.7 kcal/mole. The most probable value for the heat 
of vaporization of nickel at O°K as reported by Stull 
and Sinke is 100.8 kcal/mole. The presence of Ni(s) as 
well as NiO(s) in the the solid phase vaporization 
mixture is indicated by these results. One possible 
explanation of this behavior is that the solubility of 
nickel in NiO decreases as the temperature is increased 
such that precipitation of nickel occurs below the 
temperature range of our observations. The failure 
of Brewer and Mastick to detect nickel in samples which 
were heated for periods of short duration would appear 
to support the above explanation. However, it is 
equally possible that the nickel was not detected due 
to the insensitivity of the x-ray technique to small 
amounts of impurity. Moreover, the ratio of effusing 
oxygen to nickel atoms varied from approximately 1.7 
at the lower temperatures to 2.2 at the higher temper- 
atures. Due to some uncertainties in ionization cross 
section these ratios cannot be considered conclusive 
evidence in favor of another mechanism, but they do 
suggest another possibility. As the temperature is 
raised a preferential loss of O2 from the NiO takes place 
until the Ni-rich solution limit of the NiO phase is 
reached. In either case, upon precipitation of nickel the 
system possesses zero degrees of freedom and the vapor 
composition is fixed at each temperature. 

The agreement between the heat of formation of NiO 
obtained in this work and the value obtained by com- 
bustion calorimetry provides evidence of the over-all 
accuracy of the mass spectrometric measurements. 
Furthermore, the use of thermochemical cycles provides 
an opportunity to cross check direct calculations. For 
instance, the average third law heat of vaporization 
AH vay Of NiO is 129.5+5 kcal/mole. The free energy 
functions for NiO(s) were calculated from the heat 


1B. J. Boyle, E. G. King, and K. C. Conway, J. Am. Chem. 
Soc. 76, 3835 (1954). 
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content tabulations of Kelley” and the low temperature data of King.” The second law least-squares value is 


134 kcal/mole. If one considers the following cycle: 


Ni(g) 
AH vvap(Ni) T 
Ni(s) 


+3D,°0: 
+3" Jo (g) 


and uses the following values: heat of formation of 
NiO(s), —56.8 kcal/mole"; heat of vaporization of 
nickel, 100.8 kcal/mole"; dissociation energy of On, 
117.9 kcal/mole“; and the experimentally determined 
heat of vaporization of NiO, 129.5 kcal/mole, then the 
heat of dissociation of NiO(g) which one calculates is 
87.0 kcal/mole. The dissociation energy of NiO(g) 
was calculated from the sum of reactions 1 and 2: 


NiO (g)—>Ni(g) +302 (g) 


$Oo(g) -O(g) 


NiO(g)—Ni(g)+0(g) 


The AH,° for reaction (1) was obtained from the ex- 
perimentally determined K.q and the free energy func- 
tions for NiO(g), Ni(g), and O.(g) which are given in 
Table III. The tabulations of Stull and Sinke” were 
used for the free energy functions of Ni(g) and On(g), 


2K. K. Kelley, U. S. Bur. Mines Bull. No. 584 (1960). 
8 FE. G. King, J. Am. Chem. Soc. 79, 2399 (1957). 
4 Pp, Brix and G. Herzberg, Can. J. Phys. 32, 110 (1954). 


AH os 


Do? (NiO) 
NiO (g) 


AA vap (Nif )) 


| 
| 
—NiO(s) 


whereas the values of Brewer and Chandrasekharaiah” 
were used for NiO(g). Since the spectroscopic data for 
NiO(g) are quite fragmentary, the fundamental vibra- 
tional frequency and the interatomic distance are not 
well characterized. The values employed by Brewer 
and Chandrasekharaiah, w=875 cm™ and r,=1.64 A, 
are subject to some uncertainty since extrapolation 
procedures were used. For reaction (2) the dissociation 
energy of oxygen given by Brix and Herzberg"! was 
employed. The third law dissociation energies Do? (NiO) 
are shown in Table II and the average value is 86.55 
kcal/mole as compared to the indirect calculation of 
87.0 kcal/mole. These results are within the limiting 
values suggested by Brewer and Mastick, <99 kcal 

mole, and by Huldt and Lagerqvist, <97 kcal/mole. 
However, a least squares treatment of the InAy,q data 
for reaction (1) when combined with the value for 
reaction (2) yielded a second law dissociation energy of 
103+10 kcal/mole. Due to the excellent self-consist- 
ency of all other results and the acknowledged 
limitations of the second law method, the value of 
Dy? (NiO) =86.5 kcal/mole is recommended. 


1 L. Brewer and M. S. Chandrasekharaiah, UCRL-8713 (Rev) 
1960. 
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The absorption and fluorescence spectra of ErCl; diluted by LaCl, are given with the Zeeman effects 
of many of the lines. All expected electronic levels to 30 000 cm™ above the ground state are found, and 
their interpretation fits into the theoretically expected scheme. Examples are also given of the absorption 
and fluorescence spectrum of pure ErCl; which show that the pure salt must have a structure quite different 


from that of LaCl. 


1, INTRODUCTION 


HE absorption spectrum of the trivalent erbium 

ion in crystals has been repeatedly investigated in 
the past. It was taken up in this laboratory by Petty! 
who studied extensively the absorption spectra of 
ErCl3-6H2O and Er(CoHsSO,4) 3-9H2O including their 
Zeeman effects as well as, though less completely, the 
spectra. of Er(BrO3)3-9H.O, Er2(SO4)3-8H.O and 
Er( NOs) 3*6H29. The goal was to establish the energy- 
level scheme, to correlate the crystal levels with the 
levels of the free ion and to deal with the influence of 
the crystal forces. As the theoretical background 
necessary for the solution of this problem was deficient 
at the time and the crystal structure of most of the 
salts unknown, the efforts were shiited to the an- 
hydrous ErCl; which has a simpler crystal structure? 
than any of the other salts, in general much sharper 
lines and shows strong fluorescence which gives valuable 
additional data. The present paper gives an account of 
the results on ErCl,. 

In the meantime several papers have appeared which 
have dealt largely with the same material as Petty did 
so that the detailed publication of his data which was to 
accompany the present paper does no longer seem 
justified. 

Kahle® established the energy levels in ErCl;-6H.O 
to which Wybourne* supplied a 
terpretation. 

More recently Hellwege, Hiifner, and Kahle’ gave 
data on the Er(C2H sSO,)3-9H.O spectrum including 
the Zeeman effect as well as additional information on 
the ErCl;-6H.O spectrum and data on Er( NO;) 3>6H2O 
without however discussing the nature of the levels. 
Finally Erath® published an = analysis of — the 
Er(C2HsSQ,) 3 levels. In general our results confirm the 
results of these authors but in many cases go consid- 
erably further. 


+ Supported by the Research Division of the U. S. Atomic 
Energy Commission. 

1C. C. Petty, dissertation, The Johns Hopkins University 
(1956). 

2 W. H. Zachariasen, J. Chem. Phys. 16, 254 (1948). 

3H. G. Kahle, Z. Physik 145, 361 (1956), where references to 
the previous literature may be found. 

‘ B. G. Wybourne, J. Chem. Phys. 32, 639 (1960). 

5K. H. Hellwege, S. Hiifner, and H. G. Kahle, Z. Physik 160, 
149, 163 (1960). 

6 E. H. Erath, J. Chem. Phys. 34, 1985 (1961). 


theoretical in- 


2. EXPERIMENTAL ARRANGEMENT 


Crystals of ErCl; diluted with LaCl; were grown ac- 
cording to the method of Hutchison and Wong,’ and 
mounted in glass or quartz tubes with a few centimeters 
of helium to ensure heat exchange at low temperatures. 
The Er concentration*® was 0.2% to 5%. Crystals of 
pure ErCl; were also grown. These have an absorption 
and fluorescence spectrum of quite different structure 
from that of the diluted crystals and therefore must 
have a different crystal structure, which is probably 
isomorphic with that of YCl,. 

The technique of obtaining the absorption and 
‘luorescence spectrum is that usually employed in this 
laboratory.’ The bulk of the observations were made at 
4.2°K, a few at 77°K. Zeeman effects were observed 
with the threefold axis either perpendicular or parallel 
to the magnetic field which will provide all the required 
information for crystals of this symmetry. Care had to 
be taken that the crystal was firmly mounted when the 
axis of the crystal was parallel to the field as the strong 
mechanical forces tended to turn the crystal 90°. 

The spectra except the A group were photographed 
with a 21-ft concave grating in a Paschen mounting, 
above 4800 A in the first order (dispersion 1.2 A/mm), 
below 4800 A usually in the second order. The A group 
was obtained with a dispersion of 5 A/mm on a 21-ft 
Wadsworth spectrograph. 

The polarization was determined with a calcite 
prism; Nd**+ and Pr** lines were found as impurity 
lines. 


3. RESULTS 


The chief purpose of the analysis of a spectrum of 
this type is the establishment of the energy levels, the 
identification of the levels, that is associating each group 
of levels with a state of the free Er*+ ion, and estab- 
lishing the crystal field that produces the observed 
Stark splitting. Finally the magnetic properties of the 


7C. L. Hutchison, Jr., and E. Wong, J. Chem. Phys. 29, 
754 (1958). 

8 These are the concentrations in the starting mixture. As the 
purification and crystal growing process causes a partial separation 
of La and Er the concentration of Er in the final crystals is not 
exactly known. 

® See e.g., G. H. Dieke and L. Heroux, Phys. Rev. 103, 1227 
(1956); G. H. Dieke and L. Leopold, J. Opt. Soc. Am. 47, 944 
(1957). 
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TABLE I. Observed levels of ErCl,. 


(6) (7) 


Zeeman effect 


(9) 


(10) 
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SPECTRA OF: ErCl: 


TABLE I.—Continued. 








(5) 





(6) (7) 
Zeeman effect 


Fl. St Sz 





Column 


CnOU eon 
Nat al Nal eae 


(9) 
(10) 


27 601.32 
623.93 
627 .94 


27 990.74 
993.74 
994 .47 
998 .97 
972.31 


Empirical notation of levels and absorption lines. 

Energy in cm™ of level. Wave number of absorption line. 
Intensity of absorption line. ; 

Observed polarization. 

F, f upper and lower state of fluorescent radiation, respectively. 


si, Zeeman splitting in Lorentz units when crystal axis is parallel to magnetic field. 


Sg, same with axis perpendicular to field. 

Number of components observed in ErCl;-6H,O or other crystal of low symmetry 
that the true number is probably larger than the number shown. 

Identification in LS coupling notation of level. 

Twice the crystal quantum number of Stark component. 


. A plus attached to the number indicates 


(11) 





® The Y levels also observed in absorption (see work cited in reference 10). 


Coefficient of the state given in column (9) in the wave function (x= —5.7). 


b The perpendicular Zeeman effect reveals the presence of a level with w=5/2 close to Bi. 


various levels revealed by their Zeeman effects are of 
interest. We shall take up the various phases partly in 


this and a subsequent paper.'® The results show that 
the ErCl; spectrum represents to a high degree of ap- 
proximation the model of the free ion placed in an 
electrostatic crystal field. The results of the analysis 
are summarized in Table I. The following comments 
will elucidate this table. 


4. ABSORPTION SPECTRUM 


As in the spectra of all the rare earth salts, definite 
groups of lines are observed in the ErCls spectrum. 
These lie nearly at the same wavelengths as in the other 
erbium salts and have been labeled A, B, D, E, etc. 
beginning with the group at the longest observed wave- 
length (10000 A), and proceeding to shorter wave- 
length. We follow Severin" and others in this nomen- 
clature. 

His C group, however, near 6850 A turns out to be 
caused by the presence of thulium as impurity in pre- 
vious work and does not appear on any of our plates. 
Each group in general corresponds to transitions from 
the ground state to a level of the free ion which in a 
crystal field is split into J+} components. We label 
successive Stark components by indices 1, 2, 3, etc., 
beginning with the component of lowest energy. This 
is a purely empirical notation and does not necessarily 
imply that no unobserved component is missing be- 
tween two components numbered consecutively. The 


10’, Varsanyi and G. H. Dieke (to be published). 
11H. Severin, Ann. Physik 1, 41 (1947). 


energies except those followed by a dash in the intensity 
column of Table I are obtained from the absorption 
spectrum at 4°K when only transitions from the ground 
level occur and the energy of the upper state is thus 
equal to the wave number of the absorption line. The 
numbers in the intensity column represent rough esti- 
mates of the observed intensities and the polarization 
column gives the observed polarization of the lines. 

For a spectrum of an ion with an odd number of 
electrons in a crystal field of C3, symmetry? all lines 
should either be polarized perpendicular to the crystal 
axis (o) or be unpolarized (or) if the lines are due to 
electric dipole transitions. The observed polarization is 
usually far from perfect. The cause for this is probably 
due to imperfect crystals, as the selection rules do not 
indicate any other type of transitions. In most cases 
the polarization is pronounced enough to decide whether 
a line is a o or om line. 

Besides the lines shown in Table I some very weak 
and usually diffuse lines show which probably must be 
attributed to superimposed crystal vibrations. They are 
left out of consideration in the approximation which 
we consider here. Most lines are very sharp and the 
wave numbers should be accurate to a few times 0.01 
cm™'. Other lines are diffuse or broad even at the lowest 
temperature. This is very probably due to interaction 
with lattice vibrations. 

At 77°K some of the higher Stark components of the 
ground state absorb and the Z, and Z; components 
listed in Table I were determined from measurements 
on the additional lines. No attempt was made to go to 
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Fic. 1. Groups of fluorescence lines of ErCl; in LaCl; coming 
from three initial levels £1, Hi, Ke to the common lower level Y. 
The Stark components of Y are indicated by 1, 2, «++, 7. Primed 
numbers indicate transitions from E2, Hz double-primed number 
transitions from H; and, 2° to 7° transitions from K,. 


higher temperatures to obtain additional components 
of the ground state. 


5. IDENTIFICATION OF THE FREE ION LEVELS 


The J value of the upper state can be obtained with 
certain reservations from the number of components in 
each group of absorption lines. This is J+} for crystal 
fields of low symmetry. Kahle has made use of this 
circumstance to determine the J values of a number of 
levels. We give in column 9 of Table I the number of 
observed lines in monoclinic ErCl;-6H,O supplemented 
by results in other salts.' A drawback of this way of 
determining J is that sometimes additional spurious 
lines appear due to interaction with crystal vibration 
suggesting a higher J value, sometimes fewer lines 
either because of the action of selection rules or because 
some lines are accidentally too weak to be observed. 
Supplementary data must therefore be found if one 
wants to be sure about the J values. 

The knowledge of the J values and of the approximate 
structure of the level scheme of a 4f* configuration 
makes it easy to identify completely the low-lying 
levels. For an unambiguous identification of the higher 
levels more careful calculations of the energies of the 
4f" configuration with intermediate spin orbit coupling 
are indispensable. This will be discussed more in detail 
in a subsequent paper.” The identifications given in 
column 10 are based partly on the comparison with such 
calculations, partly on Zeeman effects. A comparison 
with the situation in NdCl; is also useful.” The identi- 
fication of the M, N, and O levels is somewhat uncer- 
tain at this stage. g @ 4% 


=< Es. 
1961). 


Carlson and G. H. Dieke, J. Chem. Phys. 34, 1602 
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6. DETERMINATION OF x» VALUES 


A crystal field of C3, symmetry with time reversal 
has three symmetry classes for an odd number of elec- 
trons, each with doubly degenerate levels. These, as is 
customary, are designated by the crystal quantum 
numbers w= +4, +3, +2. The yu selection and polariza- 
tion rules for electric dipole transitions, polarization, 
a: 33, $9}; om: 393, a: 3-3; forbidden: 3-4}; 
3—3, make it possible to determine the u values of the 
excited states, once the ground state is properly identi- 
fied. All available evidence makes it clear that the 
ground state has 4= 2. This means that the upper state 
of o polarized absorption lines must have w= 3 that of 
the om lines «= 4 while transitions to states with p= 3 
should not occur. This enables us to make the p as- 
signments in Table I, which however were verified by 
all the other available evidence, Zeeman effects, com- 
parison with crystal field calculations, and evidence 
from the fluorescence spectrum. Where some of this 
evidence is lacking the » values may be in doubt. This 
is certainly the case for the M, N, and O levels. 


7. THE FLUORESCENCE SPECTRUM 


When illuminated with the light from a mercury 
H-6 lamp, ErCl; exhibits strong fluorescence with the 
intensity distribution changing with the filters in the 
path of the exciting light which determine the chief 
excitation wavelengths. A number of strong groups of 
emission lines are prominent of which three near 8440, 
6400, and 5570 A, respectively, are shown in Fig. 1. 
The three spectra are enlarged to the same frequency 
scale and it is apparent that a number of lines can be 
brought to coincidence. This suggests that these groups 
represent transitions from three upper states to the 
Stark components of a common lower state. 

The frequency differences between corresponding 
lines in the three groups is equal to the differences be- 
tween the absorption lines £,, Hi, and Ke (see Table I) 
which identifies the upper states of the fluorescence 
and makes it possible to identify the energy of the lower 
levels. With this key the fluorescence spectrum can be 
completely analyzed. The lower level (Y) is 6550 
cm™' above the ground state and evidently is the ‘13/2 
level which is to be expected in this region. 

Table II shows the structure of the chief observed 
fluorescence groups which have the Y state as lower 
state. The first two columns identify the fluorescent 
states and list the u numbers, and the third column gives 
the energies in cm™ of these states. The rows E’’ 
and yu” list the energies and u values of the final states 
derived from the fluorescence lines. The table lists all 
observed fluorescent transition with estimated intensi- 
ties between the listed E’ and E”’ levels. 

The following remarks supplement the information 
given in Table II. Every Y,, level is secured by at least 
five transitions, and the agreement between observed 
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37.35 
Ke / 65 7 17 8 946.02 
46.03 
K; ; 956.96 
56.98 

® Blend. 
> Line forbidden by the selection rules. 


and calculated wave numbers is in general within a 
few hundredths cm™ which is the accuracy of the meas- 
urements. This indicates that all seven Stark compo- 
nents of ‘Jj3;2 are known with great reliability. The u 
values of the Y,, levels are determined from the selec- 
tion rules and confirmed by field-splitting calculations" 
and Zeeman effects. Those lines forbidden by electric 
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TABLE II. Fluorescence to Y group. 


Y; 
90.59 
5/2 


893.4 awe x .10 4bb 
93.45 an 37.07 


913.75 
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580. r .06 
81. 
580. 
86. 
596. 
96.1; 
915.35 te . 858. 
15.35 ; 58.97 


924.01 
24.04 


934.98 
34.99 


67 .66 


dipole selection rules are indicated by a dash. They are 
always absent except in one case (H3—>Y,4) where a 
weak line is found which probably is a spurious coinci- 
dence. 

On the other hand some lines allowed by the selec- 
tion rules are absent evidently because their intensity 
is too feeble. 


Tasce ILI. Fluorescence to A group. 
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The energies of the upper states are those obtained 
from the absorption spectrum except those marked F. 
These belong to levels with u= $ to which no absorption 
is possible from the ground state. Their identity is well 
established by the presence of 5 transitions from each 
of them and by the fact that in no case has the forbidden 
3—$ transition been found. 

Table II shows that most states are stable enough to 
show strong fluorescence from them which means life- 
times of the order of 10~ sec. Ordinarily at low tempera- 
tures only the lowest Stark level of each state has this 
stability but at higher temperatures thermal equi- 
librium will populate some of the higher Stark compo- 
nents. Although the measurements were made with the 
crystal immersed in liquid helium at 4.2°K, the intense 
irradiation may have raised the temperature of the 
crystals sufficiently to account for the lines coming from 
Stark components as much as 24 cm™ above the lowest 
one. 

Fluorescence to the ground state is on the whole 
weak but has been definitely observed from the By, 
D,, and £, levels, and the conditions are not favorable 
for observing the transitions from the higher states. 
Transitions are also seen to the A and B states but only 
from the higher levels as the others would not fall into 
the observed wavelength region. The group H—A near 
8300 A and K—A near 7000 A are fairly strong and 
are presented in Table III. They serve to obtain 
the tentative levels A; and A;. The agreement between 
observed and calculated wave numbers is not quite as 
good as that of Table II which is explained by the 
greater faintness of the lines. The fluorescence to A and 
even more so to B is too weak for obtaining all the re- 
quired Stark components. 

The fluorescence from excited levels to Z, Y, A, and 
B takes care of most of the stronger lines in the fluores- 
cence spectrum. Praseodymium impurity lines occur 
with fair intensity. There are many weak lines un- 
accounted for in the fluorescence spectrum which may 
be due to other impurities. 

In ErCl; the levels B, D, E, G, H, K, L, M are defi- 
nitely upper states of fluorescence transitions while 
only # and J seem to be so shortlived as to produce no 
fluorescence. These latter levels lie only a few hundred 
cm above other levels which explains their relative 
instability. In general the levels of Er*+ in ErCl; show 
remarkably high stability and therefore form a good 
approximation to the model of an isolated ion in the 
electrostatic crystal field. 

8. COMPARISON ee FLUORESCENCE 


Er** in pure salts does not usually fluoresce, at least 
not when water of crystallization is present, and there- 
fore previous data on erbium fluorescence were usually 
obtained from trivalent erbium ions replacing divalent 
ions such as Ca, Sr, etc., which undoubtedly puts a 
strain on the lattice and seems to produce broad lines 
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with many spurious ones so that detailed interpretation 
is difficult. Recently Van Uitert and Soden" have dis- 
cussed the fluorescence spectrum of Er*+ incorporated 
into calcium tungstate and at 77°K, found groups of 
lines near 6600, 5430, and 4100 A. They, following 
Gobrech" interpret the groups as transitions from levels 
near 15 300, 18 400, and 24 500 to the ground state 
‘T15/2. While it is of course not absolutely certain that 
erbium in calcium tungstate or other salts where it 
replaces calcium should behave in the same way as in 
ErCl; this is nevertheless probable as the ability to 
fluoresce is a property of the free ion, modified as far 
as relative transition probabilities from a given upper 
state are concerned, only in a minor way by the crystal 
field. The strong peaks near 6600 and 5500 are very 
close to the strongest fluorescence group of ErCl; 
in this spectral region (we did not investigate the region 
near 4130 A) and it would be surprising if their origins 
were different. We believe therefore that the fluorescence 
observed when replacing calcium by erbium is not due 
to transitions to the ground state but to 4Z3,2 and that 
it does not originate from the levels suggested by 
Gobrecht or Van Uitert and Soden. Experiments with 
monochromatic excitation on calcium tungstate can of 
course settle this point. 


9. GROUND STATE 


Hund’s rule and previous experience leaves no doubt 
that the ground state of the 4/" configuration is 47;5/2 
which should have 8 Stark components, 3 with =}, 
3 with n= $ and 2 with w=. As the lowest Stark level 
shows a Zeeman splitting in a field perpendicular to 
the axis it cannot have n=}. The decision on whether 
it has w= or } can be made easily once the identity of 
some of the excited states is assured. The E£ level is 
unquestionably 4S,. It should have two level pairs with 
u=4 and 3. From a ground state with u’’=} the transi- 
tion to the «’=4 level would be forbidden and there 
should be only one line in the E group contrary to what 
is observed. We must have thus n= for the ground 
level. This can be verified with all the other absorption 
groups with upper states of known J. In each case the 
number of lines is commensurate with n= 3 and not 
with w=4. Calculation of the crystal field splitting’® 
support this value unambiguously and these calcula- 
tions assign n=} to both the following Stark compo- 
nents Zy and Z3. 


10. ZEEMAN EFFECT 


The Zeeman splittings particularly in the fluorescence 
spectrum with many close line groups are often quite 
complicated and their complete elucidation would 
require a careful study at a number of different field 
strengths. Our data were taken at 35 100 gauss and in 


13 ,, G. Van Uitert and R. R. Soden, J. Chem. Phys. 33, 567 
(1960). 
4H. Gobrecht, Ann. Physik 31, 755 (1938). 
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TABLE IV. Expected Zeeman splittings where M mixing plays no role (symmetry C;,). 





J=1/2 3/2 5/2 


Si S2 


7/2 9/2 


/ 
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addition at 11 800 gauss but only for the crystal axis 
perpendicular to the field. 

All levels are split into two components by the mag- 
netic field. Their separation s; and sz when the crystal 
axis is parallel and perpendicular to the magnetic 
field, respectively, are listed in columns (6) and (7) 
of Table I. Only those values are listed for which the 
interpretation is uncomplicated by too confused 
structure. 

The values s;= 2.67 and s2=8.52 for the ground state 
do not agree well with the values 1.989 and 8.757 ob- 
tained by Hutchison and Wong’ through paramagnetic 
resonance. As there is no reason to question their values 
it is possible that ours have been falsified by misalign- 
ment of the crystal axis. Some experiments to uncover 
and determine the misalignment gave negative results 
however and the question remains unsettled. It would 
be possible to take the misalignment which would be 
12° for granted and give corrected values for all split- 
tings. We have however given the values as measured 
in Table I and expect to repeat the measurements with 
more perfect crystals. The corrected values would be 
in many cases equal to the uncorrected ones within 
the limits of the errors of measurement except when s; 
and s, are very different. 

The following features are important for an under- 
standing of the Zeeman effect. We designate as usual 
by g the splitting factor of the free ion.” We have then 


s=2 Mg So= (J+})g for M=} 
52=0 for M4}, 


in those cases where the magnetic quantum number 
J.=M has still a definite value and ss=0 for p=$ 
throughout. 

These cases can be seen from Table IV. In all other 
cases (indicated by m in Table IV) each state is a 
linear combination of states with different M and the 
Zeeman effect depends on the mixing coefficients which 
in turn are determined by the crystal field parameters. 

The Zeeman effect will be linear unless the distance 
between interacting Stark components is not large com- 
pared to the magnetic splitting. For the crystal axis 
parallel to the field only states with the same yu interact. 

% Authors reporting the results of paramagnetic resonance 
measurements usually designate by g the splitting of the levels, 
i.e., the quantity called here s; or sz. As this is contrary to the 


generally adopted spectroscopic nomenclature, this practice 
should be discouraged. 


If the crystal axis is perpendicular to the magnetic 
field, states which differ in » by +1 can also interact. 
Nonlinear Paschen Back-like effects may complicate 
the splitting pattern considerably. 

The Zeeman effect can be used to verify the correct 
ness of the interpretation of the levels and it can pro- 
vide additional information about the crystal field. 
We shall leave a discussion of the features depending 
quantitatively on the magnitude of the crystal field out 
of consideration and confine ourselves thus to the un- 
mixed states. 

There are two states with J=3 where complete 
Zeeman effects have been observed. The results are as 
follows (with correction for misalignment) : 


4S) 


1.61 3.39 
1.68 3.36 


obs. 


calc. 


obs. 


cale. 


5.08 0 
5.04 0 


g= 1.68 


If no correction for misalignment is made the values 
are 1.67 for 4S; and 0.72 for ‘Fy with better internal 
consistency than for the corrected values. 

These results show two things. The splitting pattern, 
that is the relative values of the splittings for the 
various Stark levels is what is expected theoretically and 
thus confirms the value J =3 for both states. The abso- 
lute observed g values are, however, significantly dif- 
ferent from the calculated ones. 

A number of successful quantitative calculations 
have been made recently for the energy and wave func- 
tions of the f* and /" configuration.** Such calculations 
take the electrostatic and spin orbit interactions 
within the f* configuration into account without any 
serious simplification but in general do not deal with 
interactions with other configurations. The results are 
given in terms of two parameters F2 for the electrostatic 
interaction and & for the spin orbit coupling. The 
numerical values of the two parameters are determined 
by making the system of calculated levels agree as 
closely as possible with the observed ones. The wave 
functions depend only on the ratio x=é/F:;. A prelim- 


‘6 FE. H. Carlson and H. M. Crosswhite, Johns Hopkins Spectro 
scopic Report 19 (1960). 
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TABLE V. 
(Spe 
g calculated 


x=0 0.40 


x= —-5.7 0.82 


x= —4.6 0.69 


g observed 0.72 


x interpolated —4.9 


inary analysis of the ErCl; spectrum has yielded the 
value x= —5.7. 

As the wave functions are known as function of x 
the g values of each state can be calculated. Those for 
x=0, —4.6, and —5.7 are given in Table V together 
with the observed g values. It is seen that in both cases 
the observed values lie between the calculated values 
for x=—5.7 and —4.6. The bottom row of Table V 
gives the interpolated x value which gives the observed 
g. We see that this is close to x=—5.0 significantly 
different from the value x=—5.7 derived from the 
energies. 


7 


This result is not too surprising as experience in 
other spectra has shown that interconfiguration interac- 
tion can have very appreciable effects on the position 
of the energy levels. Values of the parameters deter 
mined without taking this interaction into consideration 
may therefore be in error even though a quite satis- 
factory agreement between observed and calculated 
energies is obtained. As the interaction is mainly be 
tween levels with the same L and S the influence on the 
g values is less so that the spin orbit interaction constant 
determined from the magnetic data is probably closer 
to the true value, although no high accuracy can be 
claimed for it. 

Further investigations with more extensive Zeeman 
effects and more refined calculations will undoubtedly 
clear up this matter. 

The Zeeman effects of the other levels are not as 
simple as the two cases discussed above. Some of the 
complexity is due to the influence of the crystal field. In 
other cases there will be nonlinear effects due to the 
close proximity with other levels. In many cases where 
no S; Or Sy values are given the analysis is uncertain 
because the patterns are so complex that the experi- 
mental data now available are not sufficient to unravel 


lic. 2. Fluorescence group H-Y and its Zeeman effect. 
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them. Figure 2 shows as an example the fluorescence 
group at 6400 A. 

Recent experience with DyCl; has shown" that if 
the magnetic field is varied in small steps the most 
complex Zeeman patterns can be unravelled even when 
substantial nonlinear effects with their resultant in- 
tensity anomalies are present. It seems best to postpone 
a more detailed discussion of the information to be 
extracted from the Zeeman effects in ErCls until such 
experiments have been made and evaluated. 

11. UNDILUTED ErCl; 


Crystals of pure ErCl; have an absorption and 
fluorescence spectrum which shows the groups typical 
for Er**+. The structure of each group however is quite 
different from that in the spectrum of ErCl,; diluted 
with LaCl; indicating that the undiluted salt has a 
different crystal structure. As the heavier rare earth 


Fic. 3. The E-Y fluorescence group of pure ErCl;. ‘The 
numbers indicate the Stark components of the lower state Y. 


ions have often salts isomorphic with the analogous 
yttrium salts it is likely that the structure of ErCl;, 
is the same as that of YCI;. 

The lines of the absorption spectrum in general are 
much broader than for diluted ErCl; with sharp edges. 
Quite often in the magnetic field they are resolved into 
sharp Zeeman components. This suggests that the 
broadening is caused by resonance coupling with the 
nearest neighbors which is broken by a magnetic field. 

Figure 3 shows the fluorescence group near 8400 A 
(4Sy->Tis/2) which at 4°K exhibits transitions to the 7 
components of 4/43/2.. At 77°K the whole pattern is 
reproduced 20.53 cm™ to shorter wavelengths which 
indicates that the second component of 4S; also absorbs 
at that temperature. Comparison with the upper spec- 
trum of Fig. 1 which shows the analogous group for 
Er*+ in LaCl, brings out the difference between the two 
spectra. The x marks identical wavelengths. 

It is remarkable that pure ErCl; fluoresceses at all. 
Pure NdCl; also absorbs but shows not trace of fluores- 


'7 H. M. Crosswhite (to be published). 
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cence. Evidently the Er** ion in ErCl; is sufficiently 
isolated from the lattice not to have its excitation 
energy dissipated in times short compared to the 
radiation life time of the excited states. 

The spectrum of undiluted ErCls has several other 
interesting features that deserve further study. 


12. GENERAL REMARKS 


The Er** spectrum has been observed from the infra- 
red to approximately 3300 A. It was impossible to pro- 
ceed further into the ultraviolet as the samples were in 
a glass envelope. The extension of the absorption spec- 
trum to shorter wavelengths is, however, under way. 
In the observed wavelength range all the levels to be 
expected theoretically have been found and there are 
no unexplained levels. There can hardly be any doubt 
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about the interpretation except possibly for the three 
highest levels for which the data are somewhat meager. 

Not all the Stark components have been detected 
for each state. We have seen that the components with 
u=% cannot be found in the absorption spectrum at 
4°K. A few of the levels with n= or 3 are also lacking, 
one in the B group and several in the M, N, and O 
groups. Possibly future experiments with thicker 
crystals will reveal these missing levels. The excited 
levels with w=3 can undoubtedly be obtained more 
completely though with less accuracy from the absorp- 
tion and fluorescence spectrum at higher temperatures. 
Even with the present shortcomings the states Y, £, 
H, I, and K are complete. With the information from 
ErCl; added to what was known before the Er** spec- 
trum is one of the best known and understood spectra. 
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A Paramagnetic Species in Irradiated NaNO, 


HENRY ZELDES AND RALPH LIVINGSTON 


Chemistry Division, Oak Ridge National Laboratory,* Oak Ridge, Tennessee 


(Received January 23, 1961) 


Single crystals of sodium nitrite were irradiated with Co gamma rays at 77°K and studied by the para- 
magnetic resonance method. An anisotropic three-line hyperfine spectrum associated with a single para- 
magnetic species was observed. The hyperfine structure arises from a nitrogen nucleus in the paramagnetic 
species at a position of mm point symmetry. The principal values of the g tensor and the hyperfine tensor 
were deduced as well as the directions of their principal axes. The paramagnetic species is believed to be NOx. 


ARAMAGNETIC resonance has been widely 

used to study defects and radicals formed in solids 
by irradiation. The studies are most informative when 
hyperfine effects are seen in spectra from single crystals. 
In this work single crystals of sodium nitrite, some of 
which contained a small amount of silver nitrite, were 
irradiated at 77°K with Co™ gamma rays and examined 
at the same temperature in an electron spin resonance 
spectrometer. In each case the same well-resolved, very 
anisotropic, hyperfine spectrum of three equally in- 
tense lines was seen, but with much greater intensity 
in the crystals containing silver nitrite. The number and 
relative intensities of hyperfine lines indicate they are 
associated with a single atom of nitrogen. The para- 
magnetic species almost undoubtedly has mm point 
symmetry at the position of the nitrogen atom, since 
groups of symmetry related lines were not seen. The 
spectrum was measured for many orientations of the 
field parallel to either the ac or bc basal plane of the 
orthorhombic lattice, and the data were fitted to a spin 


* Operated for the U. S. Atomic Energy Commission by the 
Union Carbide Corporation. 


Hamiltonian. The spectrum is believed to arise from 
oriented molecules of NOs. 


EXPERIMENTAL 


Single crystals of NaNO, containing some AgNO, 
were readily grown by slow evaporation of aqueous 
solutions containing some AgNO». Those not contain- 
ing AgNO: were grown from aqueous solutions con- 
taining a high concentration of Pb( NOs)» which served 
to improve the habit of growth.' The crystals were 
found to be free of Pb by use of the precipitation of 
PbS as a test. 

Both kinds of single crystals had well-developed 
faces, which were identified from measurements of 
interfacial angles using a Unicam two circle optical 
goniometer. The crystals were aligned from optical 
measurements and cemented to rods at known orienta- 
tions. In the spectrometer the rod, held perpendicular 
to the magnetic field, served as a rotation axis for 


1 The use of Pb(NOs)2 to improve the habit of growth of NaNO. 
was suggested by the similar use of Pb(NOz)2 reported by A. 
Fock, Z. Krist. 17, 177 (1890). 
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Fic. 1. The fields for resonance of the central line at 8990 Mc 
for field orientations parallel to the crystallographic ac plane. 


changing the orientation of the crystal. Two crystal 
alignments were used for which the field explored the 
plane normal either to the a axis (3.55A) or the b axis 
(5.56A) of the orthorhombic lattice.” 

The paramagnetic resonance spectrometer operated 
at about 9000 Mc with a rectangular transmission 
cavity in the TE; mode, magnetic modulation at 60 
cps, and oscilloscope display of the absorption spectrum. 
Magnetic fields were measured with a proton magnetic 
resonance probe. Since the magnitudes of the field at 
the position of the probe and at the position of the sam- 
ple were somewhat different, a correction was made 
based on measurements of the resonance at room 
temperature of a powder sample of a,a-diphenyl-f- 
picrylhydrazyl (g= 2.0037). 

The crystals containing AgNO, gave a three-line 
spectrum with a radiation yield eh 10 times that 
in crystals not containing AgNO»:. By comparison of 
spectral measurements in the ac plane for both types 
of crystal it was established that the spectra are 
identical. The data used to derive the parameters of 
the spin Hamiltonian were determined from the more 
intense lines of crystals containing AgNO2. The meas- 
ured lines had a width of approximately 3 gauss. 


PARAMETERS OF THE SPIN HAMILTONIAN 
It will be shown that the data are described by the 
usual spin Hamiltonian of the form 


x= —BH-g-S—)S-A-I, (1) 


where B is the Bohr magneton, /, Planck’s constant; 
H, the applied field, #S and AI, electron and nuclear 
spin operators; and g and A, symmetric second rank 
tensors describing the interactions of the electron’ spin 
with respectively the applied field and the nuclear spin. 
At sufficiently high fields, the second term may be 
treated as a small perturbation. The energy eigenvalues 


2?Ralph W. G. Wyckoff, Crystal Structures (Interscience 
ewe Inc., New York, 1948), Sec. 1, Chap. VI, p. 10. 
ae Hutchison and R.C . Pastor, Phys. Rev. 81, 9 (1951). 
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for this spin Hamiltonian have been given‘ explicitly 
to second order in the special case in which g and A 
are axially symmetric and have the same principal axis. 
The eigenvalues may also be written explicitly in first 
order in the general case in which g and A are not re- 
quired to be axially symmetric and their principal axes 
are not required to be parallel. The derivation which is 
given here is a simple extension of the treatment of the 
spin Hamiltonian with isotropic g given by Trammell, 
Zeldes, and Livingston,® and similar notation is used. 
The zero-order state functions may be written as linear 
combinations of the (2S+1)(27+1) basis functions 

|U)=|1., M; 11, m), 

which satisfy the eigenvalue equations 
7S |U)=M|U), M=S,S—1,---—S (3) 


and 


trl | U)=m|U), m=I, I-1,-++—T, (4) 


in which the unit vectors rs and 7; are arbitrary. The 
zero-order term in the Hamiltonian may be written 
H)= —B|H-g|7.-S (5) 
where the unit vector r, is given by 
7e=H-8/| H-g |. (6) 
If we choose 7,=7,, the basis functions of Eq. (2) 
diagonalize the zero-order Hamiltonian, and the zero- 
order energy is simply 


Ey=—6 | H-g| M. 


The zero-order functions are (27+1)-fold degenerate, 
and we must choose linear combinations for each state 
M which diagonalize the perturbation. This is done as 
follows: A general element of the perturbation matrix is 


SC! Mim! = —h(r, M; TI, Mm | S-A-l | Tey M 371) m'). 
(8) 


Decomposing S into components parallel and perpen- 
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Fic. 2. The hyperfine spacings at 8990 Mc for field orientations 
parallel to the crystallographic ac plane: (a) between line at 
highest field and central line, and (b) between line at lowest 
field and central line. 


4M. H. L. Pryce, Nature 164, 116 (1949). 

5B. Bleaney, Phil. Mag. 42, 441 (1951). 

6G. T. Trammell, Henry Zeldes, and Ralph Livingston, Phys. 
Rev. 110, 630 (1958). 
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dicular to r,, and recognizing that only the former 
contributes, 


Ke’ Mm:M,m! 
=—hM |7.-A| (7-, M371, m| tw-1 | 7., M; 71, m’), 
(9) 


where the unit vector ry is given by 
ty=TeA/| 7.°A |. (10) 


From Eqs. (9) and (4), it is seen that #’ is diagonal 
for every M if r7=7w: 


=—hM |7.-A| mbmm’. 
The energy to first order is then given by 


E=—6|\H-g| M—hMm|\7.-A}, 


, 
K M,m;M,m’ 


(11) 


(12) 


E=—gBHM-— (mMh/g) (fl-g-A-A-g-f1)}, (13) 


where g, the spectroscopic splitting factor, is given by 


g= (A-g-8-f1)}; (14) 
Al is a unit vector parallel to the applied field, H is the 
magnitude of the applied field, and, as indicated by 
Eqs. (3) and (4), M and m are quantum numbers 
associated respectively with electron and nuclear spin. 
This result may be generalized for the case of several 
nuclear spins in which the relatively small perturbation 
is of the form — }>,AS-A,I,, Aj, and Al; being the 
symmetric hyperfine tensor and spin operator for the 
ith nucleus. It is easily seen that the energy to first 
order then becomes 


E=— g8HM—(Mh/g) dim(A-8-AvAv-A)}, 
(15) 

where m, are quantum numbers associated with I,. 
In the present problem, the electron spin is 3, the 
nuclear spin (N"™) is 1, and, as shown below, g and A 


have the same principal axes. The observed transitions, 
which obey the selection rule AM=1 and Am=0, are 
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Fic. 3. The fields for resonance of the central line at 8990 Mc 


for field orientations parallel to the crystallographic be plane. 
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Fic. 4. The hyperfine spacings at 8990 Mc for field orientations 
parallel to the crystallographic bc plane: (a) between the line at 
highest field and central line; and (b) between line at lowest field 
and central line. 


given to first order by 


hy=gBH+ (mh/g) (H-g-A-A-g-f1)', (16) 
where » is the transition frequency. Since m may have 
the values —1, 0, or 1, there are three transitions, and 
for first order theory they are equally spaced. It may 
be seen that the transition frequencies depend upon the 
orientation of the field with respect to the principal 
axes and upon the squares of the principal components 
of g and A; the measured transitions do not determine 
the signs of the principal components of g and A. 

The space group’ for NaNO, is C2,”. Since the spec- 
trum consists of a single group of very anisotropic hyper- 
fine lines associated with a single species, it is evident 
that the principal axes for both g and A are very accu- 
rately parallel to the crystal axes of the orthorhombic 
lattice. Otherwise there would have been seen one or 
three additional groups of lines related by the mm sym- 
metry operations. The strongly anisotropic behavior of 
the lines insures that symmetry-related equivalent 
radicals would have been seen. The principal axes for 
g and A are very accurately parallel to the crystal axes 
either fortuitously or because the paramagnetic species 
has mm point symmetry and is located in the lattice at 
a position of mm point symmetry. The latter would 
seem far more probable. 

The data for the applied field perpendicular to the 6 
axis adjusted to 8990 Mc are shown as circled points in 
Figs. 1 and 2. In Fig. 1, the field for resonance of the 
central line is plotted against the angle with the crystal 
a axis. In Fig. 2 the two field-spacings between the 
central line and the outer lines are also plotted against 
the angle with the crystal a axis. Similarly, the data for 
the crystal bc plane adjusted to 8990 Mc are plotted 
against the angle with the crystal 5 axis in Figs. 3 and 
4. The frequencies for the basic data were all within 18 
Mc of 8990 Mc and were the same for each of the three 
lines at any one orientation. The field for each line was 
corrected by the amount which increased the field for 
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PasBLE I. Magnitudes of the principal values for § and A where the 
subscripts refer to the crystallographic axes. 


Ag= (138.440.5) Mc/sec 


ga=2.0057+ .0005 


= 2.0015+ .0005 Ay= (190.240.5) 


ge=1.9910+ .0005 A,= (130.9+0.5) 


the center line in proportion to the increase in frequency 
to 8990 Mc. 

It is evident from the figures that the two hyperfine 
spacings at any one orientation are not quite equal; 
the spacings on the high field side of the central line are 
larger than the corresponding ones at the low field side 
by as much as about 1.5 gauss. The unequal spacings 
indicate that first order perturbation theory is not en- 
tirely adequate and a very small second order contribu- 
tion should be added to the right side of Eq. (16). 
An approximation to this correction was introduced, 
based on the known second order contribution for the 
case of axial symmetry. It was estimated after first 
obtaining preliminary values for the parameters of g 
and A by fitting the data to Eq. (16). The g tensor thus 
obtained was not very anisotropic and the A tensor 
was nearly axially symmetric with respect to the crystal 
b axis. The estimate of the second order correction was 
then made as though g were isotropic and A were axially 
symmetric: The isotropic g value used was 3 the sum of 
the principal g values, and the principal values of A 
in the ac plane were replaced by 3 their sum. With 
these parameters, and the relations given in reference 5, 
the second order contribution for field orientations 
perpendicular to the 0 axis (the direction of near axial 
symmetry) was found to be 


1.51(2—m?) hX 105, 


where / is Planck’s constant, and that for the field 
oriented parallel to the 6 axis was 


1.01(2— m?) hX 10°. 


For field directions perpendicular to the @ axis, the 
second order contribution ranges between the two pre- 
ceding values and changes slowly in the neighborhood 
of the b and c axes. Therefore, in the bc plane, the second 
order contribution was interpolated by 


(1.01 cos’0+1.51 sin’@) (2— m2) hX 10°, 


where @ is measured from the 6 axis. 

The experimental data were then fitted to the ex- 
pressions obtained by adding the appropriate second 
order contribution to the right side of Eq. (16). The 
theoretical expressions depend only on the magnitudes 
of the principal components of § and A which are given 
in Table I. The solid curves in Figs. 1, 2, 3, and 4 were 
computed with the parameters in Table I using the 
expressions incorporating the second order contribu- 
tion. The fields for resonance of the central line are 
reproduced everywhere within 0.8 gauss. The solid 


R. LIVINGSTON 


curves for the hyperfine spacings fall slightly within 
the loci of experimental points indicating that the sec- 
ond order contribution was underestimated by as much 
as 0.3 gauss. It is interesting that the over-all spacing 
from the line at highest field to that at lowest field is 
theoretically the same with or without second order 
correction if the correction is an even function of m. 
Since the correction for axial symmetry is an even func- 
tion of m, it is not surprising that the over-all spacing is 
accounted for more accurately than are the individual 
hyperfine spacings. 


INTERPRETATION 


The paramagnetic species is believed to be NOs. 
Evidence supporting this interpretation may be derived 
from (a) the symmetry information; (b) analysis of 
the hyperfine tensor; (c) a consideration of other 
possibilities; and (d) the effect of AgNO: impurity on 
the radiation-yield of the paramagnetic species. 

It is almost certain that the observed species, like 
NOs, has mm point symmetry. If the paramagnetic 
species did not have mm point symmetry or were not 
located in the lattice of NaNO, at a position of mm point 
symmetry, it is very improbable that the principal axes 
for § and A would be so closely parallel to the crystal 
axes that additional symmetry-related lines would not 
have been seen. 

A cursory analysis of the hyperfine tensor indicated 
it is in accord with NOs». Since the observed hyperfine 
interaction is very large, the integrated spin density 
associated with nitrogen orbitals is large and expected 
to be positive. Each of the eight possible choices of 
signs of the components of A was considered. All but 
two were rejected since they indicated that the numer- 
ical value of the integrated spin density associated with 
the 2 orbital of nitrogen exceeded unity. For each of 
the two remaining possibilities the signs of the principal 
components of A are alike and only one corresponds to 
positive spin density on nitrogen. For this possibility 
the signs of all principal components of A are negative. 
The isotropic part of the hyperfine interaction is 4 the 
trace of A or —153.2 Mc. Using the value 34 10" 
cm for the electron density at the nuclear position for 
the 2s state of N estimated by Dousmanis,’ the inte- 
grated spin density associated with che 2s orbital of 
nitrogen in the paramagnetic species is +0.094. The 
traceless part of the hyperfine tensor, which arises from 
the dipolar part of the hyperfine interaction, has the 
components + 14.77, —37.03, and +22.27 Mc, respec- 
tively, for the crystal a, 6, and c axes. The traceless 
tensor deviates very markedly from axial symmetry 
indicating that there is an appreciable contribution to 
the hyperfine interaction from electron spin density 
associated with orbitals other than the 2s and 2p 
orbitals of nitrogen. These additional orbitals are most 
reasonably expected to be centered on atoms other 


7G. C. Dousmanis, Phys. Rev. 97, 967 (1955). 
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than nitrogen, and therefore have large amounts of 
electron spin density. If the traceless tensor is to be 
accounted for mainly by spin density in a 2 orbital of 
nitrogen, this orbital must be directed parallel to the 
crystal b axis, which is parallel to both mirror planes of 
the paramagnetic species. These findings are in accord 
with a molecular orbital for the unpaired electron of 
NOz which has o symmetry and comprises the 2s 
orbital of nitrogen, the 2p orbital of nitrogen directed 
along the intersection of the two mirror planes, and 
orbitals of oxygen. Large amounts of integrated elec- 
tron spin density associated with the oxygen orbitals 
account for the marked deviation from axial symmetry 
in the dipolar tensor. McEwen’ has computed a molec- 
ular orbital for the unpaired electron of NO» which has 
o symmetry and has large amounts of spin density 
associated with the above atomic orbitals of nitrogen 
and oxygen. 

To a large extent, our interpretation that the radical 
is NO» is the result of process of elimination. The 
sharpness of the lines, the large nitrogen hyperfine 
interaction, and the large deviation from axial sym- 
metry in A imply that electron spin density is asso- 
ciated with only a few atoms of nitrogen and oxygen. 
An F center, for instance, is ruled out. Bleaney, Hayes, 
and Llewellyn,’ in concluding that they were looking 
at radiation-produced molecules of NOs» in crystals, 
offered reasons for the elimination of other possibilities 
which are also valid in this case. The N atom has too 
small a hyperfine coupling. The molecule NO is para- 
magnetic in the excited 7II; state which would not be 
populated at low temperatures, and transitions would 
not be allowed unless the molecule were free to rotate. 
The ions NO; and NO» are not magnetic. The NO? 
ion has the wrong anisotropy. They also reasoned that 
planar NO; would give practically no coupling since 
the magnetic center would be a hole in a nonbinding 
orbital of O. It seems likely, too, that the coupling 
would be very nearly axially symmetric even in a 
lattice position about which there is not axial symmetry. 

The greatly enhanced yield of radical caused by the 
incorporation of small amounts of AgNO, in the 
NaNO, lattice is consistent with the interpretation 

8K. Lenore McEwen, J. Chem. Phys. 32, 1801 (1960). 


®B. Bleaney, W. Hayes, and P. M. Llewellyn, Nature 179, 
140 (1957). 
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that NO» is stably formed by the removal of an elec- 
tron from NO.-. The electron is held by some type of 
trap at the low temperature and back reaction occurs 
upon warming. The Ag* ion serves as a trap for the 
electron and makes possible a much higher yield of NO». 


DISCUSSION 


The molecule NO» was also ascribed to the spin 
resonance spectra seen in three radiation damaged single 
crystals by Bleaney, Hayes, and Llewellyn.* Two of the 
crystals were LasMg;(NOs)12*24H.O containing dif- 
ferent radioactive isotopes, and one was (La, 10% 
Ce) »2Mg3(NOs) 12° 24H2O which was subjected to gamma 
irradiation. The absolute values of the components of 
A in units of 10~ cm7! were (64+3, 58+3, 44+4) for 
the compound containing americium, (6344, 56+2, 
49+ 4) for the compound containing promethium, and 
(6341, 5741, 50+2) for the gamma irradiated com- 
pound. Our values in the same units are (46.1+0.2, 
63.4+0.2, 43.64+0.2). The proper correspondence in 
the ordering of components is not known. Perhaps the 
most we can say in comparing results is that the various 
tensors are sufficiently alike that one cannot conclude 
that NOz is not responsible for all these spectra. 

Our numerical value of 153.2 Mc/sec for the contact 
nitrogen hyperfine interaction is equivalent to an 
integrated spin density of 0.094 in the 2s orbital of 
nitrogen. This value may be compared with the value 
0.10 computed by McEwen® for the molecular orbital 
of the unpaired electron. Jen, Foner, Cochran, and 
Bowers!’ observed the spin resonance spectrum from 
NO: trapped in an argon matrix at 4.2°K and reported 
the value of 162 Mc/sec for the contact interaction. This 
value and the value computed by McEwen are in good 
agreement with our value. On the other hand, Bird, 
Baird, and Williams" report the value 0.18 for the 
integrated spin density in the 2s orbital of N for NO» 
in solution. The difference of 0.09 between our values 
seems very large. 

A discussion of our hyperfine parameters in terms of 
orbitals for the unpaired electron in NOg: will be re- 
ported at a later date. 


0 C. K. Jen, S. N. Foner, E. L. Cochran, and V. A. Bowers, 
Phys. Rev. 112, 1169 (1958). 

uG. R. Bird, J. C. Baird, and R. B. Williams, J. Chem. Phys. 
28, 738 (1958). 
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General spd hybrid orbitals of C2» symmetry were set up for the distorted trigonal prism NbF;~? struc- 
ture. The orthogonality and normalization conditions were introduced and expressed in parametric form. 
On varying the parameters, the authors found the greatest Pauling strength, averaging 2.987, when the 


composition was 5°-5®p?-49q3.62, 


ie evaluating the theory of directed valence, one may 
well consider heptacovalent bonds, for three differ- 
ent structures are known. These include the bipyram- 
idal structure’? for IF;, the distorted octahedral 
structure’ for ZrF;~*, and the distorted trigonal prism 
structure’ for NbF7~*. In none of these are all ligands 
equivalent; no one structure is of much higher sym- 
metry than the others. 

In the ZrF7* and NbF;~* structures interesting 
orthogonality and normalization problems arise. The 
nature of these we shall point out in discussing the 
latter structure. Resolving these involves a generaliza- 
tion of the Euler angle technique® that was applied to 
AB, structures. 


Fic. 1. Orientation of 
NbF 7? structure. 








We orient the distorted trigonal prism structure, 
which has symmetry C2,, as in Fig. 1. The four equiva- 
lent bond orbitals, leading to atoms 1, 2, 3, 4, are 
labeled yu, Yo, Ys, and Ys, respectively. The two equiva- 
lent bond orbitals, leading to atoms 5, 6, are designated 
Ws and ys. The bond orbital leading to the unique atom 
7 is called yy. 

Then operations of the group exist which convert 
Wi to Wo, vz, and ys—and convert Ws to We. Orbital yz 


* Supported in part by the National Science Foundation. 

1R.C. Lord, M. A. Lynch, W. C. Schumb, and E. F. Slowinski, 
J. Am. Chem. Soc. 72, 522 (1950); J. Donohue, J. Chem. Phys. 
30, 1618 (1959); R. D. Burbank, ibid. 30, 1619 (1959). 

2G. H. Duffey, J. Chem. Phys. 18, 943 (1950). 

3G. C. Hampson and L. Pauling, J. Am. Chem. Soc. 60, 2702 
(1938). 

‘J. L. Hoard, J. Am. Chem. Soc. 61, 1252 (1939). 

5G. H. Duffey, J. Chem. Phys. 19, 92 (1951). 


is left unchanged. The two leftover orbitals we label 
Ws and yp. When we start with s, p, and d valence 
orbitals, we thus obtain the coefficients in Table I. 

Applying the orthogonality and normalization condi- 
tions to these coefficients gives the equations: 


(1) 

(2) 

(3) 

cl+hp=0, (4) 
P+?=}, (5) 
D+P=1, (6) 
dD+iI=0, (7) 
P+P+E+P=}, (8) 
P+ +m’ +n'=}, (9) 


P+u+et+w=1, (10) 


(11) 
(12) 
(13) 
(14) 
(15) 
(16) 
(17) 

Conditions (2), (3), and (4) are expressed with one 
parameter by letting c be } cosa and solving for the 
other coefficients in terms of trigonometric functions 
of a. Likewise, conditions (5), (6), and (7) are param- 
eterized. 

Conditions (8)—(17) define a set of 4 orthogonal 


vectors which have arbitrary orientation in four- 
dimensional space. Components of the corresponding 


A+ B+ + F=1, 
aj+bk+em+fn=0, 
at+bu+ev+fw=0, 
aA+bB+cE+/fF=0, 
jttku+mo+nw=0, 
jJA+kB+mE-+-nF =0, 


tA+uB+vE+wk =0. 
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TABLE I. Coefficients of atomic orbitals in C2, distorted trigonal prism bond-orbital functions. 


Seer Ta Saas 


p: px Py d3,2_,2 d,2_ y2 














(20) 

2c= cosa, (21) 

2h= sina, (22) 

V2l= sina, (23) 

| A V2p=— cosa, (24) 


When the unit vectors coincide with the four rectangu- 2d= cos, (25) 
lar coordinate axes, one has the matrix nage 

2i1= sinB, (26) 
100 0 ; i 
D=-— sin, (27) 


0 1 | I= cos, (28) 


0 


| 

lo 1 0 

c oF 2a= cosa cosé cose, (29) 
| 





0001 2b= siny cosk cosA— cosy sind sink cos 


To obtain the general form which matrix (18) may —cosy cosé sine sind, (30) 
assume, we have multiplied matrix (19) by six different — , ’ oes ena ee ee 

oe ars : ; ; 2e=— siny cosk sind sinu+ cosy sind sink sind sin 
matrices—each representing rotation by an arbitrary 
amount in a different coordinate plane. We have also 
tried reflections. Each rotation introduced an addi- 
tional parameter. 


+ siny sink cosu-+ cosy siné cosk cosy 
— cosy cosé sine cos\ sinu, (31) 


TABLE II. Coefficients of s, p, d valence orbitals in the calculated bond orbitals. 


dyz2 -r2 d,2_,2 dry 


—0.27 —0.01 0.50 
—0.27 —0.01 —0.50 
—0.27 —0.01 0.50 
—0.27 —0.01 50 
14 0.37 
14 0.37 
0.02 
—0.85 
0 
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Tas_e III. Comparison of Pauling strengths with bond distances. 


’ Calculated 


Observed average 
Pauling strength 


Bond distance in NbF 7? 
2.988 
2.984 


2.988 

2/= siny cosk sind cosu— Cosd sind sink sind cosu 
+ siny sink sinu+ cosy siné cosk sin 

+ cosy cosé sine cosA cosp, (32) 

V27= — siny cosé cose, (33) 


V2k= cosy cosk cosA-+ siny sind sink cos\ 


+ siny cosé sine sind, (34) 
V2m=— cosy Cosk sind sinu— siny sind sink sind sing 
+ COSY sink COSu— siny sind COosk « OSM 
+ siny cosé sine CosA sing, 
V2n= cosy cosk sind cosu-+ siny sind sink sind cosy 
+- cosy sink sinu— siny sind cosk sin 
— siny cosé sine CosA cosy, 
t= — siné cose, 
u=— coséd sink cosA+ siné sine sind, 


cosé sink sind -sinut cosé COSK COS 


+- sind sine cosa sing, 


AND G. oH. 


DUFFEY 


TaBLe IV. Comparison of calculated and observed bond angles. 





Calculated 
value 


Observed 
value in NbF7? 


Angle 


70 
46 
134 


w= — cosé sink sind cosu-+ cosé CosK sin. 


— sind sine cosd cosu, 


(40) 
(41) 
(42) 
(43) 
(44) 


The parameters were varied to make the sum of 
Pauling strengths of all seven bond orbitals as great 
as possible. The coefficients found appear in Table IT, 
while the corresponding strengths and angles appear 
in Tables III and IV. These seven orbitals use up 0.89 
s, 2.49 p, and 3.62 d. 

In the metal atom of NbF7*, and of Tal’;*, which 
has the same structure, there are no unshared electrons 
in the valence shells and the p orbitals are considerably 
higher than the s or d orbitals. Thus, these complexes 
avoid the bipyramidal IF; structure, which uses three 
p orbitals and affords less overlap.” 

We have not tried to include the difference in orbital 
energies in calculating the coefficients. Including this 
effect would make the amount of # used still lower, the 
Pauling strengths slightly less, and the bond angles 
somewhat different. 


A=- sine, 
B=-— cose sind, 
— cose COSA sin, 


F= cose cosd Cosy. 
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Calculations have been made for the 15?2s, 15°3s, 15%4s, 1525s, 2S; states of Li and Li-like ions. The 
functional form used allows for radial correlation in the inner shell and gives sufficient flexibility for de- 
scribing the outer electron. The energy values obtained for the ground state are the best among calculations 
which do not introduce interelectronic coordinates or angular correlation. The energy values for the excited 
states differ by not more than 1% from the experimental values. 


I. INTRODUCTION 


HE ground state of the Li atom has been the subject 

of several investigations, mainly with the purpose 
of testing the applicability of different methods of 
approximations, while no attempt has been made so 
far to calculate approximate wave functions for the 
excited 1s’nsn>2 states. The reasons seem to be the 
following: (a) difficulties in finding an exact wave 
function for the ground state, and (b) in fulfilling the 
requirement that the excited state wave functions 
should be orthogonal to the exact wave functions be- 
longing to the lower states. 

Our aim is to calculate the ground state and the ?.S; 
excited states of Li and Li-like ions using the same 
method as described in our previous publication on the 
He problem.' The three-electron problem has many new 
aspects as compared with the two-electron problem, 
which justify a separate investigation; (a) it is no 
longer possible to separate the wave function into a 
product of spatial and spin functions; (b) we have one 
electron outside a closed shell; (c) the generalization 
of the Hylleraas method to the three-electron case 
presents great difficulties. In the classical papers 
Wilson,? Fock and Petrashen,’ and James and Coolidge‘ 
have shown three different ways of calculating ap- 
proximate wave functions for the ground state of Li. 
In principle all of them use the variational method but 
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the King Gustaf VI Adolf’s 70-Years Fund for Swedish Culture, 
Knut and Alice Wallenberg’s Foundation, The Swedish Natural 
Science Research Council, and in part by the Wright Air Develop- 
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of Technology, in partial fulfillment of the requirements for the 
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Technion. Present address: Department of Chemistry, Technion, 
Israel Institute of Technology, Haifa, Israel. 
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was at the Physics Department, University of Florida, Gainesville, 
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they differ in the form and the flexibility of the initially 
chosen wave function. Wilson? describes the approxi- 
mate function as a Slater determinant in which the two 
inner electrons (K shell) are represented by the same 
simple Coulomb function with adjustable Z but with 
different spin functions a and 8. The outer electron 
(L shell) is described by a more complicated function 
which depends on some variational parameters. Fock 
and Petrashen* gave numerical solution of the set of 
Fock’s integro-differential equations for the Li problem. 
The two inner electrons are described again by the 
same spatial function but this time the functional form 
is not prescribed, the method should yield the best 
function subject to the above mentioned restriction. 
The same problem has been attacked recently by 
Roothaan, Sachs, and Weiss,> using the method de- 
veloped by Roothaan.® They approximate the functions 
of the inner and the outer electrons by an analytical 
form possessing great flexibility, so that they reach 
almost the same accuracy as in the investigations of 
Fock and Petrashen. 

All these investigations have the common feature 
that the inner electrons are represented by the same 
spatial function. This restriction is not necessary and a 
considerable improvement in the energy can be ob- 
tained if the functional form used allows for the correla- 
tion of the electrons being in the inner shell. Attempts 
in this direction have been made by Hurst ef al.,’ and 
by Burke and Mulligan,’ introducing simple radial 
correlation. If the two inner electrons are not described 
by the same spatial orbital, one determinant is no 
longer an eigenfunction of the resultant spin and a 
suitable linear combination of Slater determinants is 
necessary. This can be obtained for example, by the 
projection operator method as derived by Léwdin.® 
Pratt”, Nesbet and Watson," and Sachs” discussed 
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TABLE I. Energies and ionization energies of the 1522s 2S; states 
of Li-like ions. 


Reference Reference 
7open 7closed Reference 
shell shell 5 


Calc 
present 

paper 
7.4785 7.4450 
0.1981 0.1963 


7.4436 4179 = 7.4327 
. 1949 0.1963 


14.3265 14.2889 .2826 .2584 14.2774 
0.6693 0.6661 0.6661 


3.4296 
.3940 


23.3870 
.3897 


.3498 23.3760 
1.3898 


7873 


d .7368 
2.3702 


.3645 


.6899 .7261 


.3650 


3.4002 


3.5975 


.3373 
3.5903 


.2776 .3268 


. 5908 


. 2692 
5.0759 


1884 
.0666 


.1129 .1780 


5.0671 


not . 2896 
available 
I 6.8056 : 


32.1953 82.2795 


in general the restricted and unrestricted H—F schemes, 
and gave illustrative calculations with respect to the 
Li atom. 

A further improvement can be obtained only when 
interelectronic coordinates are explicitly introduced 
into the wave function. James and Coolidge‘ sys- 
tematically explored this possibility. They improved 
step by step the description of the K shell by using 
more and more complicated expressions; finally they 
added some terms containing 73; and 73 in order to 
consider the polarization between the shells. Their final 
function contains 17 terms and the corresponding 
approximate energy value is very close to the known 
experimental value. 

In our approach we used the same form of radial 
correlation for the inner shell as was introduced in 
references 7 and 8, but a greater flexibility was allowed 
to the function describing the outer electron. The latter 
was given as a linear combination of generalized 
Laguerre functions. The method gives a unified treat- 
ment of the ground and of the 1s°vs excited states and 
ensures that the energy values obtained always lie 
higher than the corresponding experimental ones. 


II. METHOD OF CALCULATION 


The approximate wave function is given in the form 


s -(° b ‘) F b 9 (1) 
ae a B a Ba al’ 


where the abbreviation 
(’ b ‘) 
‘a4 B a 


stands for the corresponding Slater determinant. The 
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three normalized orbitals a, b, and c are given as follows, 


(2a) 
(2b) 


(2c) 


a=n, exp(—ar), 


b=m, exp(—8r), 


3 
C= Med CZ iy 
k=0 


where 
Zi(r, Y= exp(—drr) Li (1, y)Ne(y), (3a) 
Li (r, y)= exp (yr)r? (d*/dr*) [exp (—yr)r**?], (3b) 
Ne (y)=7/ (k!)? (R41) (R42). (3c) 


We have three nonlinear parameters a, 8, y, and it is 
convenient to introduce yu=a, vy=Q; in this case y 
can be treated as a scale parameter.” 


TABLE IT. Energies and ionization energies of the 1s*ns 2S; states 
of Li-like ions. 


3.8893 
. 2605 
3.7657 
.1429 
3.6973 
.0745 


.5692 
.5719 
.3079 
.3106 
2.1607 
. 1634 


.3609 
.9887 
.9130 
.5408 
.6584 
2862 


2641 
5171 
.5809 
8338 
5.1904 
4434 


. 2787 
.1569 
3113 
1895 
7565 
.6347 


-4044 
-9081 


Not available 
2.9116 
Not available 
1.6095 
Not available 
1.0198 





O. Léwdin, J. Mol. Spectroscopy 3, 46 (1959). 
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On inserting the functions given in Eq. (2) into 
Eq. (1) and using the following notation 


ab Z; ab Z; 
ag es 
a B a@ aa 
the wave function V ; can be written as 


3 
Vv (‘= DY ceDi. 
k=0 


(4) 


(5) 


Both the linear and the nonlinear parameters have 
been determined by the minimization of the energy 
expression. The former from the secular equations 


Yc (A a— ES x) =0, (6) 
k 
and the latter from the minimization of the corres pond- 
ing root of the characteristic polynomials with respect 
to a, B, y. We started from the a and 8 values as com- 
puted in references 7 and 8 and varied y. Experience 
has shown that there are only small deviations in the 
relations u/y=a/8. The above mentioned procedure 
was carried out separately for each root, so the wave 
functions corresponding to different excited states are 
not strictly orthogonal to each other but the energy 
values obtained are the closest possible and still upper 
limits to the experimental ones, which can be obtained 
using the above functional form. For a discussion of 
the procedure see reference 1. 

The form (1) is not the only possible spin eigenfunc- 
tion. The second possibility 


(’ b 2 (’ b ‘) c b ‘ 
WV, =2 se ‘ a ’ 
aa Bp a B a@ Baa 


TABLE III. Excitation energies of the 1s*us 2S, excited states of 
the Li-like ions. 


(7) 


a 1469 


2.9097 
3.8771 
4.4319 
3.8852 


5.1853 
5.9329 
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TABLE IV. Coefficients cj, in the expansion (5) for the parameter 
values given in Table V. 





Co C1 Ce C3 





0.445966 
0.010747 
—0.009507 
0.003814 


0.430820 
0.007988 
0.001700 
0.001869 


—0.419026 
—0.016966 

0.005661 
—0.006399 


—0.408642 
0.020174 
0.007140 

—0.009564 


—0.400234 
0.014618 
0.007056 

—0.012054 


—0.393118 
0.013608 
0.007789 

—0.013955 


—0.387017 
0.015191 
—0.007898 
0.016301 


—0.274506 
—0.412824 

0.015270 
—0.064653 


—0.289014 
0.384582 
0.001320 
0.074785 


0.300148 
—0.363762 
0.003466 
—0.080176 


0.308874 
0.350506 
0.005958 
—0.084279 


0.315772 
0.352341 
0.006178 
—0.087137 


0.321603 
0.347745 
0.007269 
—0.089406 


0.326216 
0.338628 
—0.006588 
0.090514 


—0.029975 
0.317952 
0.394715 
0.281896 


—0.046389 
—0.343242 

0.384531 
—0.260536 


0.054662 
0.360527 
0.372372 
0.246253 


0.059494 
—0.370203 
0.361901 
0.237885 


0.063044 
—0.366583 
0.356275 
0.231423 


0.065746 
—0.369682 
0.348504 
0.226868 


0.067863 
—0.376122 
—0.345379 
—0.219450 


—0.008253 
—0.002277 
—0.338613 
—0.434505 


—0.005401 
0.005655 
—0.341522 
0.441797 


0.005572 
—0.011761 
—0.350702 
—0.447931 


0.006003 
0.014028 
—0.358471 
—0.451245 


0.006525 
—0.000172 
—0.362661 
—0.453830 


0.007027 
—0.002963 
—0.367603 
—0.455570 


0.007456 
0.001476 
0.369980 
0.459756 


Ss S&S fs & 


SAS 


~~ oS OS 


sis & 
“eo 








was also investigated. From previous investigations it 
was to be expected that the second form does not 
contribute substantially. If only the second form was 
used the energy values lay considerably higher than 
in case (1). A linear combination of the two functions 
(using the same nonlinear parameters for both of them) 


V=a", tam, (8) 


has led to a result which differed by not more than 
0.005% in the energy from that obtained using VY; 
alone, so that all subsequent calculations have been 
carried out by the use of WY; only. 


III. RESULTS AND DISCUSSION 


In Table I we give our best energy values (2 ) in 
atomic units for the ground state of Li and Li-like 
ions up to Z=9 in comparison with earlier results and 
experimental values. The ionization energy (Jo) of 
the outer electron was calculated as the difference 
between Eo and the energy of the ion with the same 
inner-electron wave functions. 

Comparison of our results with those of other calcula- 
tions show that they are the best to date among those 
which do not explicitly introduce interelectronic co- 
ordinates or angular correlation. 

Roothaan and his co-workers® obtained very good 
approximations for the form of the 1s and 2s orbitals, 
but they used the restriction that the two inner elec- 
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Taste V. Optimum values of the parameters a, 8, and y/2 in 
(2) and (3). 


y/2 
from Eq. (9) 


.6396 .662 
.4266 .430 
.3198 .320 
.1421 141 


.0896 1.092 
.7793 0.770 
.5656 0.570 
. 2672 .266 


3012 
3028 
3012 
.3000 


.0697 
0707 
.0697 
.0690 


NM bo 


— 


tN 


4006 
.3906 
.3857 
3819 


.9680 
.9824 
.9887 
.9844 
.8638 
.8941 
8950 
.9000 


7887 


> ee 
NNN PY 


5012 RY KY .522 
1307 .110 
.8165 .820 


.3920 391 


WWW w 


manu 


.9545 952 
.4766 .450 
.0698 .070 


.5157 .516 


> > be 


2.3829 .382 
7815 .790 
.3177 .320 
.6398 .641 


.8108 2.812 
.1076 .130 
.5732 .570 
. 7636 .766 


.3277 .242 
4552 470 
.8207 .820 
.8910 .891 


.6496 
.5812 


sans 
naw 


.7208 
.6928 
.6677 
.6258 
ry 
.7070 
.7615 
.6875 


trons are represented by the same spatial function. 
Even our function describing the inner electrons has 
less flexibility (simple exponentials), but some form of 
radial correlation is taken into account with the result 
that our energy values are closer to the experimental 
ones than the results of Roothaan and his co-workers. 

It is interesting to note that the ionization energy is 
the same for Z=3 and 4 but for Z>5 their result is 
slightly better. 

The comparison with the results of Hurst ef al.’ 
shows that our results are closer to the experimental 
values and that they become much better as Z in- 
creases. The difference between the two methods lies 
in the fact that in our wave function the outer electron 
is represented by a more flexible functional form. 
Apparently this becomes more important for greater 
Z, and at the same time the difference between the 
“closed” or “open” inner shell is less important. This 
may be a consequence of the fact that the inner electrons 
are more and more concentrated in a region near to the 
nucleus. 

It is interesting to note that the absolute errors in the 
ionization energies are much smaller than could be 
expected on the ground of the absolute errors in the 
total energies. This shows that almost the same amount 
of correlation error is present in the two-electron ion as 
in the three-electron atom (or ion). 
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From this follows that an essential improvement can 
be obtained only if the description of the inner electrons 
is improved by introducing explicitly interelectronic 
distances or angular variables. 

In Table II we give the best energy values (J), Fe, 
E;) in atomic units for the three excited *.S; states 
1s°3s, 1s°4s, and 1s°5s of Li and Li-like ions up to Z=9 
in comparison with experimental values. The ioniza- 
tion energies (Ji, Js, J;) of the L electron were cal- 
culated as before. We are not aware of any other cal- 
culation regarding these energy levels. 

The calculated ionization energies differ by about 1% 
from the experimental values for Li and by only 0.1% 
for Z>5. 

In Table III the first three excitation energies are 
collected. Comparison with the experimental data shows 
that the absolute errors are smaller by an order of 
magnitude than the absolute errors in the corresponding 
energy levels. This shows once again that the descrip- 
tion of the outer electron is correct enough and the 
error pertaining to the inner shell cancels out. 

Table IV gives the eigenvectors. It is interesting to 
note that the highest contribution for the ith state 
comes from Z; and Zi. In the case of the i=3 we 
should have the highest contributions from Z; and 
Z,, but our series used in the paper terminates with 
Z;, and this explains why our results are less accurate 
for the states 1s*5s than for the lower ones. 

In Table V we give the optimum values of the non- 
linear parameters a, 8, y/2; a and 8 may be interpreted 
as the effective charges of the two K electrons and y/2 
that of the Z electron. Here a differs by 10% from the 
corresponding Z value and @ is a little smaller than 
Z—1. The parameter y/2 may be well approximated 
by a linear function of the nuclear charge Z, according 
to the formulas: 


y/2=0.430Z— 0.628 for the 15°2s state 


y/2=0.340Z—0.590 for the 153s state 


y/2=0.250Z — 0.430 for the 15°45 state 


7 /2=0.125Z—0.234 for the 15s°5s state. (9) 
The accuracy of the wave functions corresponding to 
the ground state was checked by the use of Eckart’s 
criterion” 


€= / Py—WV "dr< (lo- Ey) /(Ai- Eo), (10) 


where ®) and Wy are the approximate and exact wave 
functions, /o, #1, are exact energy values of the ground 
and of the first excited states, and J) is the energy value 
computed by >. 

We see from the results that the accuracy of the wave 
functions increases with increasing Z which corresponds 


4 C, Eckart, Phys. Rev. 36, 878 (1930). 
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to the fact that the percentage of error in the energy 
decreases from a value of 0.43% (Z=3) to 0.13% 
(Z=7). 
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Double and triple ionization by electron impact in molecules is examined and, as was found for the mona- 
tomic gases, the data support the view that the threshold law for the probability of double ionization is a 
square-law function of the excess electron energy. Some excited states have been detected, and autoionization 
does not seem to be important. The vertical potentials for all the processes of multiple ionization observed 
have been measured. The relative electronic-transition probabilities for single, double, and triple ionization 
are compared. The factors affecting the stability of multiply charged molecular iors are discussed, and an 
attempt is made to correlate the electron impact data with the molecular structures. It is shown that Cou- 
lomb repulsion between the separated charges causes the potential energy functions describing these ions 


to be of unusual form. 


INTRODUCTION 


TUDIES of processes of n-fold ionization in the 
monatomic gases induced by electron impact have 
shown that the ionization probabilities vary above 
threshold as the nth power of the excess electron 
energy.'"* The range over which this dependence is 
found to hold varies with the degree of ionization, but 
in no case is it less than 5 ev. For a given n-charged ion, 
the observed ionization efficiency (1.E.) curve is be- 
lieved to be made up by the sum of a number of mth 
power curves, with thresholds at the various excited 
states of the ion. In determining these thresholds, it is 
clearly necessary to take into account in each case the 
form of the appropriate threshold law. 

It is to be expected that similar considerations should 
govern the probability curves for the multiple ioniza- 
tion of molecules. In the latter case, there will be com- 
plicating factors such as the presence of vibrational 
levels within each electronic state, which if not resolved 
will modify the shape of the curves. 

Transitions induced by electron impact are assumed 
to take place mainly from the lowest vibrational level 
of the ground state of the neutral molecule, and with 

1V.H. Dibeler and R. M. Reese, J. Chem. Phys. 31, 283 (1959). 

2 J. D. Morrison and A. J. C. Nicholson, J. Chem. Phys. 31, 
1320 (1959). 

3M. Krauss, R. M. Reese, and V. H. Dibeler, J. Research 
Natl. Bur. Standards 63A, 201 (1959). ' 


4F. H. Dorman, J. D. Morrison, and A. J. C. Nicholson, 
J. Chem. Phys. 31, 1335 (1959). 


no change in atomic coordinates. The removal of two 
or more electrons from a molecule is likely to cause a 
drastic rearrangement in its electronic structure, so that 
the ionized state, if it is stable at all, might be expected 
to be formed in excited vibrational levels. The potential- 
energy functions describing the ionized states may be 
unusual, in that terms due to direct simple electrostatic 
interaction will contribute much more prominently to 
the chemical binding than is the case in neutral mole- 
cules. 

Nevertheless, if the mth power threshold rule is cor- 
rect, it should be possible to make a reasonable inter- 
pretation of the data, and to measure the energies of 
any multiply charged states which are present. Such 
measurements would in themselves provide useful data. 
Spectroscopic data on the energy states of singly 
charged molecular ions are scanty, but they are non- 
existent for the multiply charged molecular ions, since 
the energies of the states involved are always greater 
than 20 ev. While the first appearance potentials of 
some doubly charged molecular ions have been meas- 
ured by electron impact,® using the vanishing current 
or linear extrapolation methods, it has been shown in a 
recent paper® that these methods would not be expected 


5A survey of the values is given by F. H. Field and J. L. 
Franklin, Electron Impact Phenomena (Academic Press, Inc., 
New York, 1957). 

®§F. H. Dorman and J. D. Morrison, J. Chem. Phys. 34, 1407 
(1961). 
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Fic. 1. Plots of the ist differential ionization efficiency curves 
for Ne* and Ne?*. The known states of Ne?*+ are shown on the 
figure. 


to give accurate values for processes of multiple ioniza- 
tion. 

A preliminary qualitative survey shows that doubly- 
charged molecular ions are observed only in the case of 
a limited number of substances. Triply charged molecu- 
lar ions are very uncommon indeed, and the processes 
giving rise to them are of very low probability. No 
quadruply charged molecular ions at all have been 
observed here. Stable multiply charged parent molecular 
ions are observed only for those molecular systems 
where 7 orbitals are occupied, and it does not seem to 
matter if these orbitals are formally bonding ones or 
not. Such molecules have two electrons occupying 
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Fic. 2. Plots of the differentials of the efficiency curves for 
singly and doubly charged ions of NH; and NO. The 2nd dif- 
ferential curves for the singly charged ions are shown dotted. 
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loosely bound orbitals of nearly the same energy, and 
it has already been observed that in such cases processes 
of double excitation, followed by autoionization to the 
singly charged molecular ion, are common.’ * 

The fact that doubly charged parent ions are not 
observed in many cases does not necessarily rule out 
their existence. Stable states of the ions may exist with 
configurations widely different from those of the neutral 
molecules. These states will be unobservable, except 
that vertical transitions to them should give rise to 
fragment ions possessing large amounts of kinetic 
energy. Such processes would be difficult to detect or 
to identify, and no attempt has been made to study 
them in this work. 

The questions to be dealt with in this paper are (a) 
whether the ionization probability for double ionization 
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Fic. 3. Plots of the ist differential efficiency curves for the 
singly and doubly charged ions of NO shown as a function of 
energy above threshold. 


by electron impact in molecules is a square function of 
the excess energy, (b) whether transitions to excited 
states of the doubly charged molecular ions can be 
detected, (c) whether, since autoionization contributes 
quite significantly to the single ionization of many 
molecules, it does so also to processes of double ioniza- 
tion, and finally (d) whether the energies and relative 
transition probabilities for single, double, and triple 
ionization can be related in any way to the structures 
of the molecules concerned. 


EXPERIMENTAL 


The experimental work was carried out using two 
single-focusing mass spectrometers, one a 12-in. radius 
60° sector instrument, the other a 5-in. radius 180° 
type (the CEC 21.103). The first used a magnetic field- 
free ion source, with an electron multiplier for ion 
current detection, and the second a slightly modified 
analytical source, with a simple ion collector followed 
by a vibrating reed electrometer. All the curves for the 


7F. H. Dorman, J. D. Morrison, and A. J. C. Nicholson, 
J. Chem. Phys. 32, 378 (1960). 

8 J. D. Morrison, H. Hurzeler, M. G. Inghram, and H. E. 
Stanton, J. Chem. Phys. 33. 821 (1960). 
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doubly charged ions were recorded on both instruments, 
and the agreement between the two sets of data was 
found to be close. It is believed therefore that discrim- 
inating effects were not present. 

In the study of doubly charged molecular ions, 
ambiguity frequently arises because a singly charged 
fragment ion may appear at the identical value of m/e. 
This has been avoided by using in these cases an isotopic 
molecule, e.g., “NN with an odd parent mass, so that 
the doubly charged parent ion appears at a nonintegral 
number.’ To study the triply charged molecular ions, 
which are of very low abundance, the mass resolution 
in the 60° sector instrument was increased to 1 in 2500, 
in order to reduce the interference due to scattered ions 
at say, m/e 42.67, from much larger peaks at m/e of 
42.5 and 43.0. 

The techniques of recording the data which. were 
employed have been described in earlier papers.?:* 
Because of the relatively small ion currents obtainable, 
experimental points were recorded at intervals in the 
ionizing electron energy of usually 0.5 ev, the differential 
voltage also being 0.5 ev. The energy scales were cor- 
rected by comparison with the curves for the corre- 
sponding singly charged ions. Tantalum filaments were 
used as sources of electrons in the ionization chamber 
of the 60° instrument, and either tungsten or BaO-SrO 
coated filaments in the 180° machine. 


THRESHOLD LAW FOR DOUBLE IONIZATION 


It has been claimed by Fox,'° in a study of the rare 
gases other than helium using the retarding potential- 
difference method, that the threshold law for processes 
of double ionization is a linear one, and that the square 
law found by the present authors may be due to the use 
of an electron beam with an energy spread of 2 ev. This 
statement about the energy spread is misleading, 
because while it is quite true that with a quasi-Max- 
wellian distribution for 2500°K some electrons occur 
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Fic. 4. Plots of the differentials of the efficiency curves for 
singly and doubly charged ions of No. 


® The authors are indebted to Dr. T. Mole for the CsHsD used 
in these experiments. 


0 R. E. Fox, J. Chem. Phys. 33, 200 (1960). 
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Fic. 5. Plots of the differentials of the efficiency curves for 
singly and doubly charged ions of CO and COs. The 2nd differen- 
tial curves for the singly charged ions are shown dotted. 


over an energy range of 2 v, the half-width of the distri- 
bution is ~0.3 v, and 75% of the electrons occur within 
this latter energy band. The precise form of this energy 
spread can be measured experimentally from the 1.E. 
curve for Het, and its effect on different classes of 
ionization probability curve can be calculated accu- 
rately.’ Under no circumstances can it make a linear 
law into a square law over an energy range of 4-6 v. 

There is no doubt that a set of points following a 
square-law curve can be very easily fitted by a series of 
straight segments, especially when there is some 
experimental scatter.'”* The first differential plots of the 
I.E. curves give a much more sensitive indication of 
their true form. In the case of atoms, where the transi- 
tions occur to ionized states consisting of single levels, 
if the nth power rule holds, the 1st differential curves 
for single and double ionization will approximate to 
steps and linear increases, respectively. This is found 
to be so for all the rare gases,‘ as for example neon 
(Fig. 1). 

In the case of molecules, each ionized state usually 
consists of a number of vibrational levels, and as a 
result the 1st differential I.E. curves for single ioniza- 


1 F, H. Dorman and J. D. Morrison, J. Chem. Phys. 34, 578 
(1961). 

2 A good example of this is given by the data presented by 
N. C. Blais and J. B. Mann [J. Chem. Phys. 33, 100 (1960) ] in 
their Fig. 7. The plot of the square roots of the ionization effi- 
ciency against the energy is an excellent straight line, well within 
experimental error, over a range of at least 10 ev, and there is no 
need to invoke hypothetical excited states. 
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Fic. 6. Plots of the differentials of the efficiency curve for 
singly and doubly charged ions of CsH;D and CsHsCH;. The 2nd 
differential curves for the singly charged ions are shown dotted. 


tion become more or less rounded steps. In a few cases, 
where autoionization (which has yet a different thresh- 
old law’*) is present, peaks may be superposed on these 
steps. Nevertheless, a comparison of the 1st differential 
I.E. curves for single and double ionization in a number 
of molecules, Figs. 2—6, shows very clearly the difference 
between the two threshold laws. That for double ioniza- 
tion can be much better represented by a square-law 
function of the excess energy. The energy range over 
which this threshold law holds varies from molecule to 
molecule, but in most cases appears to be much shorter 
than that for atoms. A similar phenomenon is observed 
in the case of single ionization, where the range over 
which the linear dependence on the excess energy holds, 
varies from substance to substance. 

The manner in which the threshold law breaks down 
also varies. Here NH;, NO, and N: behave similarly to 
the monatomic gases, in that the 1st differential I.E. 
curve is linear for approximately 7 ev and then curves 
over in a gradual fashion over a range of some 20 ev. 
In the other molecules studied, the linear region in the 
ist differential I.E. is much shorter, and the deviation 
from linearity at higher energies is quite abrupt. 

This behavior of the I.E. curves near threshold, in 
terms of the simple statistical thermodynamical model 
used "+8 indicates that perfect sharing of the excess 
energy between the three electrons leaving the collision 
complex occurs only for an energy range of 2-3 ev. 


‘3 (G. H. Wannier, Phys. Rev. 100, 1180 (1956). 
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Above this the mechanism of energy equilibration 
breaks down, and at energies well above threshold, it 
becomes increasingly probable that one ‘electron will 
carry off the major part of the excess energy. 


ENERGY STATES OF MULTIPLY CHARGED IONS 


With the coarse sampling of the data used (at 
intervals usually of 0.5 ev) it was not possible to dis- 
tinguish between curvature in the 1st differential I.E. 
curve at threshold due to the electron energy spread, 
and that due to the presence of vibrational fine struc- 
ture. The data indicate that any vibrational levels 
present do not extend, in the molecules studied, over a 
range of more than 1 ev. If it is accepted that double 
ionization processes follow a square threshold law, then 
the extrapolation of the linear region in the 1st differ- 
ential I.E. curves to the energy axis, gives values for 
the threshold which are close to the vertical ionization 
potentials. 

It proved possible to detect the presence of excited 
states of the doubly charged ions for NH3, CO, and COs. 
Whereas the threshold law for the excited state of 
NH;’* is clearly also a square law, the shape of the 1st 
differential curve for the upper process in CO and CO, 
leaves some doubt as to whether it is a step, indicating 
an autoionization process of type X+e—Xt*+2«—> 
X°++e, or a second linear increase superposed on a 
rapidly varying lower curve. These two cases are the 
only ones where there is any suggestion of the presence 
of autoionization leading to double ionization. 

Triply charged parent ions were observed only for 
aromatic hydrocarbons, that for benzene being appre- 
ciably more abundant than any other. The experimental 
data were not accurate enough to permit the measure- 
ments of the ist differential. Plots of the cube roots of 
the ionization efficiencies may be fitted with straight 
lines, but because of the wide spacing between points 
(2 ev) and the scatter, it is not claimed that this 
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Fic. 7. Plot of the cube root of the ionization efficiency for 
CsH;D**. Three separate runs are shown by O, @, A. The cube 
root of the minimum detectable sign is also shown. The mean 
curve for the direct I.E, is shown —X—, 
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constitutes evidence for a cube law for threefold 
ionization in molecules. The curve obtained for benzene 
is shown in Fig. 7. If the cube law is assumed, the linear 
extrapolation of the cube-root curve to the energy axis 
gives a value for the threshold potential. There is some 
sign of a second process of triple ionization in CsHsD, 
at about 16 ev above the first threshold. 

All of the threshold potentials found are collected in 
Table I, and compared with the values found previously. 
In general, the new values tend to be slightly lower than 
the earlier ones. 


TRANSITION PROBABILITIES FOR MULTIPLE 
IONIZATION 
Calculations were made of the relative electronic 
transition probabilities for the least energetic processes 
of ionization for each of the molecules examined, follow- 
ing the method described by Dorman and Morrison." 
The transition probability K is given by the formula 


_ RIL Go/k)**— (in/k)!* 
$i Ve— Vy 


K 





where k is the degree of ionization, and 72 and 7; are two 
values of the observed direct ionization efficiency at 
electron energies V2 and V,, respectively, taken over 
an energy range where the appropriate threshold law 
applies. In each case the probability for the transition 
to the lowest electronic state of the singly charged ion 
was reduced to unity, and the probabilities for double 


Taste I. 


Threshold potentials 


Ton This work Literature values 


N.?+ (HNN) 43.540.3 
NO?** 39.8+0.3 
CO? 
CO.2+ 
HCE+ 
DBrt+ 
H+ 
NH,#+ 
C\HsD** 
CsHsCH* 
CyoHst 
C.H;D** 
CsHsCH;** 
CioHs* 


40.38 47.4» 
41.38 
41.8+0.3; 45.9 428 
36.4+0.3; 41.9 

35.5+40.5 

33.2+0.3 

30.0-+0.5 

33.7+0.2; 36.8 

26.0-+0.2 

24.5+0.2 

22.8+0.2 

4445; 61? 

4245 

40-+5 








* H. D. Hagstrum and J. T. Tate, Phys. Rev. 59, 354 (1941). 

b J. T. Tate and P. T. Smith, Phys. Rev. 39, 270 (1932). 

© R. Thorburn, Proc. Phys. Soc. (London) 73, 122 (1959). 

4M. ™M. Mann, A. Hustrulid, and J. T. Tate, Phys. Rev. 58, 340 (1940). 
©M. E. Wacks and V. H. Dibeler, J. Chem. Phys. 31, 1557 (1959), 
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TABLE IT. 








Transition probabilities* 


Molecule 1+(ev-!) 2+(ev-*) 3+(ev-*) 4+(ev‘) 





N2(4#N»N) 2X10-3 
NO 1x10°3 
CO 3X10 
CO, 4x10 
HF, H.0, CH, <10-% 
NH; 5X10 
HCl 7X10 
DBr 1x10 
HI 110-3 
CsH;D 2X10 
CsHsCH; 110-3 
CioHs 2x10" 
Xe 4X102 


< 10~b 


1X10 
1X10° 
3X107 
1X10 


< 10-10 


2X10 








® The transition probabilities listed refer to the least energetic process for the 
formation of each ion. 
b The ion has been searched for and not detected at this limit. 


and triple ionization were expressed in relation to this. 
In those cases where no multiply charged ions were 
observed, a reading was taken of the limit of detection 
at several values above the expected value of the 
ionization threshold, and the limits given in the table 
are calculated from these. Their values are intended to 
be only of an order of magnitude. 

Unlike the case for atoms, the transition probabilities 
found in this way for molecules may include an effect 
due to the lifetime of the ionized state. There may be 
cases where the lowest state of the doubly charged ion 
is unstable for all interatomic distances, e.g., HF, and 
yet where an excited state of the ion may be stable. 
Such higher states will normally always undergo spon- 
taneous transition to the lowest state of the ion, with 
emission of radiation. If the mean lifetime of the higher 
state is less than the transit time required for the ion 
in the mass spectrometer, the molecular ion will be 
observed either with reduced intensity, or not at all. 
Further, with the potential energy curves of the type 
postulated for the lowest states of many of the ions 
[see curve (a), Fig. 8], quantum mechanical “tunnel- 
ing” may occur, leading to dissociation of the molecular 
ions after a limited number of vibrations. 

The results found using the two mass spectrometers 
differed by less than 10%, which is considered to be 
within experimental error. This good agreement is 
perhaps surprising, considering the different methods 
of ion detection used, but it is supported by a study of 
the pulse heights produced by doubly charged ions 
incident on an electron multiplier.“ 


4 J. D, Morrison and D. Swingler (to be published), 
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INTERATOMIC DISTANCE 
Fic. 8. Postulated potential energy function describing the 
states of CO** arising from the products Ct+O* [curve (a) ] 
and C?++-0 [curve (b) ]. The part of the curve cut by the Franck- 
Condon region is shown with a solid line. The energy scale gives 
the energy above the ground state of neutral CO. 


All the values found are collected in Table II. For 
comparison, the values found earlier for xenon are 
included. 

The probability for double ionization in benzene is 
commensurate with that for xenon, but for all the other 
molecules it is at least an order of magnitude less. 
Triple ionization in molecules has been observed only 
for the aromatic hydrocarbons, and is always less than 
the corresponding probability for xenon. 


CORRELATION OF IONIZATION EFFICIENCY DATA 
. WITH STRUCTURE 


For the diatomic molecules, it is possible to make 
reasonable deductions from the energetics of the double 
ionization process about the configuration of the lowest 
state of the ions. The molecular ion CO** can be formed 
from the following possible separated atoms, 


CO-Ct+0+, A=35.8 ev'5 
—C*+0, = 46.6 ev 
—C+0*, 


(1) 
(2) 
(3) 


The Franck-Condon region intersects the potential 
curve for the molecular ion at 41.7 ev, so that possibility 
(3) can be ruled out. It might be expected that state 
(2), shown by curve (b) in Fig. 8, would be the more 
probable, with a dissociation energy equal to or greater 
than 4.9 ev. It has been suggested'® to the authors, how- 
ever, that state (1) could give rise to a stable configura- 
tion of the ion, even though its vertical ionization 


= 59.7 ev. 


6 The energy values have been calculated from C. E. Moore, 
Natl. Bur. Standards (U. S.) Circ. No. 467 (1949) and G. Herz- 
berg, Spectra of Diatomic Molecules (D. Van Nostrand Company, 
Inc., Princeton, New Jersey, 1950), 2nd ed. 
6 A. C. Hurley (private communication). 
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potential lies 5.9 ev above the energy of the separated 
atomic ions, if the potential curve were of the form 
shown as in Fig. 8(a). The Coulomb repulsion between 
the separated charges is overcome at short distances by 
the binding energy of the remaining electrons. 

On the basis of energy, either possibility is fairly 
reasonable for the case of CO, but a similar examination 
for the isoelectronic N2 and for NO leaves little room 
for doubt. For Ne, the energies involved are 


N.—Nt+ Nt, A= 38.83 ev (4) 
—N*+--N, = 53.90 ev. (5) 


The vertical value found is 43.5 ev. This implies either 
state (5) with a dissociation energy of >10.4 ev, or 
state (4) which is 4.66 ev above the dissociation limit. 
A dissociation energy of 10.4 ev or greater for the 
doubly charged ion is most improbable, and supports 
the belief that the molecule ion arises from ions in state 
(4). For NO, the corresponding values are state (5) 
Dyx*+_o9> 10.82 ev, or state (4) with the ionic molecular 
state 5.17 ev above the energy of the separated atomic 
ions. Here again, state (4) appears the more probable. 

Unfortunately, the experimental data do not give any 
information about the depth of the potential minimum 
corresponding to the stable molecular state. This mini- 
mum is not likely to be much deeper than 1 or 2 ev, and 
the lack of curvature at the foot of the 1st differential 
I.E. curves, which has been already referred to, is 
consistent with this. 

A similar analysis can be carried out for CO2, and 
while some of the energy values can only be estimated, 
it seems very probable that the molecular doubly 
charged ion is formed from the separated products 
C++0O+t+0. In this case, the molecular ion may be 
considered to have the structure 


H + 


O—C—O. 


Since the positive charges are able to occupy a larger 
volume, the Coulomb repulsion will be less, and this is 
reflected in the lower ionization potential of 36.4 ev for 
CO,*+ as compared with 41.7 ev for CO**. 

The factors affecting the stability of molecular doubly 
charged ions are brought out very clearly by the 10- 
electron isoelectronic series, Ne, HF, HxO, NHs3, and 
CH,. All have the rare-gas structure of neon, with very 
similar energy states, since the hydrogen atoms are 
embedded in the electron clouds of the central atoms. 
Of the group, only Ne and NH; have stable doubly 
charged parent ions, the others being not observed at 
the highest sensitivity used. Except for a fall in the 
threshold from 62.6 to 33.7 ev, the curves for Ne*+ and 
NH;** are similar, in that one or more excited states 
are present, and the threshold law holds over a range of 
at least 10 ev. 

The absence of CH,’* is not surprising, since the only 
electrons available for ionization are bonding ones. The 
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removal of two of them upsets the sp; hybridization and 
is more than the structure can tolerate. At first sight it 
is more remarkable that H,O and HF, in which there 
are numerous nonbonding electrons, should be unstable. 
In NH;, H,O, and HF the first electron removed to 
produce the singly charged ion comes from the lone pair 
on the central atom. The second electron has to come 
from a bonding orbital, and by a similar argument to 
that used for Ne, it seems likely that in NH; the doubly 
ionized state is formed from the separated atoms 
Nt+Ht-+2H. The distribution of charges is then one 
positive charge localized on the nitrogen atom, and 4 
positive charge on each of the hydrogens. In H,O, there 
would be } positive charge on each of the hydrogens, 
while in HF one charge would be located on each of the 
H and F atoms. The Coulomb repulsion force in each 
bond will then be progressively greater as the central 
atom is charged from N to F. Only in NH; is it low 
enough for the binding force to overcome it. 
Considering the group of the halogen acids, which 
are isoelectronic with the rare gases, HCl, HBr, and HI 
produce stable doubly charged molecular ions. The 
lowest state of the separated atoms is that where one 
positive charge resides on the hydrogen atom, and the 
other on the halogen atom. Neglecting for the time 
being any other binding forces which may arise by 
interaction at closer distances, the force law between 
the proton and the halogen ion will be Coulomb repul- 
sion. At closer distances, distortion of the electron cloud 
around the halogen ion may be expected, in such a way 
as to increase the electron density between the two ions. 
The degree of this distortion will depend on the polar- 
izability, or the strength of binding of the most loosely 
held electron on the halogen singly charged ion. It will 
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be greatest for iodine, and least for fluorine. A simple 
picture of the situation may be obtained by considering 
that the actual potential energy curve of type (a) in 
Fig. 8 arises by the mixing of idealized curves leading 
to the two possible sets of products Ht+X* and 
H+ X** (the first a Coulomb repulsive curve, and the 
second a curve of the type usual for neutral molecules). 
In the case of HF, there is no possibility of such mixing 
occurring, since the energy difference between the two 
sets of products is ~20 ev. In HCl, HBr, and HI, this 
difference is 8.2 ev, 6.0 ev, and 3.6 ev, respectively. The 
minimum corresponding to the stable parent ion must 
be very shallow in HCI, and progressively deeper for 
HBr and HI. The relative electronic transition proba- 
bility increases from zero for HF and a very low value 
for HCl, to 1X10~* for HBr and HI. 

The fact that the triply charged aromatic molecules 
exist at all is a good indication of the strong binding 
forces in these molecules. The repulsion between the 
three positive holes will be considerable. When another 
group is attached to the aromatic ring, the stability, as 
indicated by the transition probability, is greatly 
reduced. It might be expected, although it does not 
seem to be the case for naphthalene, that the larger the 
fused-ring system, the farther apart the positive charges 
can be located, and therefore the greater the stability 
of the ion. 

For the small molecules, Coulomb repulsion must 
introduce a high degree of correlation between the posi- 
tions of the positive holes in the structure. This must 
be particularly marked in the case of an ion such as 
CsH,**. It is possible that this correlation could be 
included in calculation of the energy states of these 
molecules. 
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A new potential-energy function has been suggested for the alkali halide molecules, 


U=(—é/r) +P exp(—ér’), 


where P and k are constants. Values of ae, w-X,, and the ionic binding energy D; have been derived for the 
following three functions: (1) simple Born-Mayer potential, (2) Rittner potential, and (3) the above 
suggested potential. The results obtained with the new function are much better than those obtained 
with the Born-Mayer potential, but slightly inferior to those obtained with the Rittner potential. 


INTRODUCTION 


NUMBER of attempts have been made to ap- 

proximate the potential energy curves of the 
alkali halide molecules assuming the molecule to be 
constituted of ions. For earlier developments, refer- 
ence may be made to Rittner! and Varshni.? Some years 
ago Rittner' presented a theory of the alkali halide 
molecules in the spirit of the Born-Mayert lattice theory. 
This theory has been found to be reasonably successful 
in describing the ionic bond in the alkali halide mole- 
cules. 

The binding energy is usually represented as con- 
sisting of the following terms: (a) charge-charge 
interaction, which gives a term [—e?/r], (b) terms 
arising due to charge-dipole interaction, dipole-dipole 
interaction and quasi-elastic energy stored in the in- 
duced dipoles, [—e?(ai+a2) /2r!—2eaya2/r7 |, where ay 
and ae are the polarizabilities of the alkali and halide 
ions: (c) a van der Waals attraction term [—c/r*], 
(d) kinetic energy terms representing the difference 
in translational, rotational, and vibrational energy 
between the molecule and the free ions from which it is 
composed (these are usually quite small and may be 
neglected), (e) a short-range repulsion term. Rittner 
used a Born-Mayer exponential repulsion term, A 
exp(—r/p), and found satisfactory results for a number 
of properties of alkali halide molecules. Honig, Mandel, 
Stitch, and Townes* have compared the coefficients of 
higher powers of (r—r,) in the expansion of the energy 
expression in terms of (r—r,) as obtained from experi- 
ment, with those from Rittner’s theory. They found 
satisfactory agreement considering the large un- 
certainties in some of the experimental data. Varshni? 

* National Research Council Postdoctorate Fellow. On leave 


from the Department of Physics, Allahabad University, Allaha- 
bad, India. 

1. S. Rittner, J. Chem. Phys. 19, 1030 (1951). 

2Y. P. Varshni, Trans. Faraday Soc. 53, 132 (1957). 

3A. Honig, M. Mandel, M. L. Stitch, and C. H. Townes, 
Phys. Rev. 96, 629 (1954). 


used two types of repulsion terms, viz., exponential 
A exp(—r/p) and inverse power b/r" and calculated 
the rotational constant a and vibrational constant 
wx for the two types of repulsion terms and found 
that the exponential one was better. Similar results 
were obtained by Klemperer and Rice.*® 

Pauling*® has given a simple treatment of alkali halide 
molecules taking into account only terms of the type 
(a) and (e). However, Varshni and Shukla’ have shown 
that this does not give satisfactory values of a, and 
Wee. 

Recently, Frost and Woodson* have shown a very 
interesting connection between the potential-energy 
functions of two rare gas atoms and corresponding 
alkali halides whose ions have similar closed shells. 
As a first approximation they have put 


U (alkali halide) = (—e?/r) +U (between rare gas 
atoms having some closed shells as alkali halide ions). 


Considering the crude approximation, the results ob- 
tained by Frost and Woodson are quite satisfactory. 
One important limitation of this approach is that the 
same curve is predicted for two alkali halide molecules, 
such as KBr and RbCl, regardless of which inert gas 
structure is contained in which ion. 

In recent years the existence of polymeric species in 
the vapors of alkali halides has been demonstrated in 
molecular beam experiments,?~” mass spectrometric 


4W. Klemperer and S. A. Rice, J. Chem. Phys. 26, 618 (1957). 

5S, A. Rice and W. Klemperer, J. Chem. Phys. 27, 573 (1957). 

®L. Pauling, Proc. Natl. Acad. Sci. India A25, 1 (1956). 

7Y. P. Varshni and R. C. Shukla, Proc. Phys. Soc. (London) 
76, 794 (1960). 

8 A. A. Frost and J. H. Woodson, J. Am. Chem. Soc. 80, 2615 
(1958). 

®R. C. Miller and P. Kusch, J. Chem. Phys. 25, 860 (1956) ; 
27, 981 (1957). 

10M. Eisenstadt, G. M. Rothberg, and P. Kusch, J. Chem. 
Phys. 29, 797 (1958). 

1 P, Kusch, J. Chem. Phys. 30, 52 (1959). 

2M. Eisenstadt, V. S. Rao, and G. M. Rothberg, J. Chem. 
Phys. 30, 604 (1959). 
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studies,"*-" and other methods.” Correspondingly a 
number of theoretical investigations have also been 
made on the subject. O’Konski and Higuchi*!” were the 
first to investigate (NaCl). using the Rittner model. 
Milne and Cubicciotti® have made calculations on 
alkali halide dimer molecules using the Pauling* model. 
Berkowitz™ has extended the theory of O’Konski and 
Higuchi and has calculated the molecular structure and 
infrared-active vibrational frequencies of the dimer 
molecules. 

Alkali halide ions of the type M2X+ (Milne and 
Cubicciotti®) and trimers (Milne and Cubicciotti”*) 
have also been treated on the basis of the Pauling model 
for the monomer. 

In these studies the potential-energy function of the 
alkali halide monomer has been used as the starting 
point. Investigations have been made without polariza- 
tion terms (e.g., Pauling model treatments”.**) and 
also with polarization terms (O’Konski and Higuchi,” 
Berkowitz). However, it is known that the Pauling 
model is not wholly satisfactory for the alkali halide 
monomers (Varshni and Shukla’). On the other hand 
there has been some disagreement as to the proper 
values of the polarizabilities of alkali and halide ions 
that should be used in the extended potential-energy 
function. Pauling” has calculated the polarizability of 
the free ions from the theory of the quadratic Stark 
effect, and his values have been checked by Mayer 
and Mayer™® using spectral data. Tessman, Kahn, 
and Shockley” have calculated the polarizabilities of 
ions in ionic crystals from a study of the indices of 
refraction of alkali halide crystals (see also Hanlon and 
Lawson™). There are considerable differences between 
these two sets of values. Klemperer and Rice*® have 
argued that the polarizabilities of the ions used in 
calculations of the energy curve should be chosen to 
give agreement with the observed molecular dipole. 

13, Friedman, J. Chem. Phys. 23, 477 (1955). 

4 N. A. Ionov, Doklady Akad. Nauk. S.S.S.R. 59, 467 (1948). 

%T, A. Milne, H. M. Klein, and D. Cubicciotti, J. Chem. Phys. 
28, 718 (1958). 

6 J. Berkowitz and W. A. Chupka, J. Chem. Phys. 29, 653 
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7R. F. Porter and R. C. Schoonmaker, J. Chem. Phys. 29, 
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19W. A. Chupka, J. Chem. Phys. 30, 458 (1959). 
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27L. Pauling, Proc. Roy. Soc. (London) A114, 191 (1927). 
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TABLE I.* 


B, 
cm! 


cm"! 


Molecules 


ke Ye 
(10'/em)  (10°-*cm) 


Lik 906 . 28 
LiBr 576 
Lil 501» 


NaCl 366” 
NaBr 302» 
Nal 258> 


KF 400° 
KCl 281> 
KBr 213» 
KI (173)> 


RbF 390° 
RbCl 228» 
RbBr (166)> 
RbI (128)» 


CsF 385¢ 
CsCl 209> 
CsBr (139)> 
CsI (101)> 


1.378« 
55554 
44294 
21794 
.1511¢ 
11774 


.2799¢ 
12854 
8214 0.08114 
0484 0.06084 


265! 0.2107! 
7874 0.08764 
9454 0.04754 
1774 0.03284 


3454 0.1844 
.9064 0.0724 
.0724 0.0364 
3.5154 0.02364 


2.4586 
1.2478 
0.9728 


1.1004 
0.9591 
0.7631 


1.205 

0.8648 
0.7015 
0.5269 


1.361 

0.7673 
0.6703 
0.4929 


1.451 

0.7201 
0.5679 x 
0.3900 


5458 
17044 
3924 
.3614 
5024 
7114 
171° 
6674 


RH WHNHDH KWHNHNHK NHWHN NNe 


w 


® ( ) indicate estimated values. 


b See works cited in references 4 and 5. 

© See work cited in reference 32. 

4 See work cited in reference 3. 

© G. W. Green and H. Lew, Can. J. Phys. 38, 482 (1960). 

f H. Lew, D. Morris, F. E. Geiger, and J. T. Eisinger, Can. J. Phys. 36, 171 
(1958). 

® G. L. Vidale, J. Phys. Chem. 64, 314 (1960). 


We have found that it is possible to account for the 
potential-energy curve of the diatomic alkali halide 
molecules by using only two terms: an attractive term 
[—e*/r ] and a new type of repulsive term P exp(—&r’), 
this type of term is often referred to as the ‘Gaussian 
function.” Besides its utility for the monomer, a simple 
and compact function has obvious advantages in deal- 
ing with dimers and other polymers. We have carried 
out calculations for the following three potentials: 


U=(—e?/r)+Be"'’ (Born-Mayer) (1) 


U=—(eé/r) —[e?(aitaz), 2r* | — (22 aya2/r7) — (c/r*) 


+A exp(—r/p) (Rittner) (2) 


U=(—e/r) +P exp(—hkr). (3) 


In all the three cases we have determined the con- 
stants, viz, B, 0, A, p, P, and k by using the conditions 


(dU /dr) pore =0 (4) 
(@U /dr’) pre=k,, the force constant. (5) 


We have referred above to the conflicting opinions 
regarding the values of polarizabilities that should be 
used with such calculations. Berkowitz! has found 
that the differences in polarizability do not change the 
results very much, but somewhat better agreement of 
vibrational frequencies was obtained with Pauling’s 
values of a. Hence we have also used the Pauling set of 
values as given in Rittner. The van der Waals attractive 
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TABLE IT. Values of the repulsion constants. 


0 p x k 


10-8 cm) (10'* cm-?) 


Molecules (10-8 cm) 


1.4517 
0.7993 
0.7665 
0.8322 
0.7597 
0.6525 
0.8853 
0.7108 
0.6174 
0.5095 
0.9605 
0.6566 
0.6008 
0.4880 
1.0103 
0.6312 
0.5371 
0.4185 


LiF 0.2605 
LiBr 0.2882 
Lil 0.3078 
NaCl 0.2852 
NaBr 0.2939 
Nal 0.3156 
KF 0.2956 
KCl 0.2927 
KBr 0.3196 
KI 0.3600 
RbF 0.2558 
RbCl 0.3029 
RbBr 0.3126 
RbI 0.3589 
CsF 0.2319 
CsCl 0.3008 
CsBr 0.3362 
CsI 0.3762 


.2739 
.3435 
.3758 
.3328 
.3049 
.3364 
.3184 
.3430 
.3731 
.4199 
.2938 
.3558 
.3709 
.4218 
2852 
.3614 
.3964 
.4414 


.9305 
.5302 
.7714 
.2779 
.5118 
.5909 
.3449 
.1115 
.8266 
.4676 
9.8555 
10.2002 
10.4216 
9.8514 


11.1109 
10.6604 
10.137 

10.3422 


constant ¢ can be obtained from 
c= faa.[ [oF (I2+F) ], (6) 


where J» is the second ionization potential of the alkali 
atom, and £ is the electron affinity of the halogen atom. 
Varshni® has given the calculated values of “c’” and 
these have also been utilized here. 

A number of earlier workers have made calculations 
with the Rittner potential (2). Some of these were 
based on the older data and in some it was assumed 
that p is constant for all molecules. As shown below, 
such an assumption is not quite correct. For these 
reasons we have performed completely new calcula- 
tions with the best available data for the Rittner 
potential also. 


Rittner’s potential yields the following: 


AND: &. 2G; 


SHUKLA 


Calculations were made for the rotational constant 
a, vibrational constant w.«,, and the binding energy 
D; for the above three potentials. The method of calcu- 
lating a, and w,x, has been explained in Varshni.*! The 
relevant equations are 


a= —[(Xr./3) +1] (6B2/w.) 


wete=[3X?— V re (W/uare), 


(7) 
(8) 


and 


D;=—U(r.), 
where W =2.1078X 10~* and 
X =U" (¢,) /U"(r,) 
Y=U'V(r,)/U"(r,). 


The experimental data used are recorded in Table I 
and are discussed below. 

The expressions for a, wee, and D; by 
potentials are summarized below. 


(9) 


the three 


POTENTIAL (1) 
The potential (1) gives 
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(11) 
and 


D,=(e/r.)[1—(¢/re) ]. 


The values of o ace given in Table II and other results 
are shown in Tables III, IV, and V. 
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RITTNER POTENTIAL (2) 


Pe 2 2) * 14 2 e 6 6 Ps 
(0) ete" 30) 4 no (%- 72)+ a (so) 
1\?” tf p le ere\p 





Te 


tT. ( re 
p 
p* 


re 


Y= 


2) 42a) iE 


-s)+ 
p 


24) are) (=- 210) =cut“ 72 
p? r,® p? 


14aja2/r- 3 
——8]}+ ——] 
ré \p ere\p 


6 hg 
0+ = (sos) 
e OTe \p' 





§ 
p 


-x, can be calculated. Also 


p=“(1-")+ 
Te ie 


e 


whence a, and 


re 


arte 
ré p 


a ce 


14e’a,a0/ 1 _) ~(- *) 
4 an re ‘a? er 6. Fe 


5) + —— (2- 8+ a (e- i) 
Te p eT. \p 


values of p are recorded in Table II and other results are given in Tables ITI to V. 


81 Y. P. Varshni, Revs. Modern Phys. 29, 664 (1957); 31, 839 (1959). 





POTENTIAL FUNCTION FOR ALKALI HALIDE MOLECULES 


TABLE III. 





ae X 108 ae X 104 


calc. % calc. g calc. 
Molecules pot. (1) error pot. (2) pot. (3) 








LiF 185.3 —6.0 145.3 100.7 
LiBr 66.09 +17.2 50.41 47 .63 
Lil ; 50.31 +23.0 37. 37.05 


NaCl 18.06 +12. 13.81 
NaBr : 10.89 +15. 8.45 
Nal ; .83 +20.: 6 


KF 23. 3. +0. 
KCl ‘ ; +16. 
KBr s 65 +14. 
KI ; 3. +13 


RbF : ; +13 
RbCl ‘ 5.3: +18 
RbBr ; : +16. 
RbI 3 = +15 


CsF ; S. +41. 
CsCl : ‘ +26. 
CsBr : ; +22. 
CsI \ +30. 


al 


I 
ocoouw 


—_= 
a 


Pun 
Rw Be Pw Nwn 


CUPS Ue PR KWOOUtd 
Wwoomin WMnAwdin SO 
_— — 


Average % error 
Average (excluding fluorides) 


® G. L. Vidale, J. Phys. Chem. 64, 314 (1960). 

b See work cited in reference 3. 

© G. W. Green and H. Lew, Can. J. Phys. 38, 482 (1960). 

4 Lew, Morris, Geiger, and Eisinger, Can. J. Phys. 36, 171 (1958). 


POTENTIAL (3) Then we have 


Phe results for the new potential (3) can be con- o=[(x2—6x-+3) /3(x—3) ](6B2/e,) (17) 
veniently expressed in terms of another parameter x 
defined by E —78x°—3x°+279x— =| W 


3(x—3)? 


x=2kr2=(ker3/e?) +3. (16) dil 





(18) 


9 
MAT 


TABLE IV. 





WeXe WeXe Wee 
Molecules calc. calc. calc. 
pot (1) pot (2) pot (3) 





787 
71 
97 


14 
.56 
23 


25 
47 
885 


an 


6.620 
4.12 
3.49 


1.89 
1.39 
1.10 


1.96 

1.32 

0.792 34 
0.553 


2.09 32 
0.916 
0.520 
0.323 -30 


CsF .23¢ 2.31 

CsCl «75> 0.824 28 
CsBr ; ’ 0.374 

CsI My . 20; 0.229 

OIE sone ett Ee a 0.26 L 1 


a ee : 
® G. L. Vidale, J. Phys. Chem. 64, 314 (1960). 
b See works cited in references 4 and 5. Fic. 1. Behavior of the constant p occurring in the Rittner po- 
© See work cited in reference 32. tential (2). Broken line is interpolation. 
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P. VARSHNI 


D; calc. 
pot. (1) 


D; obs.* 
kcal/mole 


Molecules 


AND 


SHUKLA 


TABLE V. 





error 





LiF 177. 178. 
LiBr 142. 132. 
Lil 130. 121. 


NaCl 127. A235. 
NaBr 124. a97 3 
Nal 114. 108. 


KF 131. 132 
KCl 113.< 110 
KBr 109. 104. 
KI 101. 96. 


RbF 135.8 130. 
RbCl 111. 106. 
RbBr 106. 100. 
RbI 98. 92. 


CsF 133. 127. 
CsCl 107. 102. 
CsBr 103. 96. 
CsI 93. 84. 


oo 


~ 


Ne RB POM Wh 
Nore 


~1 00 
wn 
— Ul bo 


Sb 


Average %% error 


= 


® See work cited in reference 33. 


and 


D,=(e/r.) [1—(1/x) ]. (19) 


Values of k and x are tabulated in Table II. Calculated 
results for a, wet, and D; along with percentage errors 
are shown in Tables III to V. 

DATA 


The experimental data used in the calculations, 
together with the sources, are given in Table I. Values 
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0.3 





Fic. 2. Behavior of the constant k occurring in the potential 
3). Broken line is interpolation. 
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of a, Wet, and binding energy D; are given in Tables 
III, IV, and V, respectively. The w, values for KI, 
RbBr, RbI, CsBr, and CsI given here are those esti- 
mated by Rice and Klemperer.’ Though experimental 
values for these molecules are available from the work 
of earlier workers, these estimated values are believed 
to be more reliable and consistent.® It is very difficult 
to evaluate w,x, from the experimental data, so investi- 
gators have used semiempirical methods to estimate 
wx, and to adjust w, accordingly. Barrow and Caunt® 
have estimated w,x, from the relation 
xa'=0.013. (20) 

However, the constant in this relation is rather un- 
certain and it may be as high as 0.018. 

On the other hand, Klemperer and Rice*® have used 
the relation obtained from the Morse curve, 


Were =[ (wea./6) +B? P/ BE. (21) 


We have followed the policy of taking w, and wx, from 
the same source. 

The binding energy (or the ionic dissociation energy) 
D; was calculated from the relation 


D;=D,+I1-E, 


where D, is the dissociation energy (obtained from 
Gaydon), J is the ionization potential of the alkali 
atom (taken from Herzberg*), and F is the electron 
affinity of the halogen atom (taken from Pritchard®). 
~ 2 R. F. Barrow and A. D. Caunt, Proc. Roy. Soc. (London) 
A219, 120 (1953). ; 

33 A. G. Gaydon, Dissociation Energies and Spectra of Diatomic 
Molecules (Chapman and Hall, Ltd., London, 1953). 

4G. Herzberg, Atomic Spectra and Atomic Structure (Dover 
Publications, New York, 1944). 

% H. O. Pritchard, Chem. Revs. 52, 529 (1953). 
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Most of the D, values are uncertain by about +4 
kcal and corsequently there are corresponding un- 
certainties in the D; values. 


DISCUSSION 


It will be noted from Table II that neither o nor p 
are constant for all of the molecules; o varies between 
0.23 to 0.38 and p varies between 0.27 to 0.45. It is clear 
that the earlier practice of assuming these to be con- 
stant has to be abandoned. Baughan* has also recently 
concluded that o varies by about 15% for different 
molecules. The behavior of p has been shown in Fig. 1. 
In a group of molecules having the same alkali atom, p 
is seen to increase in the order of F, Cl, Br, I, but the 
Na series appears to be an exception. 

It is interesting to note that parallel results have also 
been obtained in the case of alkali halide crystals. 
(Cubicciotti*) . 

The behavior of the constant k has been shown in 
Fig. 2. For a given alkali atom, & is found to decrease 
as we pass from fluoride to iodide. 

For a,: The fluorides appear to give high percentage 
errors. Hence we have shown average percentage errors 
for both cases: (i) including fluorides and (ii) excluding 
fluorides. 

From the average percentage errors it will be ob- 
served that the result: obtained with Eq. (3) are much 
better than those obtained with Eq. (1) and only 
slightly inferior to those obtained with potential (2). 

For w,x,: As noted above, except for LiF, the te- 
ported values are estimated ones and it is not possible 
to draw any conclusions regarding the errors of the 
calculated results from the three potentials, hence we 
have not given the percentage errors. Suffice it to say 
that the calculated values by the three potentials 
usually lie in the following order: pot.(1) >pot.(3) > 
pot.(2). 

Binding Energy D;: We have noted above that most 
of the experimental values are uncertain by above +4 
kcal, which corresponds to ~3%. As the percentage 
errors using the various functions are also of the same 
order, no strict conclusion can be drawn about the 
relative performances. Nevertheless it may be seen 
that the average percentage error using potential (3) is 
less than that using potential (1) but greater than that 
using potential (2). 

To summarize, we may say that the results obtained 
with potential (3) are much better than those obtained 
with potential (1) but slightly inferior to those ob- 
tained with potential (2). 

Certain points regarding the form of the repulsive 
term may be noted: 

As compared to the inverse-power term, the ex- 
potential term is certainly superior as has been found 
by Varshni? and by Rice and Klemperer.® 

Another argument that has sometimes been ad- 


bad E. C. Baughan, Trans. Faraday Soc. 55, 737 (1959). 
31 PD. Cubicciotti, J. Chem. Phys. 31, 1646 (1959). 
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vanced in support of the exponential term is that the 
quantum mechanical calculations predict such a term. 
However, it should be noted that the situation on this 
point is not so simple. About 30 years ago, Unsdéld** 
and Briick® showed that the repulsive energies between 
a point cation and a closed-shell anion should be of the 
form II(r) exp(—yr) where II(r) is a polynomial in r. 
Approximation of such an expression merely by an 
exponential term may not be quite satisfactory. 

Further evidence on this point is available from the 
quantum-mechanical calculations of the mutual po- 
tential between two atoms having a rare-gas electron 
configuration. The He—He repulsive potential was first 
calculated by Slater and later by several others. A 
recent treatment is due to Sakamoto and Isiguro.*! 
Bleick and Mayer® have used a generalized Heitler- 
London method to compute the repulsive potential 
between two atoms (or ions) having closed-shell con- 
figurations of eight electrons each, and have reported 
numerical results for two neon atoms. Their method 
has been used by Kunimune* to calculate the re- 
pulsive potential in the case of two argon atoms. The 
theoretical results of Sakamoto and Isiguro, Bleick 
and Mayei, and of Kunimune were plotted as logV 
versus r. The points in each case could reasonably ap- 
proximated by a straight line, indicating that the 
exponential term was satisfactory. However, it may 
also be pointed out that some of the theoretical results 
are in serious disagreement with the experimental data 
(e.g., see the comparison of the theoretical and experi- 
mental results in the paper of Sakamoto and Isiguro). 

The fact that pot.(3) gives a better agreement with 
experiment than the Born-Mayer potential, does not 
necessarily mean that a Gaussian term more accurately 
describes the repulsive part of the potential than 
does a simple exponential term. Rather, the Gaussian 
repulsive term appears to simulate the combined effect 
of the terms (b), (c), and (e). 

The available evidence suggests that the simple 
exponential term is satisfactory for the repulsive 
potential alone, while the Gaussian more adequately 
(or fortuitously) takes into account polarization and 
van der Waals effects. 
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By using the principles of classical mechanics, the specific rates 
k’ of bimolecular reactions which proceed without activation ener- 
gies were obtained by taking the average of wb2g, where }, is 
the critical impact parameter and g is the relative molecular 
velocity. The result is 

k’ = (B/V/p) (RT) (2 /28C2/8, 
Here, C and s are the constants appearing in the attractive po- 
tential, C/r*(s>2), between two reacting molecules separated by 
a distance r, 8 is a dimensionless quantity involving s, uw is the 


I. INTRODUCTION 


HERE are some bimolecular reactions for which the 

frequency factors of the rate constants calculated 
from the collision theory are in reasonable agreement 
with the observed values.'* The combination of hydro- 
gen and iodine in gaseous phase and the reverse reac- 
tion are the well-known examples, for which the rate 
constants were also calculated from the activated 
complex theory with good results." Eyring'* compared 
the collision theory and the activated complex theory 
and showed that under some idealized conditions the 
equation of rate constants derived from the latter 
transforms to that derived from the former. 

Recently, Gioumousis and Stevenson’ investigated 
ion-molecule reactions in gaseous phase using the 
collision theory and obtained the rate-constant equa- 
tion which exactly agrees with that obtained from the 
activated complex theory.’* The agreement of the 
theoretical rate constants with experiment was satis- 
factory. 

In the activated complex theory, recombinations of 
free radicals are similarly treated as ion-molecule 
reactions.'*5 Thus, we derive here the rate constant 
equation of the two groups of reactions (both have no 
activation energy) from classical theory and consider 
the reason why the rate constant derived from the colli- 
sion theory agrees with that derived from the activated 
complex theory. 


1S, Glasstone, K. Laidler, and H. Eyring, The Theory of Rate 
Processes (McGraw-Hill Book Company, Inc., New York, 
1941), (a) pp. 5-19; (b) 234-236; (c) 220-222; and (d) 260-261. 

2H. Eyring, J. Chem. Phys. 3, 107 (1935). 

3G. Gioumousis and D. P. Stevenson, J. Chem. Phys. 29, 
294 (1958). 

4H. Eyring, J. O. Hirschfelder, and H. S. Taylor, J. Chem. 
Phys. 4, 479 (1936). 

® E. Gorin, Acta Physicochim. U.R.S.S. 9, 691 (1938). 

6 E. Gorin, W. Kauzmann, J. Walter, and H. Eyring, J. Chem. 
Phys. 7, 633 (1939). 


reduced mass, and other symbols have their usual meaning. After 
substituting proper potential parameters into the above equation, 
we obtained the rates of the reactions for the systems, ion-mole- 
cule and radical-radical, in exact agreement with the rates in the 
literature obtained using the activated complex theory. The reason 
for the agreement was considered, and it was shown that under 
two conditions pointed out in the text the equations of k’ obtained 
from the activated complex theory transform to those derived 
from the classical collision theory. 


II. COLLISION DYNAMICS AND REACTION RATES 


For a collision of particles 1 and 2, the following 
relation results from the principle of energy conserva- 
tion: 


ui?/2+ p’/2ur?+-u(r) = ug?/2. (1) 


Here, uw is the reduced mass, i.e., w= myme/(m+me) 
(m, and mz are the masses of particles 1 and 2), is 
the angular momentum of the pair, r and u(r) are the 
distance and the interaction potential between the two 
centers, respectively, and g is the relative velocity of 
the particles when they are separated at an infinite 
distance. The term y/*/2 indicates the kinetic energy 
due to the radial motion, and p?/2ur is the kinetic 
energy (centrifugal potential) arising from the rota- 
tional motion. Thus, the left-hand side of Eq. (1) 
presents the total energy of relative motion when the 
two particles collide, and the right-hand side indicates 
the relative kinetic energy before collision. According 
to the principle of angular momentum conservation, 
the following relation holds: 


p=ugo. (2) 


Here b is the so-called impact parameter and indicates 
the perpendicular distance of the initial trajectories of 
two approaching particles before their paths are de- 
flected by a mutual interaction [cf. Fig. 1(a) and (b)]. 
On introducing Eq. (2) into Eq. (1), one obtains 


ui®/2-+y(gb)?/2r?-+u (r) = ug?/2. (3) 


Equation (3) is well known in mechanics (cf. references 
7 and 8). 


7R. D. Present, Kinetic Theory of Gases (McGraw-Hill Book 
Company, Inc., New York, 1958), pp. 128-155. 

8 J. O. Hirschfelder, R. B. Bird, and E. L. Spots, J. Chem. 
Phys. 16, 968 (1948). 
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THEORIES FOR BIMOLECULAR REACTIONS 


For u(r), we use the following equation: 
u(r)=—C/r+C'/r®, (4) 


where C and C’ are constants. When s=6, u(r) is called 
the Lennard-Jones potential which is very successfully 
applied to simple nonpolar gases. The exponent s in 
the attractive potential varies with the colliding pair; 
for instance, in the ion-molecule pair (H.+—Hg), s is 4. 
The exponent of r in the repulsive potential may vary 
with s, but we shall assume 12, since it is satisfactory 
for our purpose. In any case, the repulsive potential 
term drops out for large values of r. Since we are mainly 
concerned with distances larger than the equilibrium 
distance ro, the repulsion term is frequently omitted. 

Let AF, called the “effective potential,” be the sum 
of the centrifugal and interaction potentials. The 
curves of AE(r) against r were calculated® using the 
Lennard-Jones potential for various values of angular 
momenta #, i.e., for various values of impact param- 
eters 6 and initial velocities g (cf. Eq. 2). As shown in 
Fig. 2(a), where g was assumed to be constant, an 
effective potential curve generally has a hump at a 
distance larger than ro. The hump is due to the centri- 
fugal potential, and corresponds to the transition state 
in the activated complex theory; thus the quantities 
corresponding to the apex of the hump are indexed by 
the symbol +, i.e., AE(r,.), rz, etc. 


(a) 




















Fic. 1. Molecular encounter between two molecules having 
attraction (a) and repulsion (b). 


FR PRP, 
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p 9°/2 
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u(r) 








Fic. 2. (a) Effective potential curves for the case corresponding 
to Fig. 1(a). The reaction occurs if b<b-. (b) Effective po- 
tential curves for the case corresponding to Fig. 1(b). The reaction 
occurs if b<b, (i.e., r<ry) and wg*/2>u(r,). The left-hand and 
right-hand side minima represent the systems of the reaction 
products and the molecular association compound, respectively. 
The left and right maxima indicate the transition states for the 
chemical reaction and the molecular association. The direction 
of the reaction coordinate is from the right to the left for both 
(a) and (b), whereas the reverse is true for the direction of dis- 
tance, r. 


Although the behavior of a particle moving in the 
potential field as shown by a curve in Fig. 2 has been 
well discussed,®? the following brief review will give an 
insight for understanding our discussions below. We 
consider the case where the colliding particles approach 
with an impact parameter, }., and with the energy, 
ug?/2, which just equals the barrier height of the system, 
AE (rs) (cf. Fig. 2(a) ]. In this case, the * in Eq. (3) 
is zero at r=Px, 1.€., 

AE (rz) =u (beg )?/ 2142+ (rs) = ng?/2. (5) 
Since the radial component of the velocity of the sys- 
tem becomes zero, the system becomes stationary 
temporarily, while the pair maintains rotation in ac- 
cord with the conservation principle of angular momen- 
tum. In this case the centrifugal force, u(b.g)?/rs3, 


90. Oldenberg, Am. J. Phys. 25, 94 (1957). 
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exactly counterbalances the centripetal force, —du/0r4, 
i.¢., ; 

OAE (rz) /0rs.=0. (6) 


From Eqs. (4), (5), and (6), one obtains the following 
relations: 
r= {C(s—2)/pg?}*" 


b.= {C(s—2)/ug?} "Ls/ (s—2) }. 


Here r,s is the closest separation which is available for a 
pair of particles colliding with a given relative velocity 
(cf. Eq. (7)]; the impact parameter which provides 
this condition is called the critical impact parameter 
b.. 

Two particles having the same kinetic energy, ug’/2, 
but with 6 larger than }., approach one another only to 
be deflected at a much larger distance [cf. Fig. 2(a) ]. 
That is, when the particles have reached this distance, 
* becomes zero, and for an instant the path of the sys- 
tem approaches a circular shape; but since the centri- 
fugal force overcomes the centripetal force, the two 
particles separate again. 

For the lower effective potential curve with b<b, 
(cf. Fig. 2(a)], the system simply passes over the 
hump and spirals to the steep repulsion branch, where 
it is reflected. Thus, the particles are permitted to come 
closer and are given a chance to react as effectively 
as in the case of b=. 

The constants C and s in the attractive potential 
(cf. Eq. (4)] are as follows: for the system of ion- 
molecule, 

C=are"/2; gaz 2 (9) 


and for the system of radical-radical, 


C= Faya,U Uy (U,4+U2); s=0. (10) 
Here a is the polarizability, and U is the mean excita- 
tion energy.”” By introducing Eq. (9) into Eqs. (7) 
and (8), one obtains 


b.= (4are”/ug" )! (11) 


b./rs.= 23. (12) 


Equations 11 and 12 exactly agree with those derived 
by Langevin"; starting from (11), Gioumousis and 
Stevenson’ derived the rate constant for the system of 
ion-molecule, which completely agrees with that de- 
rived from the activated complex theory. 

According to the above discussion, the reaction cross 
section Q is 1b; and the rate constant k’ is given by the 
collision number Qg averaged over all possible velocity 
distributions, times xé: 


k’ — ffx "oF ( V; ) F ( V2 )dVidV>. ( 13) 


0K. S. Pitzer, Advances in Chemical Physics, edited by I. 
Prigogine (Interscience Publishers, New York, 1959), Vol. II, 
7? 
»). Se 


i P, Langevin, Ann. Chim. Phys. 5, 245 (1905). 
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Here F(V) is the velocity distribution function, V 
denotes the velocity vector of the species indicated, x 
is introduced to allow for the possibility that every 
collision may not result in reaction, and £ is a numerical 
factor which is 3, if the particles 1 and 2 are the same 
species; and otherwise it is unity (1/¢ is equal to o,, the 
symmetry number of the activated complex). 

If we assume for F (V) the Maxwell distribution func- 
tion, the integration of (13) with the use of (8) gives 


R’= (B/u) (RT) oO C2, (14) 
where @ is a dimensionless quantity defined as 


B= xéwt2 9/265 (s—2)@-/eP(2—2/s). (15) 
The ['(2—2/s) in (15) is the gamma function of 
(2—2/s). It is noteworthy that k’ is always proportional 
tou # 

By introducing Eqs. (9) and (10) into (14) and (15), 
the rate constants for the ion-molecule and radical- 
radical reactions are obtained as follows, respectively: 

k’ = 2a (ave?/p)! (16) 
hk’ = & (a /w)!233'7 (3) Laval U2/ (Ui +U2) (RT )"*. 
(17) 
Both the equations are exactly the same as those ob- 
tained from the activated complex theory.’’ Fueno, 
Ree, and Eyring” showed that (17) applies very well 
for the reactions: CH;+CHs;, C2:H;+C:Hs, CH3;+C2Hs, 
CF3;+CF;3. 

In the above, we considered the case where the colli- 
sion trajectories are represented as shown in Fig. 1(a); 
here the encounting pair is characterized by the attrac- 
tive potential (i.e., the repulsive potential is neglected 
compared to the latter), accordingly the reaction system 
need not have a /rue activation energy. In what follows, 
we treat the reactions which need true activation ener- 
gies. In the activated complex for this case, the repul- 
sion term in Eq. (4) overcomes the attraction term, 
although the reverse is true at large separations of the 
colliding pair. Thus, the trajectory and the potential 
curves in this case are as shown in Figs. 1(b) and 2(b), 
respectively. 

Also for this collision system Eq. (3) is applied; 
since *=0 at the closest approach (r=r,) [cf. Figs. 
1(b) and 2(b) J, one obtains the following from (5): 


} 
b, =n(1- mt ) . 
ug?/2 


In accordance with Present,’: we assumed that, when 
r<r, and yug’?/2>u(r,), the particles stick together; 
and the reaction occurs. Then the reaction cross section 
Q is expressed by 7}.?, and the activation energy for the 
reaction equals u(r, ). Thus, Q=2b2 if ug?/2>u(ry ) 
and Q=0 in the reverse case. 73 The specific rate is also 

2 T. Fueno, T. Ree, and H. Eyring (to be published). 

13 R. D. Present, Proc. Natl. Acad Sci. 41, 415 (1955). 


(18) 
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calculated from Eq. (13 


hk’ = xémry? (8kT/rp)! 


); the result is 
)} exp[—u (re )/kT] 
= KtZ expl—u(re )/RT ). 


When the particles are rigid spheres, rx is approxi- 
mately the sum of the radii of the colliding particles. 
In deriving (19), it is not necessary to know the exact 
form of the repulsion term in Eq. (4); since u(r») is 
the threshold energy (the activation energy), it is 
independent of the form of the repulsion term. Equation 
19 is successfully applied to the reaction, H.+I,.=2HI, 
and the reverse reaction.'>” 

The Z in the second equality of (19) is defined as 
the collision number/molecule/sec when the concen- 
trations of molecules 1 and 2 are both unity. 


(19) 


III. COMPARISON OF THE COLLISION AND 
ACTIVATED COMPLEX THEORIES 


Eyring '** compared the activated complex and the 
collision theories for bimolecular reactions of rigid 
spherical molecules; here he derived Eq. (19) from the 
activated complex theory by equating the closest 
approach ry to the separation of the reactant molecules 
in the activated complex and the u(r) to the activa- 
tion energy. 

In the following comparison, we assume that (1) 
the activated complex is considered as a metastable 
diatomic molecule; and (2) the vibrational frequencies 
and the angular momenta of the reactants do not change 
appreciably in the activated complex; i.e., the corre- 
sponding partition functions are retained in the parti- 
tion function of the activated complex. 

As an example, the ion-molecule reaction, H)++ 
H.=H;++H, is chosen, for which the rate constant 
was obtained by introducing the above assumptions 
into the activated complex theory.’ The result is as 
follows: 


kT { 2a ( my+-m2)kT\3 8° kT 8a°TokT 


h h’ h 2h? 


k’=« 


[I fi- exp(—w /kT) 
=] 


x{ 2 (2s+1) expl— AE (r)/kT]}/D, 


J=0 
where 


(QrmkT )! 8x? 1,kT 


a a Wa aa exp(—/iy/kT) | 
¥ 


D=- 


(2rmekT )! 82? 1.kT 
x- 


venta a exp (—/iv2/kT) F'. 


) 
i (21) 


Here the assumption has been made that the activated 
complex corresponds to the state of the hump in Fig. 
2(a). In order to evaluate AF (rs), Eyring, Hirshfelder, 
and Taylor'** used Eqs. (4)-(6) and (9) with the 
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quantum-mechanical the 


momentum: 


relationship for angular 


ugb.= {J (J+1)h?/40?} 3. 
Thus, the following equations were obtained: 
J (J+1 \h? 
167° ur,” 
T(J+1)h}). (24) 


The summation term in (20) is transformed into (25) 
by introducing the first equality of (23), and replacing 
the summation by an integration, i.e., 


Nh 
r)/kT = (EE). (25) 


(22) 


AE(r,) = J2(J +1) h1/1289' ae? = (23) 


r= {8myae*/. 


>> (2J41) expL—AE( 


I= he 


The substitution of 


2kT 


(25) into (20) gives the result 


k’= x(8rkT/p)} (rone?/2kT )' (26) 


which exactly agrees with (16). 

The square root term in (25) is understandable as 
the square of the distance of the two reactant mole- 
cules in the activated complex if AE (rs) is considered 
as the rotational energy of the rotator, since the left- 
hand side of (25) is then a rotational partition function. 
The quantity, AF (rs), however, is not a true rotational 
energy but an apparent one, since AE(rz) equals the 
rotational energy (centrifugal potential) plus the 
interaction potential. Thus, let (rapp?) be the mean 
square apparent radius of the activated complex, i.e., 


(rapp? >= (waye’/2kT)}. (27) 
Then (26) may be written as 


k'= k(SkT/ap)*x (fapp* ) (28) 


This is the k’ equation expressed in terms of the colli- 
sion theory. 

Next we shall consider the relations between (fapp” ) 
and the related dynamical quantities. We define a 
quantity, (()2)), by the identity in the following 
equation: 

kh’ = kia (b2g ) = xt (g){(b-") ). (29) 
Here ((b2)) is different from (62) which is the average 
of 6. given by (8). The substitution of (14) into (29) 
results in the first equality of the following equation: 
((b2))=[B/2xk (2x)! ](C/kT)*" 

=[s/(s—2) ]((r4?)). 

Here ((r.”)) is defined by the identity of (29) in which 
b2 is substituted by r2s/(s—2) [cf. Eqs. (7) and (8) ] 
and is different from (r.2), which is the average of the 
square of rs given by (7). By introducing (9) into the 
first equality of (30) and by comparing the result with 
(27), one obtains 


((b2))= 


(30) 


=2((r4?)). (31) 


(Fapp’) 
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By a similar procedure, one obtains the rate constant 
for the reaction,, CH;+CH;=C.He, from activated 
complex theory. The result completely agrees with (17) 
derived classically. Also in this case, we can derive (28) 
(the representation of k’ in classical terms) from the 
rate constant obtained from the activated complex 
theory. Here, the (rapp?) is given by 


(rap?) =3'T (2) [ayanl U2/(Ur+U2) (RT) 


which is again equal to ((b.)). 


(32) 


IV. CONCLUSION 


In collision theory, the rate constant k’ is obtained 
by taking the average of g7b,”, and is represented by 
k'= xé(g ar ((b2)) LEq. (29) ]. Here, the critical impact 
parameter 6, is obtained from the classical mechanical 
Eqs. (1)-(6). The same equations are also used in the 
activated complex theory with an additional quantum- 
mechanical relationship (22). In the activated complex 
theory, the rate is represented as k’= xox" (g )m (Tapp), 
where (frapp?) exactly equals ((b2)) as mentioned 
above. 

It may be interesting to compare the averaging 
processes involved in obtaining the quantities ((b.)) 
and (frapp?). The process for the former is well ex- 
pressed by Eq. (29), where the Maxwellian velocity 
distribution function is used as the basis of the cal- 
culation. For the latter, the apparent rotational parti- 
tion function for a diatomic molecule (25), serves this 
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purpose, as one sees clearly from Eqs. (23)-(25). It 
also is worthy of note that in the activated complex 
theory the product of the terms, kT/h, f+/fife (f the 
translational partition function), and 8rukT/h? (a 
part of the rotational partition function), yields the 
average relative velocity (g). Thus, the two theories 
agree exactly with each other. 

Now we shall consider the bimolecular reactions with 
threshold activation energies u(ry). Also in this case, 
the collision theory yields k’=2(gb2), from which one 
obtains (19). According to (19), the ((b2)) defined by 
the identity of (29) is equal to r+? exp{—u(r,)/kT}, 
which exactly equals (app?) defined in a similar fashion 
in the previous section. That is, in this case, AE (ry ) 
equals u(ry) plus J(J+1)h?/87ur,?. Substituting 
the apparent rotational energy into a two-dimensional 
rotational partition function, one finds that (rapp?) 
equals ry? exp|—u(ry)/kT}. Thus the two theories 
agree again exactly. 

It should be stressed, however, that the formal agree- 
ment between the two theories hinges on the specific 
assumptions 1 and 2 previously mentioned. It may be 
concluded, therefore, that the activated complex theory 
is more general than the collision theory. 
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Numerical tables for the homopolar dipole or overlap moment yy.4, associated with various molecular 
orbitals (MO’s) are presented. The present tables include values of u,.4./R for the common MO’s con- 
structed from linear combinations of atomic orbitals (the LCAO approximation), one of which is an 1s, 2s, 
2po, 2pz, 3s, or 3p, orbital. The calculations employ approximate atomic orbitals of the Slater type. Formu- 
las for az, the x coordinate of the centroid of negative charge for an electron in an MO, are given as func- 
tions of the parameters p=}R({a+¢n) and t= (f4—fs)/(Ea+fe), where R is the internuclear distance, 
¢(n—5) is the effective nuclear charge found by the Slater rules, and (n—6) is an effective quantum num- 
ber. Values of un.a./R are also given for some MO’s in which one AO is a hybrid. The variation of py .a. 
with the parameters p and ¢ is shown graphically for certain MO’s. The overlap moment yy.a, has been 
computed for various chemical bonds by use of the tables. 

Overlap integrals for the AO combinations 1s-3d,, 2s—-5s, 2s—5p., 2p.-3dy, and 3s—3s were computed 


since these were not available in the literature over the necessary range of the variables. 


INTRODUCTION 


HE electric moments of molecules have conven- 

tionally been interpreted in terms of bond moments; 
these are moments assigned to the bonds of a molecule 
so that their vector sum is equal to the total observed 
electric moment. The bond moment paz is then con- 
sidered to arise from a charge +e centered on atom A 
and a charge —ée centered on atom B separated by a 
distance R so that u4g=edR. Such moments have been 
used to calculate the percentage ionic character of the 
bond in valence-bond theory or, in molecular-orbital 
theory, the polarity of the orbital.'! It has been demon- 
strated by Mulliken,’ Coulson,’ and more recently by 
others,** that the above simple approximation is 
inadequate for the interpretation of electric moments 
on the basis of either theory, and may often lead to 
quite erroneous results. Coulson’ has stressed that the 
bond moment is the sum of four contributions and that 
an adequate analysis must include, in MO theory, (a) 
the polarity of the orbital A, (b) the homopolar dipole 
or overlap moment yp.a., (c) the atomic dipole resulting 
from the asymmetry of the atomic orbitals when these 
are formed by hybridization, and (d) the polarization 
of the nonbonding electrons. The homopolar dipole, or 
overlap moment, was first discussed by Mulliken.’ 
Several authors**® have stressed that neglect of the 
atomic dipole and the overlap moment may lead to 
gross errors in the estimation of X. 

Unfortunately the accurate calculation of the atomic 
dipole is often quite uncertain since it may be quite 
large and depends strongly on the hybridization 

* Guggenheim Fellow, Oxford University, 1954-55; present 
address, Kedzie Chemical Laboratory, Michigan State Uni- 
versity, East Lansing, Michigan. 

1 See, for example, C. A. Coulson, Valence (Oxford University 
Press, New York, 1952). 

2 R.S. Mulliken, J. Chem. Phys. 3, 573 (1935). 

3C. A. Coulson, Trans. Faraday Soc. 38, 433 (1942). 

4D. Z. Robinson, J. Chem. Phys. 17, 1022 (1949). 

5 J. A. Pople, Prec. Roy. Soc. (London) A202, 323 (1950). 

6 J. H. Gibbs, J. Phys. Chem. 59, 644 (1955). 


parameter—a quantity not obtainable directly by an 
experimental measurement at present. The overlap 
moment is usually rather smaller and less sensitive to 
the exact value of the hybridization parameter and one 
should be able to make a good estimate of its value for 
most bonds. Since only a few scattered values of the over- 
lap moment have been reported,** we have felt it worth- 
while to provide tables of this quantity so that its value 
for any common chemical bond may be estimated 
readily. This information should be of use in interpreting 
electric dipole moments of molecules. 


THEORY 
The wave function y for a bonding electron may be 
written!” in MO theory (LCAO approximation) 


¥=Vatryn, (1) 


where Wa, Ws are normalized atomic orbitals on nuclei 
A and B, and X is the polarity of the orbital. The cen- 
troid € of the charge cloud whose density p is given by 
N*yY’ may then be found from the relation 


f= [ soar, 


and the dipole moment for the pair of bonding electrons 
will be 


(2) 


p= 2ex, 


(3) 


where x is measured from the midpoint of AB and NV 
is the normalizing constant. In general,! 


J wardr+ J xN’pndr+ 2 / wAWavndr 


g= 





[ovdr+ [ootart 2frw Wrdr 


e La tn Fp +204 B 


14+-224+2rSap ’ (4) 
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Fic. 1. The coordinate system employed. 


where S,z is the overlap integral, 4 and tp are the 
atomic dipoles for the atomic orbitals of atoms A and 
B, respectively, and #4, is the homopolar dipole or 
overlap moment. 

If the atomic orbitals are centered on their respective 
nuclei, and if \=1, then 


€=Fan/(1+ Sas) 


and the homopolar dipole per electron pair is 


(5) 


fa.a.= Jer _ 5.08%4 B/ 1 oe Sa B) 


where 


Debye units, (6) 


(7) 


TAB = [vbabedr. 


It is then necessary to compute #4 and S4z as functions 
of the appropriate atomic parameters for various pairs 
of atomic orbitals Y4, wz in order to build up the re- 
quired tables of the overlap moment. 

If one of the atomic orbitals y4 is formed by hy- 
bridizing two orbitals ®4 and xa, 


(8) 


where a@ is the hybridization parameter. The overlap 
integral S4z then becomes 


Sap= S(®4, Wp) *cosat S(xa, Ya) *sina, 


Ya=, cosat+ xa sina, 


(9) 
and 


Fap=F(P4, We) *cosat+Z(xa4, We) *sina (10) 


if wz is an unhybridized AO. However, if wz is the 
hybrid 
Ve= ze cosB+ xz sing, 


then the overlap integral becomes 
Sap= S(®a4, Bg) cosa cos8+ S(x4, Pz) *sina cos 


+ S(4, xg) + cosa sin8+ S(xa4, xz) sina sing, 
and 


F=%(P4, Pg) -cosa cos8+F(xXa, Ps) sina cos 
+#(4, xz) + cosa sin8+#(xa4, xB) ‘sina sing. 


A similar result is obtained employing the HLSP 
method. If the Heitler-London wave function without 
ionic terms 


¥a(1)¥a(2) +Wa(2)¥0(1) 


is used for the electron pair forming a covalent bond 
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between atoms A and B, the mean value of x (relative 
to nucleus A) for the pair is found’* to be 
Pe R/2+ Sasfan 
2+-2Sax? 
The symbols have the same significance as before, pro- 
vided Ys, Ye are separately normalized atomic orbitals 
centered on atoms A and B, respectively, and the atomic 
dipoles are zero. A moment 
w=[2eSap/(2+2S487) |(2%42—RSaz) 
analogous to the homopolar dipole, thus appears in 
valence-bond theory. 

The Slater AO’s, which are suitable for representing 
the outer part of the atom, have been employed. The 
explicit expressions for these, in the coordinate system 
of Fig. 1, are 

v( 1s) — (¢3/r) 1/26 fr 
y (2s) = (€°/3r)"re-tr 
¥(2p2) =W(2pe) = (§8/m)?xe$" 
W (3s) = (267/45) "97" 
¥(3p.) = (3p,) = (267/159) !?xret" 
W(3dz2) = (3d,) = (7/182) "7 (3x°—r Je 
W(3d,) = (267/39) ?xyet 
W (5s) = (€9/315) re” 
W(5p,) = (5p,) = (£9/1059) 2x9 et", 
where (=Z—o/n—6, n is the principal quantum num- 
ber, 6 is zero for n=1, 2, 3 and unity for n=5, and Z—o 
is found from Slater’s rules.' Hartree atomic units are 
used throughout. Orbitals with n=4 have not been 
employed since for these 6=0.3 and computation is 
difficult; also, overlap integrals involving these AO’s 
are, for the most part, unavailable. 

Since many of the overlap integrals for use in Eq. (6) 
have been evaluated by Mulliken et al.,® we have used 
a nomenclature similar to theirs. The integrals for 
Fan have been evaluated by transforming to spheroidal 
coordinates £, 7, ® (Fig. 1). These have the properties 

£=(ratre)/R, n=(ra—re)/R, P=O4=Pp, 
where 1<&<~, —1<n<1, O<@<2z, and the Car- 
tesian coordinates are transformed by the relations 
x=R/2 (from midpoint of AB toward B); 
y= R/2[(2—1) (1—7’) }'? cos; 
= R/20(2—1) (1—7°) |!” sine; 
dr= R°/8(#—n?) dédnd®,; 
ra= (+n) R/2. 


8C. A. Coulson, Discussions Faraday Soc. 19, 277 (1955). 
®R.S. Mulliken, C. A. Rieke, D. Orloff, and H. Orloff, J. Chem. 
Phys. 17, 1248 (1949). 
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Since Sag and #4» are functions of R and of the param- 
eters ¢4, fs of the AO’s, it is convenient to tabulate 
them in terms of the parameters #, ¢ defined’ by 


p= (Sat$a)R/2; t= (Sa—Se)/(Fat fa). (11) 


Values of wna./R are tabulated for 0.5<p<10 and 
0<t<0.7; where necessary, both positive and negative 
values of ¢ are included. A shorter range for ¢ is some- 
times used because S4g values were available in the 
literature only for the more limited range. 

Formulas for the integrals for Sag have been pre- 
sented by Mulliken et al.° The integrals for 4g are 
similar, but contain an extra term &R/2 under the 
integral sign. The relation between the two sets of 
integrals may be illustrated by a single example, the 
case (1s4—3d,,). By use of the equations given above, 


S(154, 3dep) 


—0.2783 

788 

782 
—0.2758 
—0.2718 
—0,2661 
—0.2582 
—0.2491 
—0.2386 
—0.2148 
—0.1632 
—0.1162 


—0.2 
—0.2 


—0.4318 
—0.4266 
—0.4073 
—0.3936 
—0.37 
—0.357 
—0.3369 
—0.3146 
—0.2915 
—0.2445 
—0.1587 
—0.0950 


5 





—0.5529 
—0.4990 
—0.4722 
—0.4423 


—0.4116 
—0.3760 
—0.3448 
—0.3067 
—0.2406 
—0.1339 
—0.067 


—0.540 


—0.6222 
—0.6037 
—0.5436 
—0.5061 
—0.4654 
—0.4226 
—0.3789 
—0.3353 
—0.2928 
—0.2156 
—0.1031 
—0.0436 


—0.6339 
—0.6120 
—0.5411 
—0.497 
—0.4504 
—0.4019 
—0.3528 
—0.3050 
—0.2595 
99 
5 


7 
7 
—0.0268 


—0.1 


—0.0 





= 32-1879 gates explL—fara— fare | 


—0.5927 
—0.5699 
—0.4961 
—0.4509 
—0.4030 
—0.3537 
—0.3045 
—0.2578 
—0.2137 

—0.1400 
—0.0506 
—0.0157 


[3(1—&)*— (E—n)?](L—n") dédnd®. 


When the indicated integrations are carried out and the 
variables p, ¢ substituted, this expression reduces to 


‘ 


—0.4850 
—0.4154 


t=0.1 
—0.5065 
—0.3732 
—0.3285 
—0.2833 
—0.2393 
—0.197 
—0.1603 
—0.0993 


—0.0318 


—0.00: 


S(154, 3deg) = 9612-128 (1 — 2) 8/2(1—1)2 
[3 4eBy— 3 AoBe +4. 1Bs— AiBot ApBi—4.AsBy 
+3A,B,—3A2Bi], 


=0 

—0.3858 
—0.3668 
—0.3061 
—0.2699 
—0.2328 
—0.1959 
—0.1612 
—0.1294 
—0.1018 
—0.0591 


—0.0165 
—0.0039 


where 


t=—-0.1 

—0.2401 
—0.2244 
—0.1758 
—0.1483 
—0.1212 
—0.0960 
—0.0736 
—0.0547 


—0.0396 
—0.0185 
—0.0027 


a 
ey 
a 
N 
< 
“ 
= 
me 
3 
= 
— 
a 
i. 
— 
< 
_ 


A,(p)= [e exp(— pé)dé 


r 


and 


—0.2 
—0.0792 
—0.067 
—0.0309 

0.0007 
0.0126 
0.0208 
0.0248 
0.0272 
0.0244 
0.0120 


—0.0146 


+1 


B,(pt)= | n” exp(— pln) dn 
-1 


t 


0.0951 
0.1158 
0.1232 
0.1263 
0.1248 
0.1190 
0.1095 
0.0978 

0.0716 
0.0302 


are standard integrals tabulated in the literature.?! 
Some additional necessary values of these integrals 
were computed from recursion formulas.” Also, 


Ean ( Isa, 3de) 


t=—0.3 
0.0868 


t=—0.4 
0.2471 
0.2516 
0.2853 
0.25 
0.2479 
0.2346 
0.2163 
0.1948 
0.1714 
0.1248 
a 


= 647! 18 aig RS | exp[ — Cara —_ tere | 


t=—0.5 
0.3881 
0.3889 
0.3829 
0.3723 
0.3330 
0.3060 
0.2760 
0.1834 


x & lL? —n* JL3(1—&)? 
— (&-n)* |dédnd®, 


which reduces, by the process outlined above, to 


t= —0.6 
0.4916 
0.4891 
0.4730 
0.4565 
0.4075 
0.3767 
0.3434 
0.2421 


Fap(1sa, 3don) =967'2-"?p?(1—-F)*(1—2)?R 
[3.A3B:\—3A,B3—4A4B.+4AoB, 
_ A 5By+ A 1B5+3A 5B3— 3A3Bs |. 


t=—0.7 
0.5308 
0.5105 
0.5050 
0.487 
0.4386 
0.4098 

3792 

0.2877 





0.5 
2.0 
i 
6.0 


1M. Kotani, A. Amemiya, and T. Simose, Proc. Phys.-Math. 
Soc. Japan 20, 1 (1938) ; 22, 1 (1940). 
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Fic. 2. The homopolar dipole as a function of the parameters 
p and ¢ for a bond represented by the molecular orbital (1s 4—1s,). 
The homopolar dipole y),.4. is obtained for a given bond by multi- 
plying u/R by the bond length in atomic units. 


Since R appears explicitly to the first power in the 
formulas for 4g (and so in pna.), we have tabulated 
fap/R and py.a./R which are functions only of p and ¢. 
Formulas are given below for €4g/R as a function of p 
and ¢ for each molecular orbital (AO pair) tabulated. 
The symbol #/R(1s4,2pc,) indicates the atomic 
orbitals used in the LCAO approximation to the MO, 
the first AO always going with the first atom; the AO of 
smaller is written first (atom A), but if both have the 
same value of m, the atom with larger Zu (or ¢) is 
written first. In this way it is necessary to tabulate 
only positive values of ¢ when the AO’s have equal 
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Fic. 3. The homopolar dipole for a x bond involving the molecu- 
lar orbital (2p,—2p),). 


values of . The required numerical values of the over- 
lap integrals have been taken directly from the tables 
of Mulliken et al.,® Craig et al.,"' Aoki,’ or Jaffé,” except 
for the values in Tables XL-XLVIII which were com- 
puted as part of this work. Throughout this paper the 
convention that a p orbital is positive in the direction 
from one nucleus to the other has been followed. 

Tables of the homopolar dipole @/R for 24 MO’s 
have been computed. Fifteen additional tables were 
obtained from these giving the homopolar dipole for 
some common hybrid orbitals. Nine tables of overlap 
integrals S4g have also been computed. A single ex- 
ample, Table II of the complete set, is shown here as 
Table I of this article. The remaining tables are avail- 
able as photoprints or on microfilm.” 


FORMULAS FOR #4; FOR VARIOUS MO’S 


#/R(1sa, 1s) =81p?(1—£)*?, [A;B— AB, ]" 
#/R(1sa, 2s) = 16-13-2p4(1—#)92(1—2) 


[A 4By+ A 1By— A 3Be— A 2Bz | 


Ei R( 1s, 2 pez) = 16-'p*(1—#)/2(1—2) [A 2By— A4Bo+ A3Bi— A 1B; | 
1D. P. Craig, A. Maccoll, R. S. Nyholm, L. E. Orgel, and L. E. Sutton, J. Chem. Soc. 354 (1954). 


2H. Jafié, J. Chem. Phys. 21, 196, 258, 1118 (1953). 


‘8 Tables I-XLVIII (48 tables) have been deposited as Document number 6817 with the ADI Auxiliary Publications Project, 
Photoduplication Service, Library of Congress, Washington 25, D. C. A copy may be secured by citing the Document number 
and by remitting $6.25 for photoprints or $2.50 for 33 mm microfilm. Advance payment is required. Make checks or money 
orders payable to: Chief, Photoduplication Service, Library of Congress. 

4 The A’s and B’s always occur in the combinations (Any2Bm—A nBmy2). Use was made of this fact in the calculations, and 
values of this function for various (n, m) were tabulated at each value of (p,¢) used. Various commonly occurring sums and differ- 
ences of the type (An4y2Bm—AnBmy2) + (Am42Bn—AmAny2) were also tabulated in an intermediate stage of the calculations. 





HOMOPOLAR DIPOLE 


€/R(Asa, 35g) = 48-10-1295 (1—#)9/2(1—1)? [AsBi—2A4 sBy+2A2Bi— AiBs | 

#/R(As4, 3po,) =16-130-¥2p5(1—#)9/2(1—2)? [Ag(Bi+B3) — Ao(Bit+ Bs) — Bo( Ast As) +Ba( A+ As) ] 
E/R(1s4, 3do,) = 96-12-25 (1 — £)5/2(1—2)°[3. AgBi— 3.A1B3— 4. AgBo +4 AoBy— AsBi+ A1Bs+3AsB3—3A3Bs5 ] 
#/R(1s4, 5sg) = 192-135-281 — 2) 9/2(1—#) 8 AgB,:— 3 AsBo+2A4B3+2A3By—3A2Bs+ AiBo ] 

&/R(Asa, 5po,) = 64-105-12p5(4—/)92(1—1)3 [ As( Bi +2B3) + A2(2By+ Be) — Bo(2Ag+ Ao) — Bs( A1+24s) ] 
#/R(Asq, 2hai) =1/V2%/R(154, 25g) +1/V2E/R(1s4, 2po,) 

&/R(Asa, 2h) =1/V3%/R(Asa, 252) +V2/3E/R(As4, 2po,) 

E/R(A1sa, 2hte) =44/R(1s4, 258) +V3/2E/R(A1sa, 2poy) 

£/R(2sa, 253) =96p'(1—#)9/? [AsB,\—2A3B3+ ABs | 

€/R(2sa, 2pey) = 32-13-17 p5(1—F) 5?) [Ay( Bi— Bz) + A2( Bs— Bs) + Ba( As— As) + Ba(As— A) J 

£/R(2sa, 358) = 967-130-1298 (1—£)92(1—t) [AgBi— AsBo—2A1B3+2A3Bsy+ A2Bs— Ai Be |] 

€/R(2sa, 3po,) =96-10-¥2p8(1—#)52(1—2) [AsBi— AoBot+2AqBy—2A3B3— A2Bot+ A1Bs ] 

E/R(2sa, 5sp) = 384-105? (1—F)9/2(1—2)? [A7Bi— 2 AgBo— AsBs+4A4By— A3Bs— 2A Be+ AB; | 
E/R(2sa, 5pog) = 384735-p" (1—F)9/2(1—t)?  [AgBi— A7B2— AsBo+ AoB3— 2A4B3+2A3Bit 2AsBy 


—2A,Bs+ A2Bs— A3Be— A1Be+ A2B; | 
#/R(2pe,, 2 poy) =32-1p>(1 — f*)5/? [B3( A\+ As) — A3(B,+Bs) ] 


€/R(2po4, 388) =96-10-¥2p8(1—#)5/2(1—2) [A5(Bi—2B3) + A2(2By— Bs) + Bo( As— 2A4) +Bs(2As— A1) J 
€/R(2po4, 3pe,) =32-130-12p5(1—F)9/2(1—2) [As(Bot+Be) — Aa( Br +Bs) — Ba( A+ As) +B3(Aot As) |] 
&/R(2p., 2pe) = 64-1p9(1—F)*? [As(Bi— Bs) + As( Bs— Bi) + Ai(Bs— Bs) J 
E/R( 2px, 3px) =64-130-/?p8(1—#)9*7(1—-t) [A6( Bi— Bs) + As( By— Bz) + Aa( Bs— B,) + As( Bo— Be) 

+ A2(Bs— Bs) + Ai(Be— By) J 
E/R(2p,, 3d) =64-6-/2p®(1—F)92(1—t) [As5(Bi— Bs) — Ao( Bo— By) + Aa( Bo— Bs) — As(Bi— Bs) 


— A>( By— Be) + Ai(Bs— Bs) ] 
&/R(3s, 3s) = 2880" p? ( 1— ?)7/? [A7B\— 3A 5B3+3 A 3B5— A 1B; | 


£/R(3s, 3p.) =960-13-1/2p7(1—-#)7?  [Ae(Bi— Bs) — A7Be+ As(Bo+2By) +2A4( Bs— Bs) — A3(2By+ Be) 
+ As(Bs— Bz) + A:Be | 
£/R(3p., 3do) =384-115-"2p7(1—#)7?  [A1(Be—3Bs) + A2(2Bs—3B3+ Br) + A3(3B2.+ Byt2Be) 
+ A4(3B,— B;+ Bs—3B;) — As(2B2+By+3Be) — Ao( Bi t+2Be+2B3—3Bs) — A7( B.—3B,) }. 
FORMULAS FOR OVERLAP INTEGRALS'® 
S(1s, 3d,) =48-12-1/296(1-#)92(1—2)? [3.A2Bop—3 ApB2—4.A3Bi +44 1B3— AgBot+ AoBsy+3 AyB.—3A2By ] 
S(2s, 5s) =192-105-4297(1—2)82(1—1)? [AgBy—2AsBi— AyBo+4AgBy— AoB,— 24 Bot ABe] 
S(2s, 5p.) =192-135-"/2p7 (1—#) 91-2)? [AsBo— AsBi— AgBit+ AsB2—2A3B2+2A2Bs 
+2A4B;—2A3By+ A1By— A2Bs— AoBs+ A1Be | 
S(2pz, 3d) =32-16-Y?p8(1—F)52(1—4) As( Bo— Br) — As( Bi— Bs) + As(Bi— Bs) — A2( Bo— Ba) 


— A;(Bs— Bs) + Ao(Br— By) J 

S(3s, 3s) = 1440-'p"(1—#) 7? [ AgBo—3A4Bo+3 A2By— ABs | 

S(3pry 3de) =192-15-W2p7(1—2)7 [ApBs— AsBo+3A3By—3AsBo—3A0Bs+3A2B\—3.A1Bs 
+2A,By—2A4B,+ A:Be— AgBi+ A2B3— A3B2+2A2Bs—2A5Bz 


+ A3By— AyB3—3A3Be+3A6Bs—3AsBs+3A5By]. 


18 Formulas for the erento integrals $(2s, 5s), S(2s,5p.), and S(3s, 3s) are given by Mulliken e¢ al. The formula for S(39,, 3d,) 
has been given by Craig ef al., but is incorrect as presented there; the numerical values are correct but positive and negative values 
of tare interchanged. We also find a disagreement in sign between Mulliken ef al. for the formulas for the overlap integrals S(29,, 
2fe), S(2pPe, 3pe), and S(3p-, 3p.) ; again, however, the tables of those authors agree in sign with our values. We have consistently 


chosen the signs of the p orbitals to be positive in the direction from one nucleus to the other. 
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TABLE II. The homopolar dipole for single covalent bonds between hydrogen and other atoms. 





Orbital 
R (a.u.) of atom B —h.d. —ph.a. (lit.) 





3.01 : 2s 
at ; 2s 
2s Y 2te 
a 2te 
2tr 
2di 
2te 
2p 
2te 
2p 
2te 
2p 
3s 
3s 
3s 
3te 


3te 
3p 
3te 
3p 
3te 
3p 
































i i 
+0.2 +0.4 








+0,2 
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Fic. 4. The homopolar dipole for a bond represented by the Fic. 5. The homopolar dipole for a bond represented by 
molecular orbital (1s—2t). molecular orbital (2s—3p,). 





HOMOPOLAR DIPOLE 


USE OF THE TABLES 


To obtain a numerical value of the homopolar dipole 
for a given bond, it is necessary to determine the param- 
eters p, t for the bonded atoms and look up the value of 
un.a./R in the tables. This value must then be multi- 
plied by the internuclear distance R in atomic (Hartree) 
units and the result will be the overlap moment in 
Debye units per bonding electron pair. If one of the 
atomic orbitals is a hybrid, and the hybridization 
parameter is known, then Eqs. (9) and (10) may be 
used, followed by Eq. (6). It is necessary to obtain the 
values of €/R for use in Eq. (10) by multiplying our 
tablulated u/R value by 1+ S. Values of the overlap 
integral S are given here (Tables XL-XLVIII) or are 
available in the literature." The complete calculation 
has been done here for the digonal (di, cosa=1/v2), 
trigonal (tr, cosa= 1/v3), and tetrahedral (te, cosa=}) 
hybrids in several cases; these results are included in 
Tables XX V-XXXIX. 


RESULTS AND DISCUSSION 


Values of the quantity (un«./R) for some typical 
molecular orbitals have been plotted as functions of the 
variables (p,¢) in Figs. 2-5. The homopolar dipole 
Mn.a. (Debye units) for a given bond A-B may be ob- 
tained by multiplying the value of uy.4./R by the inter- 
nuclear distance in atomic units. For a given value of 
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t, the homopolar dipole usually approaches zero as p 
increases. The behavior in a few cases is shown graphi- 
cally in Figs. 2-5 where u/R is plotted vs ¢ at various 
values of p. Even where identical orbitals are used on 
bonded atoms (Fig. 2), the homopolar dipole is ap- 
preciable if the effective nuclear charges differ, whether 
the orbitals are o type (1s, 1s of Fig. 2), or r type (26,— 
2p, of Fig. 3). When unlike orbitals are involved, the 
homopolar dipole becomes larger (1s—2te of Fig. 4) 
and may be several Debye units for a bond involving 
(ns—mp,) atomic orbitals (2s—3p, of Fig. 5). 

Values of the homopolar dipole for various pure 
covalent chemical bonds between hydrogen and other 
elements are shown in Table II. Where the orbital of 
the second atom is likely to be a hybrid, values are 
shown for various hybridization ratios. A few values 
of the homopolar dipole have previously been reported 
in the literature and these are shown in Table II for 
comparison; since they were computed for hybridization 
ratios between p and sp’, the agreement is satisfactory. 

It is apparent that the homopolar dipole term is far 
from negligible and, indeed, is frequently of the order 
of magnitude of the total observed bond moment. 
Interpretation of the bond moments in terms of polarity 
of orbitals (or percentage ionic character of the bond 
in valence-bond theory) must, therefore, take this 
factor into account.® 
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Infrared emission has been observed arising from the low-pres- 
sure gas-phase system H+NOCI; HCI emission consists of the 
fundamental spectrum (Av=1), and first and second overtones 
(Av=2 and 3) of the ground electronic state. HCIt (vibrationally 
excited HC] in its ground electronic state) must be present in 
levels up to and including v=9 (possibly 10). The distribution of 
HCI! among vibrational levels is non-Boltzmann, indicating that 
some or all are formed by a chemical reaction rather than a thermal 
process. This reaction is thought to be H+NOCI-HCI'+NO. 
Only a weak emission due to NO' was observed. An emission of 
intensity comparable to HCI" was observed in the region of the 
w: fundamental of NOCI. From the stationary state distribution 
of HCl' among vibrational levels a calculation was made of the 


INTRODUCTION 


ce seo, Garvin, and Boudart! observed that 
the low-pressure gas-phase reaction between 
atomic hydrogen and ozone gave rise to a visible emis- 
sion due to overtone transitions of vibrationally ex- 
cited hydroxy] formed in the reaction H+0;-OH'+-0, 
(the symbol f is used here to indicate vibrational 
excitation of a species in its ground electronic state). 
It was to be expected that a more intense emission 
would be obtained in the region of the fundamental 
transitions, in the infrared. This was in fact observed 
by the present authors? in a different system; H+Ch— 
HCl'+Cl, which gives rise to no detectable visible 
emission. These workers also observed infrared emis- 
sion arising from the systems H+0O,* and H+NO.! 
With improved technique they were able to resolve 
the H+Cl. fundamental emission into rotational lines.® 
This made possible a fairly detailed analysis of vibra- 
tional and rotational distribution in the HCI’ product 
under steady-state conditions®* and also the investiga- 
tion of infrared chemiluminescence arising from the 
further systems H+HCl, H+DCl, D+HCl®’ (in 
these systems the excited product is formed by associa- 
tion reaction), and H+Br..’° Garvin, Broida, and 


* Present address: Theoretical Chemistry Laboratory, Univer- 
sity of Wisconsin, Madison, Wisconsin. 

1 J. D. McKinley, D. Garvin, and M. Boudart, J. Chem. Phys. 
23, 784 (1955). 

2J. K. Cashion and J. C. Polanyi, J. Chem. 
(1958). 

3J. K. Cashion and J. C 
(1959). 

4J. K. Cashion and J. C. Polanyi, J. Chem. Phys. 30, 317 
(1959). 

5 J. K. Cashion and J. C. Polanyi, J. Chem. Phys. 30, 1097 
(1959). 

6 J. K. Cashion and J. C. Polanyi, Proc. Roy. Soc. (London) 
A258, 529 (1960). 

7J. C. Polanyi, J. Chem. Phys. 31, 1338 (1959). 

8 J. K. Cashion and J. C. Polanyi, Proc. Roy. Soc. (London) 
A258, 570 (1960). 


Phys. 29, 455 
. Polanyi, J. Chem. Phys. 30, 316 


relative rate constants k, for reaction into each accessible vibra- 
tional level of HCI‘. An examination of the stationary state dis- 
tribution of HCI',_; among rotational levels indicates that while 
the over-all distribution is non-Boltzmann, rotators in high rota- 
tional levels are in approximate equilibrium at ~2000°K and 
rotators in the lowest levels are in a distribution which roughly 
corresponds to that for 650°K. The absolute intensity of the in- 
frared emission was found to be ~0.05 w. This is equivalent to 
roughly 0.2 to 2.0% of the energy liberated by the reaction. 
From the emission intensity the partial pressure of HCl’. 
was calculated to be ~6X10™3 mm Hg, that is ~0.3% of the total 
reagent pressure. 


Kostkowski® extended the investigation of the H+O3 
system into the infrared and performed a detailed 
analysis which parallels that carried out on the system 
H+Cl,. From the stationary-state population-distribu- 
tion among vibrational levels it is possible to calculate 
relative rates of reaction into the various accessible 
vibrational levels of the vibrationally excited product 
(v=1 to 6 for HCI* formed in the reaction H+Cle, and 
v=1 to 9 for OH* formed in the reaction H+0s3). 
For H+Cl,: this calculation shows the rate of reaction 
to be progressively less into successively higher vibra- 
tional levels of HCl. For H+0s; the rate of reaction is 
found to be similar into all vibrational levels of OH. 
Unfortunately, for both systems these relative rates 
into the various vibrational levels could be seriously 
in error if (a) a significant amount of vibrational- 
vibrational exchange occurred among the vibrationally 
excited products, or if (b) a significant proportion of 
emitters emitting within the cone-of-sight of the spec- 
trometer did not both begin and end their emission 
sequence within that cone-of-sight, or (c) a significant 
amount of collisional deactivation of vibrators was tak- 
ing place and collisional deactivation probabilities 
were not simply proportional to radiation transition 
probabilities (these three requirements are discussed 
in reference 6). To eliminate this source of error it would 
be advantageous to study the chemiluminescence at 
much lower pressures than the 0.1- to 0.2-mm total 
pressure employed in the H+Cl, experiments and the 
2- to 5-mm pressure employed in the H+O; experi- 
ments. If the total pressure were reduced by several 
orders of magnitude, the initial distribution of products 
among vibrationally excited states could be measured 
directly. To this end a modified form of Cashion and 
Polanyi’s apparatus with far greater “light’’-gathering 


9D. Garvin, H. P. Broida, and H. J. Kostkowski, J. Chem. 
Phys. 32, 880 (1960). 
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INFRARED CHEMILUMINESCENCE IN H+N0OCI! 





Fic. 1. Trace of the infrared emission in the region of the w fundamental of NOCI and the fundamentals of NO and HCI. Thermo- 
couple detector. Slit width 0.500 mm. Flow rates of reagents; hydrogen 246 umoles/sec, NOC] 130 umoles/sec. Pressure in the reaction 


cell, approx 1.8 mm. 


power has been built by Charters and Polanyi,’® who 
have demonstrated its operation for the system H+Os. 

The present investigation of the system H+NOCI 
makes use of the original apparatus of Cashion and 
Polanyi so that a direct comparison can be made with 
their study of the system H+Cl. The fact that the 
system H+NOCI gives rise to chemiluminescence in 
the infrared has been noted in an earlier paper.® The 
object of the comparison with H+Cl, was partly to 
evaluate the relative efficiencies of the two processes 
in giving rise to infrared emission, and also to compare 
the sequences of reaction rates into the various vibra- 
tional levels. In addition, since in this case the species 
released by the reaction would be an infrared-active 
molecule, it was hoped that evidence could be ob- 
tained for the first time concerning the important 
question of whether this reaction can also lead to 
vibrational excitation of the species released. All evi- 
dence so far has tended to point to the presence of 
vibrational excitation in the new bond, that is to say in 
the species formed (for a survey of the evidence see 
references 7 and 11), but evidence has been lacking 
as to the presence or absence of vibrational excitation 
in the species released. 


EXPERIMENTAL 


The apparatus and experimental method were identi- 
cal to that described in some detail in reference 6. The 
nitrosyl chloride was a product of the Olin Mathieson 


1 P. E. Charters and J. C. Polanyi, Can. J. Chem. 38, 1742 
(1960). 


tN. Basco and R. G. W. Norrish, Can. J. Chem, 38, 1769 
(1960). 


Company (93% minimum purity) and was used 
directly from the cylinder without further purification. 
The chief impurities were probably oxides of nitrogen, 
including NO, and N2O,, and possibly also HCl. It 
is most unlikely that HCl, if present, had any significant 
effect on the results since the intensity of the emission 
observed was more than an order of magnitude greater 
than that obtainable from H+HCl under any flow 
conditions of pure HCl in the same apparatus. 

Three detectors were used in this investigation. Two 
were lead-sulphide photoconductive cells of the sap- 
phire-sandwich type manufactured by Infrared In- 
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Fic. 2. Trace of the emission in the same spectral region as Fig. 
1 using the same detector. Slit width 0.400 mm. Reagent flows; 
hydrogen 176 yw moles/sec, NOCI 174 uw moles/sec. Pressure in 
the reaction cell, approx 1.7 mm. 
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Fic. 3. Trace of the emission in the region of the HCI fundamental 


dustries Inc., Waltham, Massachusetts. These were 
cooled to liquid-air temperature and mounted’ in a 
Perkin-Elmer 12C recording spectrometer fitted with a 
LiF prism. The third detector, used for absolute 
intensity measurements and also for the investigation 
of NO and NOCI emissions, which fall outside the range 
of the PbS detectors, was a standard Perkin-Elmer 
thermocouple used in conjunction with a rocksalt 
prism. 
RESULTS 

The infrared emission from the system H+NOCI 
appears to arise from three emitters; HCI‘, NO‘, and 
NOCI.' Figure 1 is an actual trace of the emission using 
a thermocouple as detector. The three peaks corre- 
spond in frequency to HCl emission” [wo(1—0)= 
2886 cm='], NO emission” [wo(1—0)=1876 cm], 
and NOCI emission® [w;, band origin for (100-000) = 
1799 cm]. The HCl emission is seen to be roughly 
10X the NO emission and 2X the NOCI emission. 
Figure 2 shows the trace obtained when the H2: NOCI 
flow was altered from roughly 2:1(Fig. 1) to 1:1. The 
NOCI emission has increased by roughly 2.2, whereas 
the HCl and NO emission have each fallen to roughly 
0.4 to 0.5X their previous intensity (taking into ac- 


(approx 2400-2800cm~'). Slit width 0.040 mm. Cooled PbS detector. 


count a change in slit width from 0.500 mm in Fig. 1 
to 0.400 mm in Fig. 2). The NOCI emission then pre- 
dominates. The ratio of HCl to NO emission has re- 
mained substantially unchanged. 

Weak emission was observed throughout the region 
3200 to 4100 cm~. The characteristics of this emission 
were dependent on the relative flows of reagents. How- 
ever, this was not systematically explored. The only 
peak that could be identified in this emission was that 
due to the 27, band of NOCI (3562 cm™). The re- 
maining emission in this region could be due in part toa 
weak NO overtone; however, it is also necessary to 
postulate another emitter. The latter is likely to have 
been vibrationally excited water, since the general shape 
of the trace resembles that obtained from the system 
H-+NO, where an intense emission was observed that 
could be positively identified as H,O'.“ Since NO, is 
likely to have been present as an impurity in our NOCI, 
the same reaction H+-NO, could account for the water 
emission in the present system. 

Here HCl was found to be present in significant 
concentrations in levels »=1 to 9 (of the ground 
electronic state). Figures 3-5 reproduce actual traces 
of the fundamental and first and second overtone 





Fic. 4. Trace of the emission in the region of the first overtone of HC] (approx 4400-5800 cm™'). Slit width 0.040 mm. Cooled PbS 


detector. 


2 G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand Comapny, Inc., Princeton, New Jersey, 1950). 


'8W. H. Eberhardt and T. G. Burke, J. Chem. Phys. 20, 529 
44 Unpublished work from this Laboratory. 


(1952). 
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regions of the HCI’ emission, using a cooled PbS cell 
as detector. Identification of HC] was made by com- 
parison with the absorption spectrum of pure HCl 
made on the same instrument. In some traces of the 
chemiluminescence in the fundamental region (em- 
ploying a slit width of 0.010 mm) partial resolution of 
the strongest lines into the isotopic components, HC]* 
and HCl*, was obtained. 

In the fundamental region (Fig. 3) the sensitivity of 
the detector was falling rapidly toward 4y (to the left 
of the trace) and no attempt was made to pick up 
lines of sequences higher than v(3—2). Lines as high 
as J’=19 were obtained in »(1—0). After correction of 
integrated line intensities in the R branch" for changing 
sensitivity of the detector with wavelength, and correc- 
tion for interference from lines of v(2—1) and v(3—2), 
this trace was used to calculate relative populations 
in the various rotational levels of v=1 (the calculation 
is described more fully in reference 6). If the population 
distribution among rotational levels follows the Boltz- 
mann law then, 


I | 
bees ox — J’ (J'+1) Bhe/kT, 


wy Thy 


(1) 


where /; is the intensity of emission of the rotational 
line, wy is the frequency of the line (in wave numbers), 
S,= J’ (the upper-state rotational quantum number) 
for an R branch line, and Sy= J’+1 fora P branch line. 
Here F; has a value close to unity (see reference 16 
for a recent discussion of this factor in HCl). The other 
constants have their usual meanings. The values used 
were those to be found in Herzberg” (B= 10.59 cm~*). 
In Fig. 6 the log quantity on the left-hand side of 
Eq. (1) is plotted against J’(J’+1). A Boltzmann 
distribution would yield a straight line with slope equal 
to —Bhc/kT. From Fig. 6 it would appear that the 
distribution among rotational levels J’~3 to J’=12 
is roughly Boltzmann, with 7~1970°K. For rotational 
levels J’<3 the line curves toward lower equivalent 


— W,(6-3) 
— (5-2) 


— &,(4-l) 


— (8-5) 


— ,(9-6) 





Fic. 5. Trace of the emission in the region of the second over- 
tone of HCl (approx 6000-8500 cm™). Slit width 0.300 mm. 
Cooled PbS detector. 


5 In order to obtain the relative population of level J=0 the 
P (1) line was used. 

16 J. K. Cashion and J. C. Polanyi, Proc. Roy. Soc. (London) 
A258, 564 (1960), 
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Fic. 6. Distribution of HCIt among rotational states of the first 
excited vibrational state (v=1). A Boltzmann distribution 
of rotators at the temperature 1970°K would give points lying 
along the solid line. A Boltzmann distribution at 650°K would be 
along the broken line. 


temperatures. The broken line in Fig. 6 has a slope 
corresponding to a temperature of 650°K. The reaction 
cell was heated by the reaction to a temperature in the 
region of 100°C. 

Figure 4 is a trace of the first overtone of HC! (i.e., 
Av=2). The partially resolved bands 1(2—0), v(3— 
1)++*+* to v(7—5) can be identified. Higher bands, 


v(8—6), v(9—7), must be present (see below) but 
cannot easily be identified because of their low intensity 


and the increasing dispersion of the prism. 

The distribution shown in Fig. 4 is markedly different 
from that obtained in the first overtone of the H+Cl. 
emission, the relative intensity of the higher transitions 
being stronger in the present system. This is even 
more evident in the second overtone (i.e., Av=3) 
shown in Fig. 5. This emission is entirely unresolved 
but it is clear that emission is being obtained from 
transitions as high as 0(9—6), with possibly a small 
contribution from »(10—7). 

By suitable analysis the partially resolved first 


‘overtone of Fig. 4 can be made to yield integrated 


intensities for its component bands. The method has 
been described in reference 6. The R branch of v(2—0) 
is measured separately. The P branch of 0(2—0)can 
then be calculated. This is subtracted from the un- 
resolved emission which comprises both the R branch 
of »(3—1) and the P branch of »(2—0). In the present 
case the higher rotational temperature spreads the P 
branch of v(2—0) to such an extent that not only the 
unresolved R branch of »(3—1) but also the unresolved 
R branch of v(4—2) [which contains a major contribu- 
tion from the P branch of v(3—1) ] must be corrected 
for a significant contribution from the P branch of 
v(2—0). This method of calculation is based on the 
assumption that the rotational temperature is the 
same in all vibrational levels. When areas under the 
individual bands have been calculated, a correction for 
variation in sensitivity of the detector must of course, 
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Taste I. Stationary-state populations NV, expressed relative to N¢ for HClt formed in the system H+Ck, and relative to Ny for HCIt 
formed in the system H+NOCI. Temperatures T are calculated from N;/N». 
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(No 
H+Ch4 
Lek) 


(Ne 
H+NOCH 


be applied in order to convert to true relative intensi- 
ties. 

On combining the relative intensities of bands 
v(1—0), v(2—1) (obtained from the fundamental 
emission‘), 0(2—0), 0(3—1), »(4—2), 0(5—3), v(6—4) 
with the corresponding Einstein radiational transition 
probabilities we obtain relative stationary-state popu- 
lations (V,); Ni, No+++Ne(N7 was not calculated since 
the accuracy did not warrant it). The relation between 
the stationary-state population in the upper level of a 
vibrational transition V,-, the intensity of the emission 
Tem*’*, the Einstein transition probability A,-,, and 
the frequency of the emission w»’», is 


> 4 nla f 
N yx | * (We'r* Ayr). 





ng 
b 


LOG (N/N) 











six 
G(v)-G(), CM” 


Fic. 7. Distribution of HCIt among vibrational states. A Boltz- 
mann distribution of vibrators at the temperatures indicated 
would give points lying along the lines in the figure. Crosses are 
taken from observations on the system H+Ch, circles refer to 
H+NOCI. 
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For w,» we have used the band-origin frequency 
(wo) vv 

Values for V, are listed in Table I beside the corre- 
sponding figures for the system H+Clh. The H+Cl 
populations differ slightly from those listed in reference 
6 since they have been recalculated using a more 
consistent set of Einstein transition probabilities 
Ay, calculated specifically for HCl, using the Morse 
oscillator model and assuming linear dependence of 
dipole moment on internuclear separation” (Cashion 
and Polanyi®* used experimental values for the lower 
transition probabilities and combined these with Heaps 
and Herzberg’s relative A,-,’s calculated for the OH 
radical, to cover the higher transitions). The new Ay’, 
required for this calculation, expressed relative to A1p= 
33.9 sec!, are An=61.7 (63.7), As=2.32 (2.82), 
Agi= 6.44 (8.15), Ag=11.9 (17), Ass=18.2 (28), Aw= 
25.0 (36), An=32, Ass=38.6, and Ay;=44.8. The 
values in parentheses are those used by Cashion and 
Polanyi.® 

The values of N, listed in parentheses in Table I 
(Nz, Ns, No) were not obtained experimentally but were 
calculated by an extrapolation of Fig. 7; that is to say, 
they assume an approximate Boltzmann distribution. 

If the distribution of HCl* among vibrational levels 
were of the Boltzmann type then, 


Ny= (N/Qu)e-ovreitr, whe 


where N is the total population of HCl in all levels 
(including v=0) and Gpo(v) is the energy of level » 
relative to the zeroth level. When Go(v) is expressed in 
wave numbers this leads to the relation 


logN./N»,=0.625[Go(b) —Go(a) ](1/T). (4) 


A plot of log(Ni/N.) vs Go(v)—Go(1) should yield a 
straight line of slope 0.625/T. Figure 7 shows such a 
plot. Crosses refer to the system H+Ch, circles to 
H+NOCI. The H+Cl, points deviate from a linear 
Boltzmann plot by an amount which is too close to the 
experimental error to be regarded as _ significant. 
However, the deviation of the H+NOCI data from a 
linear plot (which should pass through the origin) 
indicates a non-Boltzmann distribution. The deviation 
is shown more clearly in Table I where “temperatures” 


1 F, D. Findlay and J. C. Polanyi (to be published). 
18H. S. Heaps and G. Herzberg, Z. Physik 133, 48 (1952). 
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TABLE II. Rate constants k, for reaction into each vibrational level v expressed relative to ks=1 for H+Ch, and relative to kg=1 for 


v=2 


v=3 


H+NOCI. 


v=4 





H+Ch 32 24 
H+NOC] y 24 22 





calculated from N,/N, are listed. The temperatures 
defined by N;/.V, increase (for the system H+NOC1) 
by a factor of 1.5 between v=2 and v=5. The extent 
of this deviation can be better understood in terms of 
the measured quantity \V,\/N,; Ni/N2=4.4; a Boltz- 
mann distribution would therefore require V,/N3= 18, 
whereas \,/N; is found to be 10. Similarly, a Boltz- 
mann distribution based on N,/Nz would require 
N,/Ns= 250, whereas N,/N; is found to be 42. This we 
consider to be well outside the limits of experimental 
error. 

A calculation was made of the absolute intensity of 
the HCI emission, using a globar as reference standard. 
The method of calculation was identical to that used 
previously.* The total output was calculated as 0.05 
w; 10X the power obtained from the H+Cl: system. 


DISCUSSION 


The system H+NOCI under our experimental 
conditions gave rise to detectable infrared emission 
from HCl' in vibrational levels »=1 to v=9 (and 
possibly 10), NO‘ in level v=1 and NOCI' in level 
%1=1 and 2. The only reasonable source of highly 
vibrating HCI (cf. references 6 and 8) is the exothermic 
reaction, 


H+NOCI-HCI, <9! +NO— AH=65 kcal. (5) 


(The ninth vibrational level of HCI is 63.6 kcal above 
the zero level.) The observation of HCl in a non- 
Boltzmann distribution among vibrational states in- 
dicates that a significant fraction of the HCI" is formed 
chemically rather than thermally. (It does not neces- 
sarily follow, however that all HCI’ in all vibrational 
levels v= 1 to 9 is formed chemically. ) 

It would be of great interest to find definite evidence 
concerning the presence or absence of NO?! in levels 
with »>1. There exists a considerable body of evi- 
dence (reviewed recently in references 7 and 11) to 
indicate that in an exothermic reaction between an 
atom and a triatomic molecule a major part of the 
heat of reaction can appear as vibration in the new 
bond which has been formed, 


A+BCD—ABt+CD. (6) 


Though it is known that AB! is formed in reaction (6) 
it is not known whether this represents the chief 
reaction path for A+BCD. In the present system a 
rough quantitative study has been made of the rate of 
AB? production in comparison with the over-all rate of 


5.6 
4.75 


(2.1) 





reaction A+BCD (we have previously done this for 
reaction A+BC°). The figures obtained (see below) 
leave ample room for the possibility that reaction could 
also be taking place to form CD‘, 


A+BCD—AB+CDt. (7) 


Since both AB and CD are infrared-active molecules 
in the present system, there is the opportunity of 
studying the relative importance of reactions of types 
(6) and (7) simultaneously. 

The fact that the total intensity of emission from 
AB? is roughly ten times that from CD? under all flow 
conditions suggests immediately that (6) is much more 
important than (7), even if all the CD' observed were 
formed by (7). However, the possibility exists that 
CD? is the major product but gives rise to a weaker 
emission because of preferential collisional deactiva- 
tion. Against this is the observation that the ratio of 
AB! to CD? intensity did not alter when the composi- 
tion of the gas was changed (see Figs. 1 and 2). If 
collisional deactivation were both important and highly 
specific it would be most probable that a change in the 
composition of the deactivating gas would result in a 
measurable change in the intensity ratio. 

The above discussion assumes that all CD* (NOt in 
our system) is formed in a reaction of type (7). The 
fact that there is an approximate quantitative correla- 
tion between changes in HCI' and NO? emission in- 
tensity when reagent concentrations are altered (Figs. 
1 and 2) suggests that the two excited species may be 
formed by the same chemical reaction. 

The NOt (and NOCI") could be formed in a process in 
which NO (or NOCI) acts as third body in the recom- 
bination of H atoms.® Alternatively, NO' (and NOCI') 
might be formed by collisional transfer of vibrational 
energy from vibrationally excited molecules present 
in the reaction mixture. “Donors” of vibrational energy 
could include H,' which is probably present as a product 
of H atom recombination (for evidence that atom 
recombination leads to highly vibrating product see 
reference 6). It should be noted, however, that colli- 
sional transfer of energy from H,' cannot account 
either qualitatively or quantitatively for the formation 
of highly vibrating HCl, as has been shown in experi- 
ments in which HCl or DCI were introduced directly 
into a reaction system containing H atoms or D atoms 
(and hence, it may be supposed Ht and D,!).® 

The distribution of HCl’ among vibrational levels, 
observed under stationary state conditions (Table I), 
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does not directly reflect the relative rates of formation 
of HCI" in the various vibrational levels. On the average 
each HCI* in our system suffers ~10' collisions/sec, 
that is to say, ~10° collisions during a mean radiative 
lifetime. By the time the HCl' emits, its distribution 
among vibrational states may therefore, have been 
modified by a large number of collisions with Hy and 
NOCI. In addition the emission process itself is con- 
stantly populating lower vibrational states at the 
expense of higher ones. 

The observed distribution of HCl' among vibration- 
ally excited states can be analyzed, however, by a 
stationary-state argument to yield initial rates of 
reaction into each vibrational level. Garvin, Broida, 
and Kostkowski® have described a method for doing 
this, and we have independently described a method® 
similar in principle. Both methods involve certain 
assumptions which have been listed in the introduction 
to this paper. Perhaps the most doubtful of these is the 
arbitrary assumption that the vibrationally excited 
product molecules decay to their ground vibrational 
states independently of one another, that is to say, 
without exchanging vibrational energy among them- 
selves. This assumption seems plausible on the a@ priori 
grounds that the AB'+ABrI collision rate is orders of 
magnitude less (see below) than the collision rate 
between AB‘ and other molecules. But the experimental 
observation, both in the system H+0 3° and H+Clz,® 
that the excited product is distributed in a roughly 
Boltzmann fashion among vibrational levels, suggests 
that a rapid transfer of vibrational energy is taking 
place among these AB‘ molecules despite the unfavor- 
able collision rate.’ Even in the present system the 
distribution of excited product (Fig. 7 and Table I) 
is not so far removed from a Boltzmann distribution 
that a significant amount of HCI'+HCI' vibrational 
transfer can be ruled out. 

Performing the stationary-state analysis described in 
reference 6 (using slightly different Einstein transition 
probabilities”) gives the rate constants k, for reaction 
into each vibrational level, expressed relative to kg=1. 
These are listed in Table II alongside k, for H+Cl. 
expressed relative to ke. The values given for kz, ks, 
and ky in H+NOCI are of no interest since the station- 
ary-state populations, V7, N's, No, (Table I) from which 
they are derived were obtained on the assumption 
that V;/N, for these levels, as for levels v=5 and v=6, 
corresponds to a temperature of 4000°K. It is necessary 
to make some assumption concerning N;, Ns, and No 
since these quantities enter into the calculation of ks 
and ks. If our assumption is incorrect ks and ke will be 
in error. However ki, ke, k3, and ks will remain largely 
unaffected. It is significant, therefore, that the relative 
k’s for levels v=1 to 4 are almost identical for the 
reaction H+Cl. and for the reaction H+NOCI. 

This is an unexpected result since the two reactions 
resemble one another only in the nature of the molecule 
being formed. The bond being broken is dissimilar in 


AND yg; ¢Ce 


POLANYI 


the two cases, being a pure covalency in the case of Cle 
and partially ionic” in the case of NOCI. The heats of 
reaction are very different (45 kcal for H+Ch, 65 
kcal for H+NOCI1). The nature of the species set free 
when the new bond is formed is very different, being 
an atom for H+Cl, and a diatomic molecule capable of 
taking up energy as rotation (NOCI is nonlinear’) 
and vibration in the case of H+NOCI. If this result 
is to be believed it must be supposed that the only 
factor of importance in deciding the distribution of a 
product molecule among vibrational states is the nature 
of the new bond which has been formed. It would follow 
that while the total rate constant (k= Zk,) is markedly 
affected by the strength and chemical nature of the bond 
to be broken, the individual rate constants k, are all 
affected to precisely the same extent. This rather im- 
probable result leads us to suspect that our method of 
analysis (and that to be found in references 6 and 9) is 
invalid. The most likely reason for this, as we have 
already suggested, is a significant exchange of vibra- 
tional energy among the vibrationally excited mole- 
cules after their formation. This exchange of energy 
destroys the ‘‘memory” of the initial distribution which 
would otherwise be present in the stationary-state 
distribution. 

The stationary-state distribution of HCI',. shown 
in Fig. 6 indicates that while the over-all distribution is 
definitely non-Boltzmann, rotators in the higher rota- 
tional levels are in a distribution approximating to an 
equilibrium at 1970°K (solid line). The rotational 
temperature to which the lower-level populations 
approximate is definitely much lower, of the order of 
650°K (broken line). An anomaly of roughly this type 
has been observed in flame emission spectra.” In 
flames it is believed that the true temperature is the 
higher one. The apparent lower temperature observed 
for rotators in the lower J levels is due to the fact that 
the emission must pass out of the flame through 
layers of cooler gas where absorption takes place. The 
absorption is more marked for wavelengths corre- 
sponding to the more highly populated lower rotational 
levels in the cooler absorbing layers of gas. 

We have looked for evidence of self-absorption in our 
low-pressure system, first by using the reaction itself 
as source and placing a mirror behind the reaction cell, 
and second, using an external (globar) source behind 
the cell, with very narrow spectrometer slits. In neither 
case was any evidence of self-absorption found. 

To investigate the origin and significance of the 
anomolous rotational distribution it will be necessary 
to vary the experimental conditions systematically. 
This we have not yet done. 

The intensity of emission obtained from the system 
H+NOCI was ~10X that obtained from H+Cle 


199A. F. Wells, Structural Inorganic Chemistry (Oxford Uni- 
versity Press, New York, 1945), p. 407. 

2H. P. Broida, Natl. Bur. Standards U.S. Circ. No. 523, 23 
(1954). 
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(0.05 w as opposed to 0.005 w°). This was probably due 
largely to the fact that higher reagent pressures were 
used, and also to the larger exothermicity of the chemi- 
luminescent process (65 kcal as against 45 kcal). For 
the sake of a rough comparison of chemiluminescent 
“quantum yields” we shall assume that the percentage 
conversion of the NOCI was the same as that of Cle 
(taken as 20% in our previous work). The quantum 
yield for H+NOCI calculated in this way is actually 
less (~0.2X ) than that for H+Ch, being in the region 
0.2 to 2.0% instead of 1 to 10%. 

The partial pressure of vibrationally excited HCI in 
the system H+NOCI can be calculated from the 
absolute intensity of the emission. One mole of HCI',.1 
falling to HCl, releases 8.26 kcal= 34 400 joules. If a 
concentration of HCl',.1 corresponding to 1 mole/ 
reaction cell volume were maintained at all times then 
the power emitted would be 34 400 joules X Ai» sec"! = 
34 400 33.9 w. We actually observe an emitted power 
of 0.05 w. Of this about 60% is due to HCl',..> 
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HCl,—o, that is, 0.03 w. The actual HCl',.. content of 
the reaction cell is therefore 0.03/34 400, 33.9~2.6X 
10-$ moles. The reaction cell volume is 85 cc, so the 
pressure of HCl,.1 is ~6X10-* mm Hg. The partial 
pressures of HCl',.23... are, of course, 6X10-*X 
N,/N, (Table I). In the system H+Cl, the partial 
pressures of HCl',:2... must have been roughly +5 
these values. 
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The rate of evaporation of uranium monosulfide has been 
measured over the 900-deg temperature range 1840° to 2730°K 
and a pressure range 10- to 10-* atm, with an estimated ac- 
curacy of +4%, by collection of vapor effusing from tungsten 
effusion cells containing the solid. The congruently evaporating 
composition was shown to be S/U=1.00. The effusion rate is 
expressed in terms of an “effective”? vapor pressure Pg calculated 
as though the entire vapor consisted of gaseous US molecules. 
An empirical equation derived by the method of least squares 
from the data is 


log P g(atm) = —1.7382+3.127 X 10*#/ T — 1.3181 X 108/ T? 
+0.093776X 10"/T°%. 


Mass spectrometric measurements [E. D. Cater, E. G. Rauh, 
and R. J. Thorn, J. Chem. Phys. 35, 619 (1961) ] show that the 
vaporization actually occurs both to gaseous US and to gaseous 
U+S. The present data are treated to yield the heats of sublima- 
tion at 2300°K to gaseous molecules, 150.3+2.1, and to gaseous 
elements, 271.2+4.0 kcal/mole, where the quoted uncertainties 


INTRODUCTION 


HE recent interest in the properties and reactions 

of refractory inorganic compounds has produced a 
considerable literature devoted to their vaporization 
behavior. In the case of the oxides, a sufficiency of data 
has been compiled to permit systematization!” of the 
thermodynamics of the vaporization processes and the 
sometimes complex nature of the resulting gaseous 
species. It is of considerable interest, therefore, to 
obtain information on the vaporization of refractory 
sulfides in order to ascertain quantitatively the changes 
due to the increased anion size and atomic number. A 
study of the vaporization of uranium monosulfide is of 
interest from this fundamental standpoint, and in addi- 
* Abstracted in part from the thesis of E. David Cater, sub- 
mitted to the University of Kansas in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy, June, 1960. 


Also available as Argonne National Laboratory Report ANL- 
6140. 

} Based on work performed under the auspices of the Atomic 
Energy Commission. 

1R. J. Ackermann and R. J. Thorn, “Vaporization of oxides,” 
in Progress in Ceramic Science I (Pergamon Press, New York, 
1961). 

2R. J. Ackermann, R. J. Thorn, and G. H. Winslow, “System- 
atic trends in vaporization and thermodynamic properties of 
oxides,” in Proceedings of the Conference on Physical Chemistry in 
Aerodynamics and Space Flight (Pergamon Press, New York, 
1961). 


are estimated errors. The corresponding entropies of sublimation 
are: to molecules, 38.4+0.6, and to atoms, 65.5+1.6 cal/deg- 
mole. The lattice parameter of uranium monosulfide is 5.4903 
0.0002 A. The melting point is 2735+30—5°K. The monosulfide 
solid phase appears to encompass a small composition range. 
Values derived from the experimental data and the literature for 
absolute entropies at 2300°K are 45+2 eu for solid, and 8343 eu 
for gaseous US, where estimated errors are given. The heat of 
formation of solid US at 298°K from the gaseous atoms is esti- 
mated to bé —273+5 kcal/mole and from the solid elements, 
—90+5. The free energies of formation of solid and gaseous 
monosulfide between 2100 and 2400°K are expressed by the 
equations 


AF ;°(US,s) =64.0T —268000cal/mole 
AF ,°(US,g) =38.8T —152000cal/mole 
A semitheoretical treatment gives nonlinear equations for the 


temperature dependences of the free energies and entropies of 
vaporization. 


tion should be valuable for partial characterization of 
its usefulness in nuclear technology. 

Previous authors*~® have prepared and characterized 
five sulfides of uranium, US3, US», U3Ss, U2S3, and US. 
In addition, a ternary oxysulfide phase of ideal formula 
UOS is known.*.*", Studies of these compounds have 
included determination of their crystal structures, 
magnetic susceptibilities, and solubilities in various 
reagents. It has been shown that the higher sulfides lose 
sulfur preferentially when heated in vacuum, passing 
eventually to mixtures containing the monosulfide. 
Eastman ef al.6 have suggested that these sulfides 
vaporize by decomposition to the gaseous elements, but 
no definitive measurements have been reported. The 
present paper describes an effusion study in which the 
composition of congruently evaporating uranium mono- 

3 E. F. Strotzer, O. Schneider, and W. Blitz, Z. anorg. u. allgem. 
Chem. 243, 307 (1940). 

4M. Zumbush, Z. anorg. u. allgem. Chem. 243, 322 (1940). 

5 E. D. Eastman, L. Brewer, L. A. Bromley, P. W. Gilles, and 
N. L. Lofgren, J. Am. Chem. Soc. 72, 4019 (1950). 

6 E. D. Eastman, L. Brewer, L. A. Bromley, P. W. Gilles, and 
N. L. Lofgren, J. Am. Chem. Soc. 73, 3896 (1951). 

7W. Zachariasen, Acta Cryst. 2, 291 (1949). 

8 The Chemistry of Uranium, edited by J. J. Katz and E. 
Rabinowitch (McGraw-Hill Book Company, Inc., New York, 
1951) NNES VIIL-5, ist ed., pp. 331-337. 

®M. Picon and J. Flahaut, Bull. soc. chim. France, 1958, 772. 

 E. D. Cater, P. W. Gilles (to be published). 
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sulfide is determined and its volatility is measured as a 
function of temperatue over the 900° temperature range 
1840 to 2730°K, with an estimated error of +4%. These 
data are combined with the mass spectrometric study 
of the following paper," hereafter called paper I, to 
establish the thermodynamics of the vaporization of 
solid uranium monosulfide to diatomic US molecules 
and to separate atoms U+S. In addition, the heats and 
free energies of formation of solid and gaseous US and 
their absolute entropies are obtained. 


PRINCIPLES OF THE METHOD 


If a vapor of molecular weight M and partial pressure 
p is allowed to effuse into a vacuum from a container at 
temperature 7 through a thin-edged orifice of area a, 
then under well-known conditions, the number Z of 
moles which in time ¢ will impinge upon a circular target 
of radius r located coaxially with the orifice at a distance 
d is given by the equation 


p=(Z/at) (2mRTM) }(1+<4?/r?) (1) 


in which R is the ideal gas constant. The most recent 
and most nearly complete discussion of the measure- 
ment of vapor pressures by the effusion method and 
the related problems is that of Carlson.” 

In the present research samples of uranium monosul- 
fidé were heated in tungsten effusion cells, and a fraction 
of the vapor was condensed on cooled platinum targets, 
which were assayed for uranium by a counting. The 
mass spectrometric measurements of paper II establish 
that the volatility of stoichiometric uranium monosul- 
fide in the temperature range 1973 to 2423°K results 
almost entirely from the two processes 


US(s) =US(g) (1) 
and 


US(s) =U(g)+S(g). (11) 


A barely detectable amount of US:(g) was also ob- 
served. It will be convenient first to treat the target 
data alone before discussing them in conjunction with 
the mass spectrometric data. For this purpose we define 
the “effective” vapor pressure Pg of US by the equation 


Pr= [Zu (total) /at ](2xRTMys) 4(1+d?/r*) or} &2) 


where Zy (total) is the total number of gram atoms of 
uranium detected on the target by @ counting, and 
Mysz is the molecular weight of US. Calculation of the 
“effective” vapor pressure is thus equivalent to assum- 
ing all the vapor to consist of US molecules. However, 
because Zy (total) =Zy+Zvs, the actual partial pres- 
sures of gaseous U and US in the effusion cell are related 
to Py by the equation 


Pe=pust p(Mus/Mv) *. (3) 


1 E. D. Cater, E. G. Rauh, and R. J. Thorn, J. Chem. Phys. 
35, 619 (1961). 

2K. D. Carlson, Argonne National Laboratory Report ANL- 
6156 (1960). 


609 


PREPARATION AND ANALYSIS OF SAMPLES 


Samples of uranium sulfide of over-all compositions 
S/U =0.80 to 1.07 were prepared in 2- to 4-g lots by an 
adaptation of method 4 of Eastman e¢ al.° Uranium 
metal of natural and of enriched isotopic composition 
in the form of wire of ;', to § in. diam was used. The 
enriched uranium contained 5.36+0.05% U**’, 0.4364 
0.004% U%*, 93.16+0.05% U?*, and 1.00+0.01% 
U*54, Spectrographic analysis showed only traces of 
metallic contaminants, with the maximum amounts 
being iron, silicon, and copper in the amounts 70, 60, 
and 20 ppm, respectively. 

Electrolytic hydrogen and welding grade argon were 
purified before use by being passed over uranium turn- 
ings maintained at about 600°C in a Vycor tube. 

Hydrogen sulfide gas specified by the manufacturer 
to be 99.5% pure was obtained from the Matheson 
Company of Joliet, Illinois. Mass spectrometric analysis 
showed it to contain approximately 0.4% carbon dioxide 
and 0.3% carbon monoxide or nitrogen. Sulfur from 
dissociation of the hydrogen Sulfide prevented analysis 
for oxygen. Two samples of the gas of known pressure 
and volume were swept with argon into silver nitrate 
solutions and the excess silver was titrated by the 
technique described below. The results indicated 98.9 
and 99.5% hydrogen sulfide, respectively. 

The uranium wire was electropolished to remove the 
exterior oxide coating, then weighed and placed in the 
previously outgassed fused silica reaction tube and 
evacuated as rapidly as possible to obviate oxide con- 
tamination. Reaction with hydrogen was effected at 
about 200°C, and the resulting hydride was decomposed 
by heating to 300°C under vacuum to give finely 
divided metal. The pressure of hydrogen sulfide required 
to give a desired sulfide composition was introduced to 
the hot, finely divided metal through a carefully flushed 
Pyrex system having a gas self-circulating feature.® 
The reaction tube was maintained at 550+50°C over- 
night, then was allowed to cool, the hydrogen produced 
in the reaction was pumped off, and argon was admitted 
to the system. 

The crude sulfide so prepared was a black, loosely 
sintered mass shown by x-ray powder diffraction to be 
a mixture of higher sulfide and @ uranium. The reaction 
product was crushed and thoroughly mixed in an 
alumina mortar in an argon-filled drybox, then trans- 
ferred to a crucible machined from dense tungsten rod, 
and homogenized by heating in high vacuum at 2000 
to 2300°C for periods up to several hours. The resulting 
monosulfide was brightly metallic in appearance, did 
not stick to the crucible, was brittle, and could readily 
be crushed by hand in the alumina mortar. The color 
was ordinarily about that of tantalum, but some samples 
were gold. It did not change appearance on standing for 
one year in the laboratory atmosphere, but did emit 
sparks and hydrogen sulfide if ground in air. 

Analysis of samples for sulfur was performed by dis- 
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TABLE I. Monosulfide samples used in effusion experiments. 


Sulfur to 
uranium 
ratio in 
soluble 
part of 
sample 


Insol. 
residue, 

% by wt. and 
phases 


Annealing 
Sample time ard temp. 


No. (°C) 


Lattice 
parameter Used in 


series Remarks 








0.47%, UOS 


1600-2080, 1.01 


6 hr 


P-12(1) 


P-13(2) 1950 to 2100, 


2.3 hr 


1.01? 1.01%, 


UO.+a-U 


P-18 (3) 1900 to 2150, 


12.3 hr 


0.88 10.1%, a-U 


P-18 (3-lid) 
P-19(1) 


1.01 
0.99 


same as P-18(3) none 


2160, 
3.0 hr 


none 


P-19(1-lid) same as P-19(1) 1.01 none 


® E. D. Cater, Argonne National Laboratory Report ANL-6140. 


solving 30 to 100 mg of sulfide in 3.6 N sulfuric acid, 
absorbing the hydrogen sulfide produced in an ammoni- 
acal solution containing a known amount of silver 
nitrate, and titrating the excess silver with standard 
potassium thiocyanate with ferric iron as indicator. 
Duplicate determinations usually agreed within 1% of 
the sulfide content. Slight oxygen contamination some- 
times encountered yielded from a fraction to several 
percent uranium dioxide or oxysulfide in the samples. 
Such contaminants were easily detected, because these 
phases, even in amounts of the order of 0.01%, remained 
undissolved in the sulfide analysis and so could be 
weighed and identified by their appearance and x-ray 
diffraction patterns. The identity of the oxygen-contain- 
ing phase depended on the sulfur-to-uranium ratio of 
the monosulfide preparation.!° 

Monosulfide preparations having atomic ratios S/U 
less than unity gave the x-ray diffraction pattern of the 
monosulfide phase only. On dissolution in 3.6 N sulfuric 
acid, however, all samples of composition S/U<0.99 
and one sample each of composition S/U = 1.00 and 0.99 
yielded insoluble precipitates, identified by x-ray diffrac- 
tion as @ uranium. Because the uranium ions in the 
sulfide phase are essentially identical chemically, and 
because metallic uranium is attacked only very slowly 
by dilute acid, it is reasonable to suppose that the 
weighed amount of precipitated a uranium constituted 
a separate phase in the original samples. Thus the 
amount of uranium in solution, calculated from the 
sulfide analysis, the total weight, and the amount of 
precipitate, represents the quantity of uranium in the 
monosulfide phase. The x-ray patterns of the original 
materials did not show the lines of the uranium phase 
because either it was in too small amount to be detected 
in the presence of the monosulfide (i.e., less than, say, 


8T. M. Kolthoff and J. J. Lingane, J. Am. Chem. Soc. 57, 
2126 (1935). 


5.4877+0.0003 


5.4896+0.0006 Sulfide analysis believed 
high. S/U=0.99 after 


first annealing. 


V-11, 12 Behavior on annealing 


.4857+0.0005 
: discussied elsewhere.* 


5.4865+0.0004 
5.4868+0.0003 


V-6, 7,8 


Melting point 
determination 


V-9, 10, 13 


Isotopically enriched 
uranium. 


5.4924+0.0006 


3%), or else the liquid uranium agglomerated at the 
high annealing temperatures and the globules could not 
be ground to enter the 0.2-mm capillary tubes used for 
holding the x-ray diffraction samples. 

Monosulfide phases of compositions S/U =0.96, 0.97, 
0.99, and 1.00 were obtained in samples in which 
metallic uranium was found to be present. Phases of 
composition S/U=0.99 and 1.00 were also obtained in 
the absence of metal. We surmise that the sulfur- 
deficient monosulfide phase may extend to the composi- 
tion S/U =0.96, but our data do not permit a statement 
of the equilibrium conditions corresponding to the 
various compositions. 

Samples of composition US;.91 were completely solu- 
ble and gave only the monosulfide x-ray diagram. A 
sample of formula US; 97 yielded both the monosulfide 
pattern and a weak pattern attributed toa higher sulfide 
phase or phases, but not analyzed in detail. Because a 
few percent of a second, more complex phase are neces- 
sary before its powder pattern becomes visible, we sur- 
mise that the uranium monosulfide phase extends at 
least to the composition S/U=1.01+0.01. 

It was found that annealings in high vacuum at 2200 
to 2300°C for upwards of half an hour yielded considera- 
ble amounts of monosulfide on the underside of the lid 
of the annealing crucible, presumably because the lid 
surface was cooler than the remainder of the cavity. 
Two such samples were taken for the final effusion 
measurements and for one of the mass spectrometric 
experiments. 

Table I contains data describing the samples used for 
the various experiments. The number in parentheses 
after the preparation number indicates the number of 
times the sample had been ground and annealed. The 
designation P-18(3-lid) indicates the material removed 
from the crucible lid after the third annealing of the 18th 
preparation. 
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Fic. 1. Sintered-tungsten effusion cells. 


EFFUSION MEASUREMENTS 


1. Apparatus and Procedure 


Measurements of the rate of effusion of the vapor from 
uranium sulfide samples of compositions near S/U = 1.00 
were made in an apparatus essentially identical to that 
used by Ackermann, Gilles, and Thorn" in their study 
of uranium dioxide. The sintered-tungsten effusion cell 
was supported on a semikinematic beryllia table in an 
evacuated, water-jacketed fused-silica condenser. At 
the upper end of the condenser were located the maga- 
zine containing the stack of targets to be exposed, a 
magnetically activated fused-silica shutter which could 
be interposed between orifice and target to control 
exposure time, and a Pyrex receiver into which exposed 
targets could be ejected by a magnetically operated 
push rod. Power from a 20-kw thermonic oscillator was 
supplied to the effusion cell by high-frequency induction 
from a coil surrounding the water jacket. A shuttered 
optical window below the condenser permitted pyro- 
metric measurement of the temperature of the black- 
body hole drilled into the bottom of the effusion cell. 

The two effusion cells used are shown schematically 
in Fig. 1. They were machined from partially sintered 
bars of compacted tungsten powder and subsequently 
sintered to their final dimensions by induction heating 
to 2600°C in high vacuum. The lids shrank tightly onto 
the cells during sintering and could not be removed. 
Uneven sintering distorted the orifices, so that differ- 
ences of up to 5% were found between the longest and 


4 R. J. Ackerman, P. W. Gilles, and R. J. Thorn, J, Chem. Phys. 
25, 1089 (1956) ; 29, 237 (1958). 


shortest diameters. Six different diameters were meas- 
ured by means of a traveling microscope before and 
after each series of effusion experiments, and the arith- 
metical average of all readings was taken as the diameter 
for calculation of the orifice area. The average linear 
coefficient of thermal expansion of tungsten was taken 
to be 4.6 10~* deg for calculation of the orifice areas 
at exposure temperatures.’° The orifice of effusion cell 
No. 2 shrank up to 4% in diameter at the high tempera- 
tures of series V-6 and V-13, and the shrinkage was 
apportioned among the individual exposures under the 
approximate assumption that shrinkage rate was pro- 
portional both to time and temperature. 

Temperature measurement was effected by means of 
a Leeds and Northrup disappearing-filament optical 
pyrometer calibrated by one of the authors (R. J. T.) 
by the primary method of rotating sectors.'* The 
temperature scale established by this pyrometer and 
its calibration are in agreement with that of the Na- 
tional Bureau of Standards within 2 deg at 2000°C. 
Correction was made for a systematic difference in 
temperatures read by R. J. T. and E. D. C. varying 
from —0.4° at 1400°C to +1.4° at 2400°C. Intercom- 
parisons were made between temperatures measured in 
the orifice and blackbody hole of each effusion cell in 
situ before each series of experiments. Systematic, 
temperature-dependent differences between the two 
temperatures ranged from 2 to 24 deg, with orifices both 


S$, L. Hoyt, Metal Data (Reinhold Publishing Corporation, 
New York, 1952), p. 743. 

‘6 F, Hoffmann and C. Tingwaldt, Optische Pyrometrie (Ed- 
wards Brothers, Inc., Ann Arbor, Michigan, 1944). 
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Fic. 2. Effective vapor pressure vs time at constant tempera- 
ture. Composition of initial samples: series V-1, US: .0; series 
V-11 and V-12, USo 95 with 10% uranium metal. 


warmer and cooler than blackbody holes. For these 
measurements the top of the condenser was capped 
with a shuttered optical window so that the orifice was 
directly observable. The temperature assigned to each 
target exposure was the average of several measure- 
ments spaced over the exposure time. Each such 
measurement was itself the average of six pyrometer 
readings,’ so that the probable error of each measure- 
ment was less than a degree, and any temperature drift 
was easily observable. Occasional manual adjustment 
of the power input maintained the temperature within 
+3° of the average value, even during rapid deposition 
of sublimate on the condenser walls. Experimental 
temperatures were measured in the blackbody hole and 
were subsequently corrected for transmissivity of the 
window and prism used, and were normalized to the 
corresponding orifice temperature, which was taken as 
the temperature of the exposure. In each series of ex- 
posures, several targets were exposed at successively 
increased temperatures, followed by several at succes- 
sively decreased temperatures, and so on until a given 
series was completed. 

The radius of the collecting area on the targets was 
defined by the stainless-steel collimating ring which 
supported the stack of targets in the magazine. The 
distance from orifice to collimator was measured at room 
temperature with a cathetometer before each series of 
experiments, but after at least half an hour’s pumping 
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to ensure that the ground-glass joints had been well 
seated. Calculations and estimations concerning the 
expansion in height of the hot effusion cell and its sup- 
ports and the shrinkage of the liquid-nitrogen-cooled 
magazine showed that the room temperature value of 
orifice-to-collimator distance used for pressure calcula- 
tion is accurate within about +0.01 cm out of a total 
length ~10 cm, i.e., within about 0.1%. 

The platinum targets were of + in. diam, and 0.005 
in. thickness. They were cleaned before use in hot 
sulfuric-nitric acid solution, then heated to redness in 
air for about 30 sec. Each was mounted with a steel or 
phosphor bronze spring in an aluminum ring for ease in 
handling. After a series was completed, the effusion cell 
was allowed to cool in high vacuum for two or more 
hours, and then helium or argon was admitted to the 
system. The effusion cell was transferred to the dry box 
and the sample was removed through: the orifice by 
means of a tungsten probe for x-ray and chemical analy- 
sis. 

Exposure times varied from 5 to 310 min. The a 
activity of the target deposits was measured in a parallel 
plate counter of 51.4+0.1% counting efficiency. Each 
target was counted for a time sufficient to give a statis- 
tical standard deviation, as given by (total counts) }, 
of 1% or less, except in the cases of lowest activities. 
The activities varied from 1 to 7500 counts/min. The 
corresponding weights of uranium were calculated from 
the specific activities (1.501+-0.003) X10® dis/min/g” 
for natural uranium and (1.411-++0.014) X 10° dis/min/g 
calculated for the enriched material from its isotopic 
composition and the half-lives!’ of the individual iso- 
topes. 


2. Preliminary Experiments 


In order to ascertain whether uranium monosulfide 
vaporizes congruently, samples of monosulfide both 
sulfur-rich and containing metallic uranium were main- 
tained at constant temperature until considerable por- 
tions had evaporated. Targets were exposed periodically 
and residues were analyzed chemically and by x-ray 
diffraction. The effusion cells were reweighed periodi- 
cally during each series. Table I gives a summary of the 
experiments, including the lattice parameters of the 
residues. In Fig. 2 the values of Pg calculated from the 
target activities are plotted at the midpoints of the time 
intervals of the exposures, and the accumulated weight 
losses are indicated. The Pg values for each series are 
normalized to the constant temperature indicated. 

For series V-1 the sample taken was 0.604 g of prepa- 
ration P-12(1) monosulfide. This sample contained a 
monosulfide phase of the formula USj.01 and 0.47% 
UOS. The effusion cell employed was the annealing 
crucible, which had an orifice of 1.69 mm diam and 2.53 


17 FE. H. Fleming, Jr., A. Ghiorso, and B. B. Cunningham, Phys. 
Rev. 88, 642 (1952). 

18 T), Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 
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mm length in its lid. The curve in Fig. 2 shows an 
initially high volatility corresponding to loss of oxygen- 
ated species (see paper II) and species containing the 
excess sulfur, followed by a constant value correspond- 
ing to congruent vaporization. The first point on the 
graph, at 25 min, was calculated from the weight loss; 
during the first portion of the experiment the cavity vs 
apparent bottom temperature calibration was effected 
so that no targets were exposed. The discrepancy of 6% 
in the average value of Pg for the second and third parts 
of the experiment is unexplained, although a 4-deg 
temperature difference would account for it. Analysis 
of target activities and times of exposure indicated that 
the total target activity was collected while the shutter 
was open; thus there was no detectable bouncing of 
effusate from the condenser wall. Sulfide analysis indi- 
cated the formula USo.93 with less than 0.1% insoluble 
residue, but this apparent sulfur content is believed 
slightly low because of nonquantitative transfer of 
samples in this instance to the analysis apparatus. 

In series V-11 and V-12 samples of preparation 
P-18(3) monosulfide of, respectively, 408 and 452 mg 
were heated in effusion cell No. 1 at temperatures, 
respectively, near 2350° and 2470°K. The experimental 
samples had the over-all sulfur-to-uranium ratio S/U = 
0.80 and contained a monosulfide phase of formula 
USo.99 and excess uranium metal. The V-11 residue was 
found to contain a monosulfide phase of formula US; .00 
and a uranium, which constituted 6.0% of the material. 
The V-12 residue contained only a monosulfide phase 
of formula US;.90 and an insoluble residue which was 


found to be tungsten metal. This last presumably was 
present only because the residue was scratched from the 
tungsten effusion cell by means of a tungsten probe. The 
vaporization behavior shown in Fig. 2 corresponds to a 
very high initial volatility caused by uranium evaporat- 
ing from the sample surface, then a constant value 
corresponding to evaporation of monosulfide and 
uranium, with the rate of loss of uranium controlled by 
diffusion through the solid sulfide mass, and finally 
another, lower, constant volatility due to congruent 
evaporation of the compound US; .90. Series V-11 was 
terminated before the final stage was reached. 

These preliminary results show that the composition 
US, .0 is reached on vaporization both of slightly sulfur- 
rich and of uranium-saturated monosulfide. Examina- 
tion of the data from previous authors*:*.’ indicates this 
to be the only congruently evaporating composition in 
the uranium-sulfur system. 

Another preliminary experiment (series V-3) was 
performed to examine the experimental technique. The 
effective pressures calculated from deposits condensed 
on three targets exposed to effusate from preparation 
P-13(2) monosulfide in effusion cell No. 1 at about 
2410°K were compared with pressures calculated from 
the measured weight loss of the effusion cell in each case. 
The values obtained from the target data were higher 
by factors of 1.28, 1.18, and 1.17. The experiment was 
repeated with the same effusion cell containing uranium 
dioxide. The results yielded again target values higher 
by factors of 1.22, 1.17, and 1.18. Presumably the differ- 
ence resulted from the design of the effusion cell. In any 
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Fic. 4. Residuals of experimental points from linear and four 
parameter curves fit to the data of Fig. 3. 


real effusion experiment in which the evaporating 
sample lies on the bottom of the effusion cell, the ob- 
. served weight loss should be less than that calculated 
from target data, because the irreversible nature of the 
effusion process demands that the wall collision density 
in the upper part of the cell be less than the saturation 
value.” For this reason, vapor-pressure data obtained 
from collection experiments are to be preferred over 
weight-loss data. The vapor pressures of uranium 
dioxide calculated from the target data from series V—3 
agree with those of Ackermann ef al.'* within the preci- 
sion of their data. 

In order to determine whether quantitative deposition 
was occurring on the targets, two “bouncing” experi- 
ments were performed at effusion-cell temperatures 
2345° and 2353°K. During one exposure in series V-10 
and one in series V-11, effusate was allowed to pass 
through a 0.50-in. hole in the center of the target, and 
thus to strike the target next above in the stack. A 
fraction of any molecules reflected from the upper target 
would then impinge upon a second perforated target 
backing the lower target, and would condense there. 
Alpha activity on the backs of the two perforated 
targets indicated incomplete condensation. Assuming 
the molecules to be re-emitted according to the cosine 
law,” one calculates that the activities correspond to 
noncondensation of, respectively, 2.1 and 2.5% of the 
effusate which struck the upper target. On the other 
hand, Ackerman ef al.’4 found in the same kind of 
experiment that the noncondensing fraction of vapor 
from uranium dioxide was less than a fraction of a per- 
cent. The agreement between the ratios of target to 
weight loss values of Pr found with US(1.21+0.03) 
and the dioxide (1.19+0.01) seem to indicate quantita- 
tive condensation of the monosulfide vapor. 

In each exposure of series V-13 the magazine was re- 
placed by a cold finger which carried a single platinum 
target of 0.020 in. thickness. This target was cooled by a 
flow of water directly across its back. Figures 3 and 4, 
described below, show that any difference between pres- 
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sures calculated from the water-cooled targets and those 
carried in the magazine was masked by the experimental 
scatter. The fractional noncondensation of effusate thus 
constitutes a very small, probably systematic error in 
the calculated pressures, but the experimental precision 
does not require allowance for it in the final calculations. 
It was observed that at high temperatures some leak- 
age of vapor occurred through the walls of the sintered- 
tungsten effusion cells. Calculation from observed 
weight losses, target activities, and the geometry of the 
system showed that the total amount on the targets 
should be in error by no more than one percent from 
this source. This effect would tend to counter that due 
to incomplete condensation. 


3. Temperature Dependence of the ‘“‘Effective”’ 
Pressure 


Six series of exposures were made to determine the 
temperature dependence of the effective pressure. Both 
effusion cells and both natural and isotopically enriched 
monosulfide were used. The results are presented in 
Fig. 3, in which the logarithm of the effective pressure 
is plotted against the reciprocal of the effusion cell 
temperature for each target exposure. Table II contains 
experimental details for the individual series. For series 
V-6 and V-7 the top of effusion cell No. 2 was fitted 
with two annular radiation shields of 0.001 thick tung- 
sten sheet. Data from series V-6 exposures following 
the eighth are omitted because of a rapid decrease in 
calculated effective pressures as a result of sample 
depletion. All V-7 data were omitted from Fig. 3 and 
from subsequent calculations because only the first two 
exposures gave results in agreement with those from the 
other experiments. Later exposures were valueless be- 
cause the shields shifted and a deposit built up on their 
inner edge, thus blocking the orifice. Series V-10 was a 
continuation of series V-9, but was performed a fort- 
night later. The effusion cell with its contents had been 
stored under purified argon in the meantime. in series 
V-13 single water-cooled targets were exposed, and 
after each exposure the effusion cell was allowed to cool 
for at least 1.7 hr in high vacuum. Helium or purified 
argon was then admitted and the system remained 
closed to the atmosphere for at least 10 min before the 
exposed target was replaced. 


RESULTS 


It is seen from Fig. 3 that the data closely fit the 
straight line drawn through them. Its equation, deter- 
mined by the method of least squares, is 


log Pg (atm) = (—2.997-+0.009) 10*/7'+ (7.666-£0.038). 
(4) 


The quoted errors are statistical standard deviations. 
Figure 4(a) shows the residual of each experimental 
value from that calculated from Eq. (4), and the stand- 
ard deviations in the calculated values of logPg are 





URANIUM 


MONOSULFIDE. 


TaBLe II. Summary of effusion experiments with uranium monosulfide. 


No. 


Sample taken® Temp. °K targets 





Symbol 
Figs. 3,4 of residue, A 


Lattice 
parameter 
Remarks 








Preliminary experiments 


P-12(1) 2417 


P-18(3) 2350 
P-18(3) 2470 


P-13(2) 
and UO» 


2402-2428 


5.4907 
+0.0003 


5.4896 
+0.0004 


5.4902 
+0.0003 
5.4904 
+0.0004 


17% wt. loss. Congruent vaporization at- 
tained from $/U>1. 


24% wt. loss. Two phases, U+US remaining 
at end. 


62% wt. loss. Congruent vaporization at- 
tained from S/U <1. 


Comparison of weight loss and target data. 


Pressure vs temp. experiments 


P-18(3-lid) 2442-2646 13 


P-18(3-lid) 2449-2772 
P-18(3-lid) 2303-2536 


V-9 P-19(1-lid) 
V-10 P-19(1-lid) 


1861-2320 
1840-2374 


V-13 P-19(1-lid) 2414-2727 


® See Table I for description of samples. 


shown as vertical lines. The distribution of residuals 
indicates a systematic trend corresponding to a decreas- 
ing slope with increasing temperatures, and indicates 
that a nonlinear curve should be fit to the data. An 
empirical equation obtained by least squares is 


logPr (atm) = —1.7382+3.1274X 10'/T 


—1.3181X 10°/7?+0.09378X10"/T%. (5) 
No errors were calculated for the parameters of Eq. (5). 
The residuals shown in Fig. 4(b) indicate a somewhat 
better fit of the experimental points by the nonlinear 
curve. 

By way of comparison the “effective” vapor pressure 
of uranium monosulfide at 2300°K is about 4 the vapor 
pressure of uranium dioxide! and § that of uranium 
metal.'® 

Figures 3 and 4 are noteworthy because of the high 
precision and slight curvature they indicate. A calcula- 
tion of the expected uncertainty in a typical experi- 
mental value was made for the fourth exposure of 


19 For this comparison and in later calculations, we have used 
the data for uranium given by D. R. Stull and G. C. Sinke, 
Thermodynamic Properties of the Elements (American Chemical 
Society, Washington, D. C., 1956), and taken from the measure- 
ments of E. G. Rauh and R. J. Thorn, J. Chem. Phys. 22, 1414 
(1954). These measurements appear to be the best reported to 
date, despite recent criticism of them [G. DeMaria, R. P. Burns, 
J. Drowart, and M. G. Inghram, J. Chem. Phys. 32, 1373 (1960) ]. 


0 Eff. cell No. 2 with 2 radiation shields. 96% 
wt. loss. Pg~0 at end due to sample loss. 

5.4901 
+0.0002 


5.4908 
+0.0002 


Eff. cell No. 2, 2 radiation shields. Data dis- 
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Eff. cell No. 1, no shields. Enriched U. 


Eff. cell No. 2, no shields. Enriched U. Water 
cooled targets. 


series V-8 at the value 10*/7=4.2055. Two kinds of 
relative errors are expected, namely, those among the 
individual points in a given series and those systemat- 
ically different among the series. Errors in the individual 
measurements are those in @ counting, and in time and 
temperature determination. Systematic differences 
among the various series arise from errors in measure- 
ment of orifice and orifice-to-collimator dimensions, use 
of different effusion cells with different temperature 
distributions and different orifice sizes, temperature 
effects due to different window prism transmis ivity 
determinations, errors in the specific activity adopted 
for natural and/or enriched uranium, and any difference 
resulting from different condensation efficiencies of the 
water-cooled targets and those held in the magazine. A 
combination of standard deviations estimated and cal- 
culated for all the experimental variables gives for the 
chosen experimental point the following values 


logPr = —4.9141+0.012 


Pg=1.53X10~ atm+2.8%. 


If there are no unrecognized random errors, therefore, 
approximately two-thirds of the residuals from the ex- 
perimental values of logPg near 10*/7=4.2 should lie 
within a band of width 0.02. Inspection of Fig. 4(b) 
shows this to be the case, although the experimental 
values vary sinusoidally about the line calculated from 
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empirical Eq. (5). The uncertainty among the series is 
expected to be doubled at the higher temperatures 
because of greater errors in measurement of the smaller 
orifice and correction of blackbody hole to orifice 
temperature. At the lowest temperatures a somewhat 
higher uncertainty results from the relatively poorer 
counting statistics. It is concluded that there are no 
random experimental errors unaccounted for in the 
measurement of the total rate of effusion except at the 
extremes of the temperature range. 

There are additional uncertainties in the absolute 
values of temperatures, decay rates, and orifice-to- 
collimator distance. These uncertainties combined with 
those above set the estimated error in the measurement 
of the absolute value of the “effective” vapor pressure 
at +4%. The agreement of data taken with two effusion 
cells whose orifice areas differed by a factor of four 
indicates that equilibrium was adequately approximated 
in all cases, and there is no need to invoke a so-called 
evaporation coefficient of nonunit value to aid in inter- 
preting the data. The slight curvature of Fig. 3 is sub- 
sequently discussed. 

THERMODYNAMICS OF VAPORIZATION OF 
URANIUM MONOSULFIDE 


The mass spectrometric data of paper II may now be 
combined with the effective pressures to calculate the 
partial pressures of U and US and the thermodynamics 
of reactions (I) and (II). The mass spectrometric 
measurements were made over the temperature range 
2158° to 2403°K, while the effusion measurements en- 
compass from 1840° to 2727°K. We choose to calculate 
pu and pus from each experimental value of Pg in the 
range of temperatures covered by the mass spectro- 
metric experiments, calculating the ratio pu/pus from 
Eq. (3) and the cross section ratio ovs/ov = 1.41 of Eq. 
(5) in paper II. From linear least-squares treatments 
of logpy and logpus vs 104/T we obtain 


logpus(atm) = — (3.284+0.022) X10'/T 
+ (8.383+0.097), (6) 
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and 
logpu (atm) = — (2.964+0.022)  104/T 
+ (7.374+0.097), (7) 


in which statistical standard deviations are given and 
the errors in Eq. (3) of paper II are temporarily ignored. 
The apportionment of the “effective” pressures into the 
partial pressures is shown in Fig. 5, in which logpus, 
logpu, and loglpust+ pu (Mvus/Mv) 1] os logPr are 
plotted against 10/7. 

From the Clausius-Clapyron equation one has for a 
given reaction 


logK = (1/2.303R) (—AH7°/T+ASr7’). (8) 
The equilibrium constant for reaction (I) is given by 
Ki=pvus. For reaction (II), remembering that in the 
effusion cell pgs=pu(Ms/Mv)!, one has Ky= 
pu?(Ms/Mv) *. Comparing Eq. (8) with Eqs. (6) and 
(7), one obtains for the mean temperature 2300°K: 

AH,° (1) =150.3+1.0 kcal/mole 

ASr° (I) =38.36+0.44 cal/deg-mole 


AH7° (11) =271.2+2.0 kcal/mole 


ASr° (II) =65.49+0.88 cal/deg-mole. 


Again the standard deviations from the least-squares 
treatment are given, and the errors in the mass spectro- 
metric data are not included. 

Satisfactory agreement is obtained when the linear 
Eqs. (6) and (7) are used to calculate values of Pg 
outside the temperature range of the mass spectrometric 
measurements, and these values are compared with 
those calculated from empirical Eq. (5). This result 
indicates a high degree of internal consistency among 
the effusion data and also validates the linear treatment 
of logpu and logpys to obtain the heats and entropies 
of vaporization. The values of Pg calculated via Eqs. 
(6) and (7) are higher at the higher temperatures than 
those from Eq. (5), e.g., by 20% at 2632°K, but this is 
expected because the 200-deg extrapolation of Eqs. (6) 
and (7) gives values of logPg curving upwards with 
decreasing 10/7, whereas the experimental logPg plot 
curves downward, presumably because of heat capacity 
effects. 

In order to estimate the absolute uncertainties in the 
above quantities, one requires knowledge of the uncer- 
tainty in the value used for the ionization cross-section 
ratio, ovs/ov =1.41. The manner of its determination 
is described in paper II. Calculations showed that a 
change in the ratio by a factor of 2 to 2.82 would change 
the values of the heats and entropies by slightly more 
than 1%. The corresponding changes in pus and py at 
2378°K, respectively, amount to about 40% and 15% 
of the values calculated with ovs/ov =1.41. However, 
within 6% their sum is independent of the chosen cross- 
section ratio and errors in other mass spectrometric 
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values at all temperatures. These uncertainties com- 
bined in the root-mean-square fashion with the tempera- 
ture and other uncertainties in the mass spectrometric 
measurements give the estimated uncertainties in 
AHo309° and ASozo0° for reaction (I), respectively, +2.1 
kcal/mole and +0.6 cal/deg-mole, and for reaction (II), 
+4.0 kcal/mole and +1.6 cal/deg-mole. Calculations 
employing tabulated data for sulfur'®® indicated that 
gaseous diatomic sulfur from the equilibrium 


2S (g) =S2(g) 


contributes less than 1% of the sulfur vapor at 2700°K, 
and less than 0.1% at 1900°K. 

Combination of the second-law data with those for 
the elements given by Stull and Sinke,'® as corrected” 
for a dissociation energy 4.4 ev for Se, gives the absolute 
entropies at 2300°K of solid US, 45.08+2, and of 
gaseous US, 83.443, cal/deg-mole, where the errors 
are estimated. The enthalpy of dissociation of gaseous 
US to the gaseous elements at 2300°K is 121+4 kcal/ 
mole or 5.2 ev, and the free energy of formation of solid 
US from the gaseous monatomic elements at 2300°K 
is —256+5 kcal/mole where again the errors are esti- 
mated. The absolute entropy of the solid at 2300° is 
about twice that of some of the refractory metals, 
which is not surprising in view of the metallic properties 
of the refractory monosulfide. 

A rough third-law calculation was made from the 


observed values of py in the mass spectrometric temper- 
ature range, the published data for the elements, and 
estimated free energy functions for solid US. These last 
were taken as those for uranium plus two-thirds the 
difference between those for uranium and uranium 
dioxide,” extrapolated approximately to the appropriate 


temperatures. Calculation of AHo°(II) gave an 
average of 272 kcal/mole with less than 0.2% change 
with the temperature of the individual py values. This 
result, while not rigorous, is taken as supporting evi- 
dence that the calculated pressures are accurate, and 
that the second-law treatment is correct. This value of 
AHo° (11) combined with the second-law value of 
AHo300° (II) and the published data for the elements 
indicates an average heat capacity 5.9R for solid 
uranium monosulfide. 

A calculation based on the second-law entropies and 
the high temperature form of the Debye equation for 
the entropy of crystalline solids” showed that if US 
behaves as a Debye solid, its heat capacity is the classi- 
cal 6R. The corresponding value of AHo° (IL) is 273 
kcal/mole, in agreement with the rough third law value. 
If this value of AH/o93°(II) is taken, the heat of forma- 
tion at 298°K of solid US from rhombic sulfur and solid 


2”. Brewer, J. Chem. Phys. 31, 1143 (1959); D. G. H. Mars- 
den, ibid. 31, 1144 (1959). 

21 G. N. Lewis, M. Randall, K. Pitzer, and L. Brewer, Thermo- 
dynamics (McGraw-Hill Book Company, New York, 1961), 
2nd ed. 

2 J. E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley & Sons, Inc., New York, 1940). 
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uranium is —90 kcal/mole. Here again the thermal data 
of Stull and Sinke!® have been corrected in accordance 
with D°(S.) =4.4 ev.” 

In the above treatment the partial pressures and 
thermodynamic quantities have been given in terms of 
linear functions of 1/7. As was noted, linear extrapola- 
tion of the partial pressures via Eqs. (6) and (7) yields 
values of Pg too high by an appreciable amount at 
temperatures outside the range of the mass spectro- 
metric measurements. The best possible extrapolations 
of the various functions should take into account a more 
sophisticated temperature dependence, and the wide 
temperature range and good precision of the present 
data warrant such a treatment. We proceed by taking 
the second-law entropies and heats at 2300°K, construct- 
ing the forms of the desired equations from theoretical 
considerations, and fitting the data to them. The result- 
ing equations appear to contain more terms than the 
precision justifies, but the number of terms is fixed by 
the theoretical forms chosen for the properties of the 
various substances, and thus is not arbitrary. Similarly 
a large number of digits in each constant is required to 
preserve accuracy, because differences are taken be- 
tween large numbers. The relations used are the high 
temperature form” of the Debye entropy equation, the 
theory of Gruneisen* relating heat capacity, compress- 
ibility, and coefficient of thermal expansion, the high- 
temperature forms of the statistical mechanical equa- 
tions for gaseous molecules,” and the thermodynamic 
equation S=—(dF/dT),. Uranium monosulfide is 
assumed to behave as a Debye solid and as an ideal 
diatomic gas with negligible electronic entropy. The 
following equations are obtained for evaporation to 
gaseous US molecules (I) and to the elements (II): 


AF,° (1) (cal/mole) = — 7.65271 10®— 1.2210 10°T 
+0.132127?+ 2.90655 X 10° logT+6.8625T logT 
AS7° (1) (cal/deg-mole) = 1218.01 —0.26424T 
— 1.26225 10° 1/T —6.8635 logT 
AF,° (II) (cal/mole) = —7.53833X 108— 1.2232 10°T 
+0.1321197?+ 2.90655 X 108 log7+-0.29650T logT 
ASr® (II) (cal/deg-mole ) = 1223.06—0.264234T 
— 1.26225 10° 1/T —0.29650 log7. 
It should be noted that these equations, while valid in 
the temperature range 1800° to 2800°K, do not give 
reasonable values on extrapolation to lower tempera- 
tures, because high-temperature approximations were 


used in their derivations. 


*%E. Gruneisen, Handbuch der Physik edited by S. Fliigge 
(Springer-Verlag, Berlin, 1926), Vol. 10, p. 1 
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1. Lattice Parameter 

The lattice parameter of stoichiometric uranium 
monosulfide as given by the average of those from ten 
vaporization residues including the mass spectrometric 
samples is 5.4903+0.0002 A, where the quoted error is 
the standard deviation of the arithmetical average. The 
powder diffraction patterns were taken with Norelco 
cameras of 11.47 cm diam and copper radiation of wave- 
lengths Koi = 1.54050 A and Ka2= 1.54434 A. The vapor- 
ization residues gave x-ray patterns sharper than those 
from the initial preparations, and the residues should 
have had a more nearly constant, well-determined com- 
position. Previous authors have reported parameters of 
5.484+0.002? and 5.486+0.01 A.° The first value was 
taken from a sample of over-all formula S/U=1.13 
with “the main constituent. ...US.’4 The latter param- 
eter refers to material slightly deficient in sulfur and 
perhaps contaminated with carbon, oxygen, or alumi- 
num. 


2. Melting Point 


The melting point of uranium monosulfide was deter- 
mined by heating samples from preparation P-19(1) 
in high vacuum in the annealing crucible to 2665°, 2698°, 
2723°, 2742°, and 2745°K, and observing the residues 
afterwards. The apparent temperature of the crucible 
bottom was monitored and subsequently corrected to 
the cavity temperature by an intercomparison. No 
change in the shape of the pieces of sample was observed 
after heatings at the two lowest temperatures. Follow- 
ing heatings at the two highest temperatures the sample 
was spread in a smooth, concave meniscus across the 
bottom of the crucible cavity. The heating at 2723°K, 
at the end of which the temperature drifted to 2738°, 
yielded a partially melted residue. Observation of the 
orifice during the heatings by means of an optical 
pyrometer showed that in the runs at 2742 and 2745°K 
there suddenly appeared a small dark spot in the orifice, 
the spot having an apparent temperature at least a 
hundred degrees lower than the orifice previously. The 
spot behaved as though it were a reflection of the orifice 


* W. H. Zachariasen, U. S. Atomic Energy Commission Docu- 
ment CP-2160 (1944). 
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in the surface of a liquid, and it disappeared immedi- 
ately on resolidification of the sample. The melting point 
of US is thus estimated to be 27354+30—5°K. The 
upper limit is set because the appearance of the dark 
spot on the melt indicated that blackbody conditions 
were probably not quite attained in the intercomparison 
experiments. Previous authors’ reported a melting 
point of 2473°K. Their value may be low by reason of 
contamination with oxygen. Such an effect has been 
observed? in the case of the cerium sulfides. 


DISCUSSION 


A comparison of the oxides and sulfides of uranium 
shows that in both cases the congruently evaporating 
phases correspond to the stoichiometric formulas of the 
cubic, high-melting solid phases of lowest oxidation 
numbers, respectively, UO,"4 and US. The dioxide from 
1600° to 2800°K vaporizes almost entirely to gaseous. 
UO, with minor amounts of UO; and UO at the higher 
temperatures,'*> whereas the monosulfide in the same 
temperature range yields chiefly the elements with 
roughly one-third the volatility due to gaseous molecules 
US and a minor amount of US:. From the free energy 
functions given by DeMaria et al.'* for UO(g), those 
for gaseous U and O given by Stull and Sinke,!® and 
using the value of Do° for UO, 7.9 ev given by DeMaria 
et al.,\° one calculates the free energy of dissociation of 
UO(g) at 2300°K to be 116 kcal/mole. The correspond- 
ing value for US(g) from the present research is 58.5 
kcal/mole, so that the preponderance of elements in the 
vapor from uranium monosulfide is not surprising. 

It should be noted that the limiting accuracy of this 
study arises from the mass spectrometric experiments, 
while the total volatility was determined with much 
greater certainty. 
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A study of the vapor effusing from a tungsten effusion cell 
containing uranium monosulfide has been performed with the aid 
of a time-of-flight mass spectrometer. Between 1700° and 2150°C 
uranium monosulfide vaporizes predominantly according to the 
reactions 

US(s) =US(g), (1) 
and 


US(s) =U(g) +S(g), (II) 


and to a detectable extent at 2100°C and above by the reaction 


fe paper describes the application of a time-of- 
flight mass spectrometer to the study of the vazori- 
zation of uranium monsulfide. In the preceding paper,' 
hereafter called paper I, the present results are com- 
bined with absolute effusion rate measurements for the 
calculation of the partial pressures of the species pro- 
duced and of the thermodynamics of the vaporization 
reactions. 


EXPERIMENTAL APPARATUS 


The instrument employed in this research was a 
Bendix Corporation model 12-101 time-of-flight mass 
spectrometer,?* equipped with a two channel pulse 
counter and a Tektronix model 545 oscilloscope. The 
molecular beam source, a tungsten effusion cell heated 
by electron bombardment, was mounted below the 
ionization region and the effusing molecular beam was 
directed vertically into the ionization region through 
two slits located approximately 2 and 3.5 cm above the 
orifice. A magnetically operated shutter located between 
the slits permitted observation of the background 
spectrum. The entire mass spectrum from masses 1 to 
4000, or any chosen portion thereof, could be displayed 
continuously on the oscilloscope screen, and ions of 
interest were identified by comparing their drift times 
with that of one of the isotopes of mercury in the back- 
ground spectrum. The ratio of ion currents at any two 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ Abstracted in part from the thesis presented to the Uni- 
versity of Kansas by E. David Cater in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy, June, 1960. 
Also available as Argonne National Laboratory Report ANL- 
6140. 

1E, D. Cater, P. W. Gilles, and R. J. Thorn, J. Chem. Phys. 
35, 608 (1961), preceding paper. 

2W. C. Wiley and I. H. McLaren, Rev. Sci. Instr. 26, 1150 

1955). 
; 3 > B. Harrington, in Advances in Mass Spectrometry (Perga- 
mon Press, New York, 1959). 


2US(s) =USe(g) +U(g). 


Least squares treatment of the ion current ratio Jys*/Jyt asa 
function of temperature between 1885° and 2130°C yields the 
relationship AH 7°(I) —[AH 7° (II) /2]=14.642.4 kcal/mole, 
where the error is estimated. In the presence of very small amounts 
of oxygen in the solid monosulfide the vapor species UO and UOS 
are found. A faint peak in the spectrum at mass 264 is suspected 
to have been due to ThS*. 


chosen masses could be measured by means of the pulse 
counting circuits. 

In practice the two counters were adjusted to the 
same sensitivity on one ion peak, then set on the peaks 
of interest and several ratio counts taken. The counters 
were then interchanged to measure the inverse ratio, 
and the ion current ratios J,;+/J;+ for the two settings 
were averaged, thereby minimizing any effect of un- 
equal counter sensitivity. The resolution of the instru- 
ment was such that adjacent mass peaks could be ob- 
served visually in the mass range at least up to 300, 
and the counter resolution was such that in the mass 
region near 270 peaks separated by two mass units 
could be measured without interference. The smallest 
ion currents which gave reproducibly measurable ratios 
corresponded to pressures in the effusion cell of about 
1X10~* mm Hg, but the major peaks were detectable 
visually on the oscilloscope screen at pressures lower 
by perhaps a factor of ten. Photographs of the oscillo- 
scope trace at exposures of several minutes revealed yet 
other peaks whose intensities corresponded to partial 
pressures lower by perhaps another factor of ten. 

The molecular beam source is shown schematically 
in Fig. 1. The effusion cell was machined from copper- 
impregnated tungsten obtained from the North Ameri- 
can Philips Company, and the copper was subsequently 
removed by vacuum heating at 2500°C. The effusion 
cell and orifice channel were heated directly by electron 
bombardment from the two tungsten filaments. The 
unusual design of the cell was intended first to permit 
independent regulation of orifice temperature by means 
of the auxiliary filament, since the orifice was expected 
to be the coolest part of the cell, and second to allow the 
orifice to be brought almost into the plane of the upper- 
most radiation shield to minimize reflection of the beam 
from the shields. 

Electronic regulation of the emission current provided 
effusion cell temperatures as high as 2200°C and con- 
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stant within the precision of measurement, ie., 1°. 
Temperatures could be measured by means of an optical 
pyrometer either in the orifice by sighting from above 
through the collimating slits, or from below by sighting 


Molecular beam source employed in the time-of-flight mass spectrometer. 


on the blackbody hole in the bottom of the effusion cell. 
Before each experiment the cell was outgassed by induc- 
tion heating at 2500°C in high vacuum. Then it was 
mounted as shown in Fig. 1 and the radiation shields 
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and effusion cell were successively heated to maximum 
temperature until the background spectrum was free 
of peaks from residual vapors except in the region of 
low masses. 

OBSERVATIONS 


Preliminary vaporization experiments described in 
paper I established that uranium monosolfide vaporizes 
congruently at the composition US, .o9. Two experiments 
were performed to determine the vaporization processes 
of uranium monosulfide and to establish their relative 
importances. 


1. Determination of Species 


During the first experiment only qualitative results 
were sought. The sample used was 23 mg of the residue 
from one of the preliminary experiments. This material 
was not analyzed chemically, but its vaporization 
behavior and lattice parameter indicated it to be the 
congruently evaporating US;.90. The sample was of a 
bright metallic gold appearance. It had been stored for 
several weeks in an initially argon-filled dry box and 
some contamination of the box by air had undoubtedly 
occurred. It was funneled through the orifice of the 
previously outgassed effusion cell which was not re- 
moved from its shielding for the operation. 

The temperature of the effusion cell was increased 
slowly, and the appearance and disappearance of various 
mass peaks were observed visually on the oscilloscope 
screen. At about 1400°C a peak at mass 40, identified 
as At, was quite intense and was greatly reduced when 
the shutter over the orifice was closed. Mass 32, 
probably O,*, was about as intense. These peaks de- 
creased rapidly to background level. Their appearance 
at the high temperature probably indicates some 
solubility of the gases in the solid monosulfide. At about 
1700°C mass peaks 238, 254, 270, and 286 appeared. 
These peaks, shown by means of the shutter to corre- 
spond to effusing species, were identified with the ions 
Ut+, UOt, UO.+ and/or US*, and UOS* (not UO;* 
because of the reducing conditions.) All appeared to be 
primary peaks, fading together as the electron energy 
was reduced to zero, and reappearing at about the 
same voltage according to visual observation. The 
peak at mass 32 (O,*+ and St) increased in intensity at 
the higher temperatures and was due largely to effusing 
species. After about 90 min at temperatures increasing 
from 1700°-2100°C, the ion current intensities were in 
the approximate ratios 8:20:8:1, respectively, for the 
peaks corresponding to masses 238, 254, 270, and 286. 
Shortly thereafter the mass peaks at 254 (UO*) and 
286 (UOS*) faded rapidly, and the peak at 270 dimin- 
ished somewhat relative to that at 238. With the 
elimination of oxygenated species, the ratio [279+/TZoss* 
became constant and was found to increase about 5% 
as the energy of the ionizing electron beam was increased 
from 20-100 v. A small peak at mass 272 became visible 
at the higher temperatures. The peak at mass 32 was 
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(a) Mass region 235-272 


264 270 


eagle 


(b) Mass region 264-272 


Fic. 2. Mass spectra observed from vaporization of uranium 
monosulfide. 


still prominent in the background spectrum, but its 
intensity decreased by a smaller amount than before 
when the shutter was closed. Mass 34 (H,St+) was quite 
prominent in the background, and increased electron 
energy gave a fragmentation peak at mass 33 (HS+) 
and an increased intensity at mass 32 (St). No masses 
above 286 were found, and no peaks corresponding to 
tungsten-containing species were seen. The vaporization 
of solid uranium monosulfide is thus believed to occur 
chiefly according to the reactions 


US(s) =US(g), (1) 
and 


US(s) =U(g)+S(g). (11) 


Portions of the mass spectrum photographed from the 
oscilloscope screen are shown in Fig. 2. The region of the 
uranium-containing species and the disappearing oxide 
peaks is shown at (a) and the region near mass 270 is 
shown expanded at (b). In addition to the visually 
identified peaks, the photographs revealed ions of the 
following masses: 232 (TH*?), 235 (U2%+), 256 (back- 
ground; see below), 264 (ThSt?), and 267 (U25S*+), 
The faint peaks at masses 232 and 264 are discussed in 
a later section. 

The major peak at mass 270 with its less intense com- 
panion at mass 272 and the very weak peak at mass 267 
must be attributed to the ions US+ rather than to UO.+ 
for two reasons. First, the disappearance of UO+ and 
UOSt from the spectrum and the diminution of the 
peaks at masses 270 and 32 by loss, presumably, of 
UO; and O from the sample indicated the elimination of 





CATER, 





T T 
Series (0); 50 volt electrons 
(bd); 50 volt electrons 
(c); 50 volt electrons 
(4); 20 voit electrons) 
(e), 20 volt electrons 


Series 
Series 
Series 
Series 


> 
/Te3e 


+ 
270 


Log I 





4 1 








44 
10°/T (deg™') 


Fic. 3. Log of ratio of ion currents from (U*8)*+ and (US) + 
vs reciprocal of temperature. 


oxygen. Second, the observed relative intensities of 
the peaks near 270 are in agreement with those calcu- 
lated from the isotopic composition of USt and not 
with those from UO,+. Figure 2(b) shows the faint 
peak at mass 267 to be much less intense than that at 
272, which is expected if the species are (U?*S*)*+ and 
(U?%S*)+, On the other hand, if the species were 
(U2%0,'*)+ at mass 267 and (U?80,!7)+ and 
(U28O,6Ois)+ at mass 272, the 267 peak would be 
several times more intense than the 272 peak, and the 
272 peak might be below the limit of detection. 

The ions UOt+ and UOS+ were found to reappear in 
the spectrum each time the effusion cell was reheated 
after cooling to room temperature, even though the 
residual pressure in the spectrometer usually decreased 
to below 1X 10-7 mm Hg as the cell cooled. In successive 
reappearances the oxide peaks were less intense and 
disappeared more rapidly. 

From the free energy functions for gaseous UO and 
UO, given by DeMaria et al.,4 the approximate ion 
current ratios Iy+/Iyo/Ivstvost, and the observed 
decrease in the mass peak 270, one estimates that the 
partial pressure of oxygen in the effusion cell at the 
outset of the experiments was of the order 10-" to 10-” 
atm. The previous history and analysis of the experi- 
mental sample (paper I), the elimination of the oxide 
peaks on heating, and this calculation indicate that the 
oxygen in the vapor species was originally adsorbed on 
or dissolved in the solid sulfide, and was not present as 
solid dioxide or oxysulfide. The sample on cooling 
apparently took up oxygen from the residual gases in 
the spectrometer, which oxygen reappeared as UO, 
UO., and UOS in the early parts of successive experi- 
ments. 

After the first experiment a residue of a few milligrams 
of sintered, gold-colored uranium monosulfide was left 
in the bottom of the effusion cell. Its sharp but spotty 
x-ray diffraction pattern showed the uranium monosul- 
fide pattern with a lattice parameter of 5.4901+ 0.0002 
A, in good agreement with the value of 5.4903-+-0.0002 


*G. De Maria, R. P. Burns, J. Drowart, and M. G. Inghram, 
J. Chem. Phys. 32, 1373 (1960). 
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A given in paper I for the congruently subliming com- 
position US; 90. 


2. Ion Current Ratio vs Temperature 


Before the second experiment the sensitivity of the 
instrument was increased by modifications recom- 
mended by the manufacturer, and an intercomparison 
was made of the temperatures of the orifice and the 
blackbody hole in the bottom of the effusion cell. The 
pyrometer employed had been calibrated by the method 
of rotating sectors. The blackbody hole temperature 
was 37° lower than that measured in the orifice at an 
orifice temperature of 2379°K, and 48° cooler than the 
orifice at 2126°K, with a linear dependence over the 
temperature range. Operation of the auxiliary filament 
around the orifice channel did not change the tempera- 
ture distribution inside the effusion cell within the 
precision of the measurements, although at lower 
temperatures without radiation shielding this filament 
had provided an effective control. Experimental temper- 
atures were measured from below and then corrected to 
the corresponding orifice temperatures by the afore- 
mentioned intercomparison. Precise measurement of 
the temperature of the small orifice was difficult, and 
the standard deviation in the correction from blackbody 
temperature to orifice temperatures varied from +3 to 
+6 deg over the range 2100° to 2370°K orifice tempera- 
ture. 

The sample for the second experiment was an 80 mg 
portion of a monosulfide sample designated P-18 
(3-lid), the same material used in effusion series V-6, 
V-7, and V-8 of paper I. Observation of the spectrum 
during initial warmup of the effusion cell showed again 
the peaks due the ions UOt and UOS* which behaved 
as described previously. An unidentified background 
peak at mass 256 was always present. The ion current 
ratios Is79+/Ie33+ were recorded on several days as a 
function of temperature. The data obtained with both 
20 and 50 v ionizing electrons and during a considerable 
period of time are shown in Fig. 3 as log/ozo+/I23s* 
plotted against the reciprocal of the orifice temperature 
for each observation. 

At temperatures near 2100°C a very weak peak at 
mass 302 corresponding to US,+ was observed. It 
appeared to be due to a primary species and its intensity 
was estimated visually to be about one-tenth that of 
the peak at mass 272 due to (US*)+. The indication is 
that the molecule US: is one of the vaporization prod- 
ucts of uranium monosulfide, probably by way of the 
reaction 


2US(s) =U(g)+US2(g), (IIT) 


which according to the estimated ion current intensity 
accounts for a few tenths of a percent of the total 
volatility. Failure to observe this peak during the first 
experiment may be attributed to the lower sensitivity 
of the instrument in that experiment. This explanation 
seems reasonable because the background peak at mass 
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256 and the peaks due to (U*®)*+ and (U*%S®)+ were 
also observed visually during the second experiment, 
but only found on relatively long-exposure photographs 
of the oscilloscope trace during the first experiment. The 
region of mass 302 was not photographed during the 
first experiment. 

At the conclusion of the second experiment the total 
residue of perhaps 1 mg was deposited on the underside 
of the effusion cell lid in the form of a clump of small, 
shiny crystals. Its x-ray diffraction pattern was that of 
uranium monosulfide, but was of poor quality and 
yielded parameters 5.4923+0.0011 and 5.4898-+-0.0008 
A as measured by two observers. 


RESULTS 


If the enthalpy changes AH7° for reactions (1) and 
(II) are constant over the range of temperatures 
included, it follows that a straight line drawn through 
the points of Fig. 3 should have a slope s given by the 
equation 


2.303R X 104s = AH°y (11) /2—AH°r (1), (1) 


where R is the gas constant/mole. Least squares analy- 
sis of the data gives 


logl210+/Iar* = — (0.3203-0.0281) 104/T 
+ (1.137+0.122), (2) 


where the statistical standard deviations in slope and 
intercept are given. 

For the calculation in paper I of the partial pressures 
of U and US it was necessary to add to the constant in 
Eq. (2) the quantity 0.0212, the logarithm of 1.05, in 
order to account for the ion currents attributable to 
Ut and USt at masses other than 238 and 270. Accord- 
ingly the ratios of currents due to ions of all the appro- 
priate isotopic compositions are given by 


loglust/Iut = — (0.320340.0562) 104/T 
+ (1.158+0.244), (3) 


where the errors are estimated. 

Consideration of the possible role of fragmentation 
as a source of U* ions leads to estimated uncertainties 
in Eq. (2) somewhat larger than the quoted statistical 
values. The crude observations of appearance potentials, 
the slight increase of the ratio Jygst/Jyt+ as electron 
energy was increased from 20 to 100 ev at constant 
temperature, and the general agreement in Fig. 3 of the 
ion current ratios taken with 20- and 50-v electrons are 
all indicative, though not conclusive, that the fragmen- 
tation effect is a minor one. Detailed analysis showed 
that although the 20- and 50-v points give slopes differ- 
ing by more than their standard deviations, both treat- 
ments yield thermodynamic values for the vaporization 
processes that agree within their estimated errors. It 
appears best therefore to include all the ion current data 
in a single least squares treatment, and we choose as 
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estimated errors twice the statistically determined 
standard deviations. The result is the value and esti- 
mated error 


AHy® (11) /2—AHy° (1) = —14.642.4 kcal/mole. (4) 


The standard deviations in the calculated values of 
loglez0t/TIess* vary from +0.004 at 10'/7=4.35 to 
+0.008 at both 104/7=4.1 and 4.6, and are shown as 
vertical lines at several temperatures in Fig. 3. These 
standard deviations correspond to errors in the calcu- 
lated ion current ratios of respectively 0.9 and 1.9%, 
and are doubled for purposes of estimating the actual 
uncertainties in the values calculated in paper I. The 
16% estimated error in the slope is less serious than so 
large a percentage error might seem to indicate on first 
glance. Calculations show that the error here yields 
about a percent error in the heats for the individual 
reactions. 

Had individual ion currents been measured, it would 
be possible to calculate directly the partial pressures of 
the species by using the measured currents and the 
absolute effusion rates determined in paper I for each 
temperature. However, since only the ratios of ion cur- 
rents were determined, it is necessary to estimate a 
cross-section ratio cus/ov for making these calculations. 
De Maria et al.‘ have quite recently calculated a relative 
cross section of 50-++5 for atomic uranium on the relative 
scale used by Otvos and Stevenson? for ionization of 59 
elements by electrons. Taking the value 12.8 for sulfur 
given by Otvos and Stevenson and assuming that 
ous=outsas, one calculates ovs/ov =1.3+0.2. 

Three measurements of the ratio of the currents from 
the ions S+ and U+ were made. Because of the high 
background at mass 32, it was necessary to refer the 
S+ ion/current to a third peak of constant intensity, in 
this case mass 18 (H,O*). From the ratios J3.+/I,st 
(shutter open), Js:*/Jis* (shutter closed), Iso+/Jo3s* 
(shutter open), the ratio of sulfur and uranium ion 
currents were calculated. The values obtained were 
0.096, 0.194, and 0.161; average 0.150. This experi- 
mental value for the ratio J3:+/Jo;s+ (effusing), when 
combined with the pressure ratio in the effusion cell 
Ps/Pu = (Ms/My)'=0.367, gives for the experimental 
conditions 


Os ‘ou = (I30* Tozgt ) (Pv/ Ps) =(0.41+0.14, 


where the quoted error spans all three values of 
T39+/Is33+. Assuming ovgs=outos, one finds for the 
present experimental conditions and instrument 


ovs/ou =1+os/ov =1.4140.14 (5) 


This value agrees with that calculated above, and is 
used in paper I for the thermodynamic calculations. 

The absolute temperature of the evaporating sample 
was known only to pehaps +20°, although relative 


5 J. W. Otvos and D. P. Stevenson, J. Am. Chem. Soc. 73, 546 
(1956). 
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temperatures were believed accurate to +3°. The tem- 
perature gradient from orifice to blackbody hole is 
caused at least in part by the manner of construction of 
the latter as shown in Fig. 1. The rather long orifice 
channel may not have been at a uniform temperature 
along its entire length so that it is impossible to say 
precisely what point in the cavity is represented by the 
observed orifice temperature. Because the difference in 
orifice and blackbody hole temperatures changed only 
slightly over the temperature range of the experiments, 
and because the orifice temperatures were used, the 
slope of the plot of log J279+/Je3s+ vs 104/T should be 
affected relatively slightly by this systematic error. 
However, imprecise knowledge of the sample tempera- 
ture corresponding to a given value of Je79+/To3s* 
renders the intercept uncertain and gives rise to about 
5% uncertainty in the value of Jyst/Ju* at any tem- 
perature. 


EVIDENCE FOR THE MOLECULE ThS 


Faint mass peaks at 232 and 264 were detected photo- 
graphically. Their intensities corresponded to about 
0.01 to 0.1% of the intensities of the peaks from uranium 
and uranium monosulfide. It seems possible that these 
peaks arise from the ions (TH*”)+ and (TH?”S*®)+. 
Thermodynamic considerations indicate that under the 
conditions of the experiments ThO(g) and not ThO2(g) 
would be the major species evaporating from oxygen- 
ated thorium monosulfide or even dioxide. No peak 
corresponding to ThO* (mass 248) was observed, so 
that if the observed peak at 232 were identified with 
Th*, that at 264 probably corresponds to ThSt, and it 
would seem likely that solid thorium monosulfide 
vaporizes to both the gaseous molecules ThS and to 
the elements. 

The source of any thorium present is not readily 
ascertained. Spectrochemical analysis of the uranium 
used to prepare the monosulfide showed less than 
2X10-*% thorium. It has long been observed that hot 
tungsten filaments emit appreciable quantities of Tht 
ions, even though the filaments contain only trace 
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amounts of thorium. A deposit of sublimate was formed 
around the opening in the top radiation shield, and was 
found by x-ray diffraction to contain chiefly uranium 
monosulfide with a small amount of the oxysulfide. It 
is conceivable that gaseous thorium atoms or ions from 
the tungsten filaments or effusion cell itself might have 
reacted with the deposit to form gaseous ThS or ThSt. 
The intensity of the mass peaks 232 and 264 would 
suggest evaporation of Tht and ThS*, which would 
then have to pass through the two collimating slits into 
the ionization region, from which they were accelerated 
to the detector. Because no photographs were taken of 
the background spectrum alone with the effusion cell 
hot, one cannot eliminate the possibility that the peaks 
in question arose from residual organic vapors. One can 
write formulas for ions containing tungsten, oxygen, 
and sulfur and having the masses 232 and 264, but these 
are ruled out because each would have to be accom- 
panied by three adjacent peaks of about the same in- 
tensity, and such peaks were not detected. 


CONCLUSIONS 


Gaseous species newly identified in this research were 
US, US:, and UOS, and perhaps ThS. In view of the 
stability of the molecule US (D,°~5.2 ev') it seems 
likely that there exist gaseous monosulfide molecules 
in the vapor of other refractory, metallic monosulfides, 
for example the compounds ThS, CeS, LaS, and PuS. 
Similarly one can discount neither the possibility of 
disulfide or other higher sulfide molecules above the 
phases US., U.S3, UsS;, or US; under experimentally 
realizable conditions, nor of analogous molecules above 
higher sulfide phases of other metals. The vapor above 
uranium oxysulfide can also be expected to contain 
molecules, for example UO and UOS. 
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Our atomic- and free-electron wave functions are applied to the calculation of the deionization cross 
section for O 1. Our s- and d-wave numerical solutions to the free-electron wave equation is fitted to Cou- 
lomb functions for normalization. This result is used to determine the cross section for the transitions s wave 
to 2p orbital and d wave to 2? orbital. We carried out an approximate calculation for the transition to the 
3p orbital with the resulting indication that the hydrogen result may reasonably be used. For the contribu- 
tions from transitions to 3d and higher orbitals the hydrogen cross sections have been adopted. Our final 
result is 198X10°*! cm? leading to a rate constant for radiative deionization of 218 10~“ cm3/sec. 


I. INTRODUCTION 


N this paper we shall consider the application of our 

wave functions for free electrons and atoms to the 
problem of determining radiative rate constants. We 
shall determine specifically the rate constant for the 
deionization of O 1m at a temperature of 500°K, but, of 
greater importance, we shall discuss our method of 
obtaining the constant so that for subsequent deter- 
minations a statement of the number will be sufficient. 

In obtaining the radiative rate constant one could, of 
course, average the various rate constants over a 
Maxwell-Boltzmann distribution for the temperature 
in question to obtain the desired result. We shall 
simply find the constant for a mean electron velocity 
corresponding to the temperature, but, if someone 
should desire to extend the calculation to include this 
smearing, the technique would merely be a repetition of 
what is described here. The rate constant is a product 
of the free electron velocity and the cross-section for 
radiative deionization of Ou. This cross section con- 
sists of several factors, well known from electrody- 
namics, and the matrix element for the deionization 
process. Further, one requires this cross section for each 
of those final states of O1 for which the contribution is 
appreciable. Getting these matrix elements is the real 
problem. 

In Sec. II we consider the computation of the free 
electron wave functions. In Sec. III we consider the 
evaluation of the deionization matrix element for the 
transition from the free electron s and d waves to 
the various configurations for O1 arising from oxygen 
with four 2 electrons. In Sec. IV we will consider the 
approximate evaluation of the cross sections for the 
capture of the free electron into a 3p orbital. This will 
indicate the justifications for the adoption of the 
hydrogen result for all captures to higher states, an 
approximation which leads rapidly to our final result. 


* Based on work performed under the auspices of the U. S. Air 
Force Ballistic Missile Division. 

+ Consultant, Correspondence address: 48 Maple Avenue, 
Centerville 59, Ohio. 


II. FUNCTION FOR THE FREE ELECTRON IN 
THE PRESENCE Ol 


In a previous paper! we have discussed our methods, 
programmed for IBM 704, for obtaining the wave 
function for a free electron in the presence of a neutral 
atom. The complete free-electron wave function is 
actually of the form 


e= do (xi(r)/r) Pir), (1) 


but we recall that only the s-wave portion of this ex- 
pansion?* need be computed for a neutral atom. The 
higher-order waves are quite accurately represented by 
half-odd-order Bessel functions and factors, 


xi(r) =0'(21+-1) (ar /2k) *Jiyy(kr+m). (2) 
We suppose the ion to produce a Coulomb potential 
in which the free electron exists thus neglecting the 


effects of exchange and polarization. In a general 
form this potential is 


4¢(Qt) |2 
V (Or) =— (8/1) + fe Var, (3) 
Yer 


wherein the ¥4s(O*) refers to the wave function for 
the *S ground state of Om. We applied our wave 
function program‘ to get ¥‘s(O*) which has, of course, 
the form of a seventh-order determinant. Substitution 
of this wave function into Eq. (3) yielded the potential 
V (Ot) =Vi—r = —2(7.652+r") exp(—15.304r) 

—[43.9683r?+ 19.6201r+9.2402+ (2/r) ] exp(—5.934r) 


—([42.7416+ (3/r) ] exp(—4.846r)—r-. (4) 


The Schrédinger equation which must be solved for 


'R. G. Breene, Jr., and M. C. Nardone, Phys. Rev. 115, 93 
(1959). 


2 R. G. Breene, Jr., Planetary Space Sci. 2, 10 (1959). 


3S. Chandrasekhar and F. H. Breen, Astrophys. J. 104, 430 
(1947). 


‘R. G. Breene, Jr., Phys. Rev. 111, 1111 (1958). 
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Fic. 1. The radial functions for the s- and d-wave electrons in 
the presence of Or. Both the wave functions and the radial 
coordinate are in atomic units. 


is now 


_Ul+1)| 
[ru (7)=0. (95) 


the radial functions of Eq. (1) 


| 


U(r) +) R—2Vi+(2/r 
{ 


dr 
The factor (k?/2) is the free electron energy in atomic 
units. The mean value of the energy corresponding to a 
temperature of 500°K is 0.00125 a.u. or a k value of 
0.05. For this value of k Eq. (5) was solved numerically 
for O<r<8 in atomic units for the s- and d-wave 
functions. This numerical solution must now be joined 
to some known or derivable solution to the equation 
whereby a proper normalization is obtained. We recall 
that for the neutral atom one could join this numerical 
solution to an asymptotic solution at a separation of 
8 a.u. from the nucleus. Such is hardly the case here, 
however, for the Coulombic portion of the potential, 
(2/r), is still contributing appreciably at such a separa- 
tion. At about 14 units of length from the nucleus the 
contributions from V, are negligible and Eq. (5) takes 
the form 


- 
+(e +(2/r) 
a 


In passing we remark that the asymptotic solution to 
this equation is 


—[1(1+1) /r?]} 


xXi(7) = (6) 


xk sin(kr+6,—k“ In2kr). Cr) 


Unfortunately, we may not join our solution directly 
to such an asymptotic one, but, instead, we must turn 
to the regular solution to this equation at lesser separa- 
tions from the nucleus. Yost, Wheeler, and Breit® have 
obtained the real solution to this equation for a repulsive 
field. The result is, in form, almost precisely that for 
our attractive case, but their numerical results in that® 
and a companion publication® are not applicable here. 
L. et us s indicate the method of obtaining this solution. 


Ven, J. A. Wheeler, and G. Breit, Phys. Rev. 


49, 174 
1936). 
¢F. L. Yost, a. 


A. Wheeler, and G. Breit, J. 
Elec. 40, 443 | 


1936). 


Terr. Mag. Atmos. 


We begin by making the following substitution in 
Eq. (6) 


z= 2ikr, xk=1/k, m=I+%, (8) 


with the result 
(@W /d2?) +{—44+(«/s) +04 
which is the confluent hypergeometric equation given 


on p. 337 of the work cited in reference 7. The regular 
solution of Eq. ( 


9) may be taken from the same source 


—m?)/2)\}W=0, (9) 


s+m—k 
1!(2m+1)~ 
($+m—k) , 


ytm—x«) ( (atm— k) 
e 2m+1) (2m+2) 


C'(2m+1) 

r(3+m— 

l(2m+1) 

r(3+m-+x) 

The regular solution to Eq. (6) will then be the 

product of some normalizing factor and Mxm(z). We 

find the factor in question by recalling the requirement 

that the free-electron wave functions have unit ampli- 

tude at infinity and making use of the asymptotic form 
of Wxm(z), 


exp (xi) W_¢m(—2) 


expl(4-+-m+) ait JW m(z) (10) 


W x,m(2) = 


(x—3) 
ee” aie 


(m?— (K—; AY?) om? — 


ames am 
The asymptotic form of the regular solution then be- 
comes 


[(2m+1) ie 


— ektighz( —z) K 


=AM ..m(s)~2 ga = 
Alr (4+-m—x) 


_ TQm+1) 
r(4+m+x) 
Making use of the relations 
e~#(z)*= (—1) “* exp[(i/k) In2kr ] 
=i-[cos(kr+k" In2kr) —i sin(kr-+k~ In2kr) ] 
(11a) 
(11b) 


expl($+m-+k) wi Je 


T'(2+1) =2I'(z) 


we may obtain 


| Tig) |= (#/€ sinhre)}, 


_ 1) exp(—mix/2) P( 
er 


a+m-+x) | 


(12) 


Modern Analysis (Cam- 
, 4th ed. 


Xexp[(—i/2) (m+3) |Mxm(2), 


7E. T. Whittaker and G. N. Watson, 
bridge University Press, Cambridge, 1927) 
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where 
14tsem—k 
M, alg = gitm ily me, —Z 
m(2) On Tm) 


(3+-m—x)(3-+m—k) , | ' 
a 2 ees te 12< 
+ o1Qm+1)(Qm+2) 2 8) 


or rewriting in somewhat more useful variables; 





Male1)* (r) =C, exp(—ikr) (kr) '*! 


sola iticé 
m ei a 


(1+1—i/k) (I+2—i/k) (2ikr)? | 


a eee> 


. (13) 
(21+2) (2143) 2! j 


where 


cmt [rato dpfte2f 
(+1) 1b” AL Re) LR: 
2x/k)'[1—exp(—2x/k) } 


This solution may be re-expressed in real factors by 
noting the general form to be 


(13a) 


=xi(r) = =Cy(kr) +). (14) 


(2141) 
We now substitute Eq. (14) into Eq. 
Fuchs’ theorem to obtain 


= 2Aj(b) HO, 


[+1 


(6) and apply 


Ata (15) 


where 


2A; J/k+A, 2 o 
Ay =——— i . (15a) 
(j+1) (7-1-1) 

Equations (14) and (15) were utilized in the nor- 
malization of the machine solutions. The normalized 
s- and d-wave functions are displayed in Fig. 1. 

Ill. ATTACHMENT CROSS SECTION TO 2p ORBITAL 

The cross section for electron attachment may be 
obtained by averaging over all initial levels and sum- 
ming over all final levels,** 

64 
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On SDL) S41) 


p>p >» p> 


t+ 1 [vr L;, Si, M1, Ms;) 


M Mr. Ms. Mg 
L; Ly 1s, S; 


9 


. Dor (yy, Ly, Sf, M1,, Ms,)dr° s+dtp | ; (16) 
q=1 | 
SW. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, Oxford, 1954), 3rd ed. 
®D. R. Bates and H. S. W. Massey, Proc. Roy. Soc. (London) 
A239, 269 (1943). 
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The y; and vy, refer to the aggregates of quantum 
numbers specifying the initial and final states, respec- 
tively. The L and S refer to the total orbital and spin 
angular momentum quantum numbers while M; and 
Msg refer to the projections of the corresponding angular 
momentum vectors. The operator includes the position 
corrdinates of the m bound plus free electrons. 

The summation over 7 refers to all those states 
which can be formed from the free electron state plus 
the various possible states of the positive oxygen ion. 
The lowest Orr state is a 4S state. The next lowest 
state is a 2D which is some 26 808 cm™ above the 4S. 
To a quite good approximation we may suppose the 
Boltzmann factor to restrict Om to its lowest state. 
Were this not the case we would simply repeat all that 
follows for the various excited states of O m. 

The summation over f refers to the various states 
of Or. In this section we shall restrict ourselves 
to those states arising from the electron distribution 
(1s)?(2s)?(2p)4. This means, of course, that our in- 
itially free electron becomes a bound 29 electron. The 
possible values for y; are then *P, 'D, 'S. Finally, we 
suppose the operator to contain only the coordinate 
of the initially free electron. Let us consider in detail 
the attachment of an s electron to form the *P con- 
figuration. The subsequent results may simply be 
written down. 

First we consider the initial state. The O11 case is 
in the 4S configuration so that L=0, S=#. ble free 
electron is an s electron so that L=0, S=3. When 
poe are combined we obtain two _ states: 

3§:L,;=0, S;=1 and 7. 5§:L;=0, S;=2. By our 
assumption v;=*P: Ly=0, Ss=1. The soet element 
between °S and *P will, of course, disappear due to the 
spin a, so we have our matrix element. Also 


(241) (25:41) = 
i=1 


and we have taken care of the summations over 1, f, 
M _, while a factor of three takes care of the two identi- 
cal Ms summations 


64 rie an 
Qs=— = i > | fe*05,0, 1,0, Ms) 


3 whe M,=1 
f 


rv(*P, 1,1, Mz,,Ms)dr|. (17) 
| 


The operator is 
r=ir sind(e—**—e—*) /2i 


+jr sinO(e*+e-*) /2+kr cos. (18) 

For the M;,=—1, 0, +1 terms the free electron will 
combine with orbitals having m:=—1, 0, +1, re- 
spectively. It is apparent that the first and third situa- 
tions will lead to the emission of x- and y-polarized 
radiation while the second leads to 2z-polarized radia- 
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tion. For example, 


[owner COst2,0dT = 2(x/3)! | xor Ror, 
where 


/ x0) dr=0. 
r\s| 


This leads to 


64 rie 3r 


3 the 2 aii 


[ Resear a. 
‘ 

We have added the factor ao°— the radius of the first 

Bohr orbit—so that the matrix element may be ex- 

pressed in atomic units. This matrix element is evalu- 

ated using the oxygen wave function obtained earlier* 

and the s-wave function discussed above. The result is 


Qa*=3.52X 10-7! cm?. (20) 


So long as the O 1 core is in a *S state there is no 
combination of the core with the free electron which 
will yield a state capable of combining with the 'D 
or |S states of O1. This is true only in first approxima- 
tion, for we could, of course, obtain transitions similar 
to, say, the nebular lines of O1. 


Ox! 64 we’y? 277 | [r i [2 , 
i i oer 2p1X20% | Ao”. 
’ (See Bis i 


And a numerical integration for the matrix element 
leads to 


(21) 


Qa"=27.20X 10! cm’. (22) 


As the total contribution from capture to a 2p 
orbital we then get 30.7210! cm?. The deionization 
rate constant is related to this cross section through the 
velocity 


a=v004= 33.89 10-" cm/sec. (23) 
This result is to be compared to the work of Bates et al., 
who originally obtained 27.7X10~™ as the correspond- 
ing contribution to the rate constant” but later doubled 
this answer by a degeneracy argument.’ 


IV. CROSS SECTION FOR ATTACHMENTIN 3p ORBITAL 


In the two previous sections we have considered only 
transitions of the free electron to what may approxi- 
mately be considered the ground state. Obviously the 
free electron could likewise make transitions to any 
bound upper state. For many of these states certainly 
it will be quite proper to consider the orbital describing 
the bound electron as hydrogenic. We intend to follow 
this procedure for transitions to 4s orbitals and higher, 
and we shall discuss these calculations in a later section. 
It may be worthwhile, however, to investigate whether 


1D. R. Bates, R. A. Buckingham, H. S. W. Massey, and 
J. J. Unwin, Proc. Roy. Soc. (London) A170, 322 (1939). 
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the transition to a 3p orbital may be treated by apply- 
ing a hydrogenic 3p orbital. Therefore we shall apply 
our wave functions for oxygen with a 3p electron" to the 
matrix element calculation. 

There are 14 configurations arising from the electron 
distribution (1s)?(2s)?(2p)3(3p). We have applied 
our large-variation calculation to the computation of 
the pure wave functions for these configurations. The 
lowest-lying configuration is the °P, and it is transition 
from core in 4S to O1 in °P that we shall consider. 
Actually this and the *P are the only recombinations 
that can occur. We find that Eqs. (19) and (21) are 
applicable to the s- and d-wave captures to °P. There- 
fore, the problem is simply one of determining the 
radial matrix element. 

Now in the case of the 2p orbital the orbital had 
fallen to very nearly zero in magnitude by a radial 
separation of eight units. Therefore our s-wave function 
which was evaluated only between the origin and 8 a.u. 
was sufficient for a completion of the numerical inte- 
gration of the matrix element. In this case the 3p 
orbital has barely dropped below its minimum value 
at eight units from the nucleus. Therefore we will have 
to carry out the integration in two parts. The first is a 
numerical integration of the matrix element with the 
result 


8 
/ xor R;,dr = 33.86. (24) 


0 


The rest of the matrix element integration, that is, 
the portion relating to the region 8<r<, will be 
carried out analytically. At r=8 we have not truly 
entered the region of applicability of the asymptotic 
solution Eq. (7); however, we have nearly done so. 
We therefore take this solution as our s-wave function. 
In order to make analytic integration somewhat more 
feasible let us consider the log term. 

The Coulomb field distorts the plane wave (1/k) 
sin(kr+6) at infinity to Eq. (7) simply by the addi-’ 
tion of the log term. All this does to our function is to 
introduce a more rapid cycling at relatively short 
distances from the nucleus, an effect that we might 
have treated by the JWKB approximation, but did not. 
Now our matrix element integrand will fall to a negli- 
gible value by around 20 a.u. Between 8 and 20 units 
the factor (1/k) In(2kr) varies from — 4.468 to 13.864, 
that is to say, very nearly through three full periods. 
If we then take the plane wave as our s-wave function 
we will be neglecting three complete oscillations. Now 
these will be canceling oscillations obviously and they 
will result in a reduction in the value of the matrix 
element. It will not be a reduction to zero, but it can be 
a reduction within fairly wide limits. Therefore the 
plane wave assumption establishes an upper limit on 
the value of this integral, and we shall suppose one-half 
this value to be more realistic. We shall carry through 


1 R. G. Breene, Jr., Phys. Rev. 113, 809 (1959). 
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the integration under such an assumption and discuss 
it further later; 


/ Rsprxodr = aya2 cosd / r exp(—agr) sinkr dr 
— dd cosb fr exp(—ayr) sinkrdr 
+a;d2 sina fr exp(—agr) coskrdr 


— ad sind fr exp(—dayr) coskrdr, (25) 
where 


—r' exp(—ayr) 
(ay+k*) 
X [ay sinkr+k coskr ] 


[v exp(—ayr) sinkrdr= 


4 2 2x —_ 
- Tene (ae—k*) sinkr+2a4k coskr ] 


12r? exp(— 
-- wi m 28) (adt-+a,) sinkr— (agk+k?) coskr } 
(ay?—k?) 
24r exp(— ayr) 
(ae+k?)4 
24 exp(—ay) 
(a?-+h)§ 


[(k*—4a4') sinkr—2(agk—ayk*) coskr ] 


[ (aso— 2ask*— 2a3k*) sinkr 


+ (3ak—k*) coskr] (25a) 
a2=Zy)°'?Z 10, a3=Zy)"Z 43, 
(25b) 


for example, with equally tedious results for the other 
integrals in Eq. (25b). The result is 


a,=1/k, 


— 
a4=32u, 


(26) 


/ ” Raprxedr = — (87.14)}. 
8 


When this is subtracted from Eq. (24) and the result 
substituted into Eq. (19) we obtain as an upper limit 
on the attachment cross section 


o-(?P) =15X10-!. (27) 


We shall ignore the d-wave contribution in the present 
very approximent consideration. Table I lists the con- 
tributions from transitions to the various states ob- 
tained by using hydrogen wave functions. We remark 
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TABLE I. The cross sections for recombination to various states 
of a hydrogen atom. The cross sections are in units of 10~*! cm*. 
The summation over all states yields a cross section of 272 in 
these units while the summation excluding n=1, 2 yields 168 
(after Bates et al.'°). 








Recombination cross section 


Principal quantum number /=0 l=1 l=2 





66.95 
9.81 26.71 
3.30 


CONAUMRPWNHRK Whe 
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0.432 





the 10.11X10-" cm? figure for transitions to the 3p 
orbital. Our result is such that we shall suppose it to 
correspond to our degree of approximation here. We 
shall therefore accept the hydrogen results of Table I 
for transitions to all save 2 orbitals. 


V. DEIONIZATION CROSS SECTION FOR OXYGEN 


Oppenheimer” and later Bates et al.*:"° have provided 
convenient closed form expressions for the cross sections 
for transitions from the free state to a state of principal 
quantum number 2, the trick being the application of 
parabolic coordinates to the analytic hydrogen func- 
tions to allow easy summation over the substates. The 
subject has been discussed at length by these authors. 

We have displayed the cross sections as Table I. 
Four our present situation the table yields a value of 
184 10-“ cm? as the contribution to the rate constant 
from the transitions to upper states. Our value of 
34X10-" cm*/sec when added to this gives a rate 
constant of 218 10-" cm*/sec. 


2 J. R. Oppenheimer, Z. Physik 55, 725 (1929). 
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The problem of the variation with time of the statistical distribution in a polymer resulting from viny] 
polymerization has been investigated. Starting from the general formula for the number distribution func- 
tion of the polymer increment, formed during the time interval ¢ to +6, an expression is obtained for the 
over-all distribution in the material polymerized up to a particular stage of the reaction. Expressions have 
also been obtained for the various averages pertaining to the over-all material. The integrals occurring in 
the final formulas cannot, in general, be evaluated in a closed form. Results are obtained in such cases by 


having recourse to the Chebyshev method of numerical integration. 


that emerge out of this investigation is also given. 


I 


HE problem of the variation with time of the 

statistical distribution of the polymer resulting 
from vinyl polymerization, in general, presents diffi- 
culties of analysis. This is because the various mecha- 
nisms operative in the process depend differently on 
time, as a consequence of which the integrals appearing 
in the various expressions cannot generally be evaluated 
in a closed form. This has naturally prevented the 
deduction of theoretical results which are required not 
only for comparison with experimental ones but which 
might also have indicated some fertile fields of investi- 
gation for the experimentalist. In this paper, therefore, 
we have applied the Chebyshev formula! of numerical 
integration to those cases in which the integrals cannot 
be evaluated, or are too difficult to evaluate, in a closed 
form. This has enabled us to discuss in good detail the 
effect of the various parameters of the reaction on the 
molecular weight distribution in some hitherto un- 
explored cases. 

First of all, expressions for the number distribution 
and the various averages of interest relevant to the 
over-all material, formed up to a particular stage of the 
reaction, are set up for the case in which all the im- 
portant mechanisms of chain termination are simul- 
taneously operative. We have then studied the varia- 
tion with time of the various characteristics of the 
distribution by taking a few typical examples. For 
those cases in which the concentration of the foreign 
transfer agent varies appreciably with time, 
various integrals have been evaluated numerically.’ 


the 


* Senior Research Feliow of the National Institute of Sciences, 
India. 

1A. D. Booth, Numerical Methods (Butterworths Scientific 
Publications, Ltd., London, 1955), Sec. 4.6. 

2 It may be mentioned here, that in certain cases, particularly 
for the reactions of the first order, where the exactly integrated 
expression is rather involved, it has been found that the Chebyshev 
formula with two- or even three-point integration is more con- 
venient. Further, a high degree of accuracy is obtained in all 
cases of practical interest by ‘hi iving two-point integration only. 


A discussion of the interesting features 


II 


We shall now derive an expression for the size 
distribution in the polymer increment formed during 
the time interval ¢ to ¢+6¢ (hereafter referred to 
merely as the interval 6/). Obviously 6¢ should be 
small enough so that the various concentrations 
characterizing the polymer sample can be assumed to 
remain reasonably constant during the span of the 
interval but still large enough so that a statistically 
significant number of chains is formed during this time. 

In this treatment we make the customary assumption 
of the stationary state and the usual approximations 
used in that connection. The general kinetic scheme 
considered here is as follows: 
Initiation 

M-A;: rate constant k; 
Propagation 
M—A,41° (r=1, 2, rate constant k, 
Transfer 
1,-+M—P,+M- 
1,-+S—p,+ S> 


Termination 


rate constant ky 


rate constant ke 


{,- +A,°—pr-+?, 
1, +A,— Pris 


rate constant k3 
rate constant ky. 


Here, A,* stands for the growing chain containing r 
monomers whereas p, denotes a “dead” chain of the 
same size. Further, the radicals M+ and S- resulting 
from the activation (through transfer) of the monomer 
M and the transfer agent S will be treated as A1- 

If 5, denotes the number of monomers consumed 
through propagation in the time interval 6/, we have 


6n,= Ak,Mil. (1) 
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Here, M is the monomer concentration at time ¢ and 
A(=).,A,*) is correspondingly the total number of 
growing radicals. Further, let 6121, 5122, 523, and d124 
denote the number of dead chains that emerge during 
this interval as a result of chain transfer through 
monomer, through a foreign transfer agent, mutual 
termination by disproportionation, and mutual termi- 
nation by coupling, respectively. We then have 

6, = Ak\M6t, 
Ak2Sét, 
6223 = A*k361, 


bn = d 1°ks6l. 


(2a) 


6n»= (2b) 


(2c) 
(2d) 


Here, S is the instantaneous concentration of the 
foreign transfer agent. It may be noted that the growing 
radicals are consumed only through the two processes 
of mutual termination. We therefore have for the 
termination rate the expression 


A?(k3+2ks). 


Further, the expression for the total rate J at which 
activities are being formed in the reaction may be 
written as 


(3) 


I = kM M/ M,)*., (4) 


where M,j is the initial monomer concentration and the 
parameter ¢ is 0, 0.5, or 1, depending on whether the 
reaction is of zero, first, or second order. By making 
use of the steady-state condition, Eqs. (3) and (4) 
give 


A= [7/( k3+2k,) } 
= {ki/(ks+2k) }4Mo(M/Mp)*. 

















Fic. 1. Variation of inhomogeneity ¢? with conversion y for 
different values of 6n/a. e=1: ———, e=0.5: 


am(Q): cccces, 
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Fic. 2. Variation of inhomogeneity ¢? with conversion y for two 
different values of 8B (with BSo/aMo=1 and 6n/a=0.5), other- 
wise as Fig. 1. The curves for 8=0 are included for comparison. 


Now, in order to obtain an expression for @;, the 
number fraction of imers in the polymer increment, 
one may proceed according to kinetic considerations® or 
have recourse to the method of the generating function.‘ 
One readily obtains 


Sn 
6.= =p) 4441) 1-9) 1 | (6) 
n 


9 


where 


4 
On. = din, 
r=] 


is the total number of dead chains in the increment 
under consideration and 


(1— p) =atB(Sc/Mo) x9 1+ (y+26) nx, 

with 
a=k, Ren, B= ko/kp, y=ks/k,,| 
+ (8) 
6= Rg/kp, n= [k,/ (k3+2k4) } 

and> 

x=M/Mo. (9) 
The size distribution in the over-all material poly- 
merized up to a particular stage of the reaction, may 
now be obtained by a superposition process, leading, 


3C. H. Bamford, W. G. Barb, A. D. Jenkins, and P. F. Onyon, 
The Kinetics of Vinyl Polymerization by Radical Mechanisms 
(Butterworths Scientific Publications, Ltd., London, 1958), 
Chap. 7. 

4V.S. Nanda and R. K. Pathria, Proc. Natl. Inst. Sci. India, 
26A, 700 (1960). 

5It may be noted that the instantaneous monomer concentra- 
tion M and foreign transfer agent concentration S are connected 
by the relation 

S/ So= ( M/M))p. 





NANDA AND R. K. 














P -4 
xlo0 ———> 


Fic. 3. Weight fraction f; as a function of i for a zero-order 
reaction, both in the presence and absence of a foreign transfer 
agent. a=0.6X10~, 5n/a=0.5, BSo M pa=1(B¥0). yxK1: ———, 


y= 4: ---- y=: . The curves for y=} and 
y<«1 almost. coincide for p=2 ¥ 


thereby, to the general expression 


t t 
=f oan | fans 
0 0 


which, for p close to unity (7>1), may be put in the 
form 


Mo 


. 1+6 
ni=— expl—p(1+0) }-—[1+6{(1+6) —1} ]dx, 
a v” 


(10) 
where the variable ¢ has been replaced by «x, the fraction 
of monomers yet unpolymerized. Here, D stands for the 
total number of chains that have been formed up to 
this stage of the reaction and is given by 

D 

—— = a ( 

M» 
The quantity p is equal to i/i, where 7 is the average 
chain length in the polymer increment (x, x+dx). We 
have 


So— RY 1— x 
1—x) +——+n (7+) ; (11) 
M, € 


1/7) =a+B(So/Mo)x*!+n(y+5) , (12) 











Fic. 4. Weight fraction fi as a function of 7 for a first order 
reaction, otherwise as Fig. 3 
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The variable @ is the number fraction, within the 
increment, of the chains that are formed by coupling 
and is related to 7 through the relation 


6= (dnxt)i. (13) 


One can now easily obtain expressions for the over-all 
averages in the sample. For the number average chain 
length we have, obviously, 

in=My(1—x)/D, (14) 


with M)/D given by Eq. (11). For the weight average 
chain length one readily obtains 


ah allamlei 
a re ee "le p ie 


2 f* 14+-20 
a) a 
1x (1+6)? 


may be noted that the integrals appearing in the 


(15) 
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Fic. 5. Weight fraction f; as a function of i for a second order 
reaction, otherwise as Fig. 3. In the case B=0, the weight dis- 
tribution is independent of time and hence is represented by a 
single curve. 


foregoing expressions are, in general, not solvable in a 
closed form. One has, therefore, to have recourse to 
numerical methods quite often. 


Ill 


We have, in the sequel, employed the Chebyshev 
formula, with two- or three-point integration, for the 
evaluation of the integrals appearing in the various 
expressions. First of all, in order to form an idea about 
the accuracy of the method we shall apply it to a par- 
ticular case of vinyl polymerization where the exact 
integration is also possible. We consider a zero-order 
reaction in which the termination is being effected by 
chain transfer through a foreign agent as well as through 
the monomer and also by coupling. This example is an 
especially appropriate one as in this case the various 
characteristics of the distribution are not monotonic 
functions of time. For our calculations here, we take 
a=0.6X10-4, B=2, BSo/aMo=1, 6n/a=0.5, and for x 
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we choose the value 0.3, which corresponds to 70% 
conversion. The weight average chain length i, for the 
over-all material is then given by [see Eq. (15) ] 
10° 7 «(x?+x+1.5) 


~ 2Ado3 (x2+a+1)? 


The exact result, to the nearest integer, is 12 464 and the 
Chebyshev formula with two-, three-, and four-point 
integration yields 12 479, 12 469, and 12 464, respec- 
tively. 

Next, it appears worthwhile to apply this numerical 
method for calculating the distribution function in a 
particular case, where again exact results are available. 
We do this for the case investigated by Bamford et al.’ 
with the help of Laplace transforms. We shall, however, 
show first that their results are derivable in a straight- 
forward manner from our general formulation. 


(16) 


to 
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Fic. 6. Weight fraction f; as a function of chain length i for 
a zero-order reaction, both in the presence and absence of a 
foreign transfer agent. When foreign transfer agent is operative 
a=0.36X10, otherwise as Fig. 3. The curve for y<1 and 
8=0 almost overlaps the one for y=} and B=2. Also curves for 
y<1 and y=}, both for 8B=2, nearly overlap. 


In this problem the reaction is zero order (e=0) and 
the rate constant 2 for the consumption of the foreign 
transfer agent is so small that its concentration may be 
assumed to be effectively constant during the reaction. 
If we replace the variable x by u, defined by the rela- 
tion, 


u=[B(So/Mo) + (v+26) 9 ]x*=n/M, 
one gets readily from Eq. (10) 


(17) 


say, 


Dn e"= (u—dnMv)a(2—ia) [ e'“(du/u) 


“0 


* 


2,,) \uo 
" con at ZnMoat & 
Uu 


u u 


(18) 


By putting here either (i) ks=k,’ and ky=0, or (ii) 
2ks=k, and k3=O0 and employing relations (4) and 
(8), we may obtain Eqs. (7.62) and (7.70), respec- 
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Fic. 7. Weight fraction f; as a function of chain length z for a 
first-order reaction, otherwise as Fig. 6. 


tively, of the work cited in reference 3. It may, how- 
ever, be noted that a numerical evaluation with this 
formula still requires the use of tabulated integrals® 


[rerax/s). 


z 


We have computed for x=0.5 the distribution func- 
tion from the integrated expression (18) and also by 
applying the Chebyshev method directly to the integral 
expression (10). It is found that in order to keep the 
error in the latter case below 1%, it is sufficient to 
use a two-point integration for all i<4i, (which 
covers almost the whole range of interest). It might 
also be mentioned that in the corresponding case of the 
weight average chain length a two-point integration 
gives an error which is only 0.05%. 


IV 
In this section we study the variation with time of 
the various characteristics of the distribution in certain 
special cases.’ 
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Fic. 8. Weight fraction f; as a function of chain length i for a 
second order reaction, otherwise as Fig. 6! 


6 These are available in the Handbook of Chemistry and Physics 
(Chemical Rubber Publishing Company, Cleveland, Ohio, 1959- 
60), 41st ed., p. 289. 

7 Throughout the present preliminary computations we have 
taken y to be equal to zero, i.e., the mechanism of mutual termina- 
tion through disproportionation is absent. 
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Fic. 9. A plot of the ratio of the average chain length in the 
over-all material formed up to a particular stage of the reaction 
to the average chain length at the start versus the conversion 
y(e=0, 0.5, 1). Curves with initial slope positive (nonzero) are 
for 8=2 while others, included for the sake of comparison, are for 
B=0. in/ino: —*-*—, tw/two ————. For e=1, the tn/ino and tw/two 
curves very nearly overlap. 


First of all, let us consider the coefficient of disper- 
sion ¢, defined by the relation 


C= (t/t) —1. (19) 


Normally, because of the superposition of a large 
number of polymer increments formed under different 
conditions, this quantity should increase monotonically 
with time. We may, however, expect it to show a non- 
monotonic behavior provided two or more mechanisms 
which give rise to different statistical distributions are 
simultaneously operative in the polymerization process. 
Further, for the earlier stages of the reaction (that is, y, 
the fraction of monomers polymerized, extremely 
small), we have from Eqs. (14) and (15) 
= 1—2[6/(14+46) P, (19a) 

whence 
Oe? /dy 


: —4[0 ( 1+6)* ]a0 Oy. (20) 


It is clear, therefore, that ¢ will initially decrease with 
increasing conversion provided @, i.e., the fraction of 
chains which conform to the narrower distribution, 
increases with time. 

In Fig. 1 we have shown the variation of ¢? with y in 
the absence of transfer through a foreign agent for all 
the three orders of the reaction and for different values 
of dn/a. It is seen that for 6n/a=0 (that is, in the 
absence of coupling), £? remains constant for all values 
of «. On the other hand, in the absence of transfer 
through the monomer (6n/a=@), ¢ is either constant 
(e=1) or increases monotonically. For intermediate 
values of n/a, is constant for e=1, but for other 
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orders it first decreases, passes through a minimum, and 
then increases monotonically. It may be noted that the 
effect is more pronounced for e=0 than for e=0.5. 
Further, the depth of the minimum is the largest 
for 6n/a=0.5, which value has been adopted in most 
of the numerical computations that follow. 

Next, we have investigated the effect of introducing 
a foreign transfer agent on the coefficient of dispersion. 
The immediate result of this, for the same value of 
5n/a (0.5 in this case), is to increase the inhomogeneity. 
In our calculations with different values of 8, we have 
assumed such a concentration of the foreign transfer 
agent that Bs)/aMo=1. In Fig. 2, the variation of ¢° 
with y is shown for 8B=0, B=2, and B<1. Now, from 
Eqs. (13) and (19a), we have 


C2 2 
2=1-2 - ; 
f E aren 


qQ= BSo/aMo 


(19b) 


where 


and @=6n/a. 


Making use of this relation, one may write down ex- 
pressions for the slope of ¢? vs y curves at the origin. We 
have 


\ (2ea-+a+1)? 
-() atat iti, 
y=0 


(e=0) 
Oy 4c? 


=0.5+ (B—0.5) a (e=0.5) 


= (B—1)q (em 4). (20a) 


This indicates that ¢ will exhibit a nonmonotonic be- 
havior for all 8 when e=0, for B>0.5(1—1/e1) (with cq 
fixed) when e=0.5 and for B>1 when e=1. No simple 
expressions for the position and the depth of the 
minimum, however, can be given for different cases. 
But it is expected that, for specified values of c, ¢2, 
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Fic. 10. A plot of the number fraction m; versus the ratio 
t/ino for B=0. yXK1: ———, y=0.4: -----, y=0.8: -+++++. The 
position of the maximum is indicated by an arrow in each case. 
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and 8, the nonmonotonic behavior would be most 
pronounced in the case of zero-order reaction. 

Now, we take up the variation of the weight fraction 
f; with conversion y, both in the presence and absence 
of a foreign transfer agent. The results of this study for 
all orders of reaction are shown in Figs. 3-5. In all these 
cases we have taken 6n/a=0.5, BSo/aMy=1 (with 
B=2) when the foreign transfer agent is operative, 
while @ is always given the same value, 0.6X10™. 
Next, in order to show clearly the effect of conversion 
on f; in a comparative way, for polymerization in the 
presence of a foreign transfer agent and in its absence, 
we have also made calculations by adjusting the value 
of @ in such a way that ino, the average chain length 
for yX1, is the same in all the cases. The corresponding 
curves are shown in Figs. 6-8. 

It may be noted from Figs. 3-5 that the immediate 
effect of the introduction of a foreign transfer agent is a 
compression of the distribution towards the left because 
of the formation of a larger number of chains and a 
consequent decrease in i,. The narrowing of the dis- 
tribution is only geometrical*; statistically it becomes 
wider as the inhomogeneity in fact increases because of 
the added mechanism of chain termination (cf. Fig. 2). 
This difference, however, does not appear in the plots 
shown in Figs. 6-8 because there the 7, value (at the 
start of the reaction) is made to agree for both values 
of 8 by a suitable adjustment of a. 

So far as the variation of the distribution with con- 
version for B=0 is concerned, it is noticed that it 
becomes, to begin with, statistically as well as geo- 
metrically narrower (cf. Fig. 2) when e=0 and e=0.5 
and does not vary with time at all when e=1. The 
geometrical narrowing may be understood by reference 
to Fig. 9, where the variation of 7,/ino and 14/ig0 with 
time is shown for all the three orders. For the case 
e=0 or 0.5 both averages are decreasing functions of 
time which implies compression of the distribution 
towards the left. This results in geometrical narrowing. 
The statistical narrowing, however, arises because of 
the appearance of an increasing fraction of chains 
which conform to the statistically narrower distribu- 
tion and will be there for not too high conversions. On 
the other hand, when e=1, the average chain length as 


8 The term “geometrically” narrower refers to the spread with 
respect to the origin while the term “statistically”? narrower 
refers to the inhomogeneity which is measured with respect to 
the mean i, of the distribution. 
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well as the fraction of the two statistical varieties of 
chains are time independent and hence the nature of 
the distribution does not change with time. 

In the presence of a foreign transfer agent, the 
dependence of the distribution on conversion appears for 
all orders of the reaction. It is to be noted, however, 
that when e=0 (Figs. 3 and 6) the geometrical varia- 
tion is now not only weakened but changes its char- 
acter, from broadening to one of narrowing, at higher 
conversions. In the case where e=0.5 (Figs. 4 and 7), 
the time variation shows only geometrical broadening 
whereas for e=1 (Figs. 5 and 8) the qualitative char- 
acter is the same but more pronounced. All this may be 
understood by a reference to Fig. 9. The nonmonotonic 
behavior in the geometrical character of the distribu- 
tion is expected for e=0 as well as for e=0.5 because of 
such behavior of 7,. Actually, in the f; vs 7 curves 
plotted for e=0.5 and different values of y such a trend 
is not observed because 7, shows the downward trend 
only at conversions higher than 0.7. Since for e=1, i, 
increases rather rapidly and monotonically, the corre- 
sponding distribution will also show appreciable, 
monotonic geometrical broadening. It is also interesting 
to note that the statistical effect, which may be read 
directly from Fig. 2, is the largest for the case for which 
the geometrical effect is the least. 

Finally, we shall consider an interesting aspect of the 
number distribution curve. It is well known that out of 
all the mechanisms of polymerization discussed here it is 
only mutual termination by coupling that gives rise 
to a maximum. It appears interesting, therefore, to 
study the conditions under which a maximum will 
appear in the overall number distribution curve. Re- 
sults of such an investigation are shown graphically in 
Fig. 10. It may be noted that for 6n/a= 10 the maximum 
of the distribution curve shifts continuously towards the 
left as the reaction proceeds. On the other hand, for 
6n/a= 1, the maximum, starting at 7=0, moves towards 
the right as y increases. For 6n/a=2 on the other hand, 
the maximum shifts towards the right in the initial 
stages of the reaction and then moves continuously 
towards the left, passing through the original position 
when y=0.4. It may be easily verified from Eq. (10) 
that for 67/a<1, the maximum, which is not initially 
present, would appear at a value of y given approxi- 
mately by the equation 


y=2[1—(6n/a) }. (21) 
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Poisson’s equation is solved exactly for a homogeneous semiconducting oxide film on a metal or semi- 
conductor substrate. The potential drop from the interior of the substrate to the external surface of the 
oxide is given as a function of the thickness of the oxide, and the distribution of potential within the layer 
is given. The form of the functions is shown for an arbitrary choice of constants and the potential drop 
across the oxide film as a function of thickness is calculated for Cu,O on Cu at 1000°C. 


INTRODUCTION 


PACE charges in metal oxide films have long been 

recognized as influencing the rate of growth of the 
oxide layer, but theories of oxidation have always been 
constructed for limiting cases where space charges are 
unimportant. The older theories'? assumed that the 
oxide films were so thick that the space charge regions 
were concentrated in thin layers near the metal-oxide 
and oxide-oxygen interfaces, and that the rate of oxida- 
tion was determined by the diffusion of lattice defects 
across the quasi-neutral region between the space 
charge layers. More recent theories**> have assumed 
that the oxide film is so thin or that the temperature is 
so low that no space charge is developed and the electric 
field in the oxide is uniform. 

Space charge in metal oxide layers has been con- 
sidered qualitatively by all the workers in this field, 
and quantitative equilibrium treatments for the inter- 
face between semi-infinite regions have been pub- 
lished.*.7 

This paper is an attempt to relate the various limiting 
cases which have been discussed to a general formalism. 
The variation of the potential drop across the oxide 
film with the thickness of the film, and the distribution 
of potential within the oxide layer at any given thick- 
ness can be calculated by assuming a homogeneous 
layer of oxide and solving Poisson’s equation with the 
correct boundary conditions. 

Experimental data for comparison do not at 
present exist, but it is possible to calculate the shape 
of the curve of potential drop versus oxide film thick- 
ness independent of any measurement except the 
potential drop across a very thick film. Unfortunately, 
the experimental difficulties involved in accurately 
measuring the potential drop across a growing oxide 


1C, Wagner, Z. physik. Chem. B21, 25 (1933). 

2C. Wagner, Z. physik. Chem. B32, 447 (1936). 

3N. F. Mott, Trans. Faraday Soc. 43, 429 (1947). 

4N. Cabrera and N. F. Mott, Repts. Progr. in Phys. 12, 163 
(1948-49). 

5T. B. Grimley and B. M. W. Trapnell, Proc. Roy. Soc. 
(London) A234, 405 (1956). 

®N. F. Mott, J. chim. phys. 44, 172 (1947). 

7K. Hauffe, Oxydation Von Metallen (Springer-Verlag, Berlin, 
1956). 


layer of 10~* cm thickness without disturbing it, are 
enormous. 


ELECTROCHEMICAL EQUILIBRIUM 


In order to obtain relations among the various concen- 
trations of charged species present in the equilibrium 
oxide film, we shall treat them as chemical compounds 
characterized by an electrochemical potential 


p=w+kT |In(n)+Zed, (1) 


where 7 is the number of particles per cm’, Z is the 
charge on the species (positive for positively charged 
species, negative for negatively charged species, and 
zero for uncharged species), ¢ is the electrostatic po- 
tential, e is the electronic charge, k is the Boltzmann 
constant, T is the absolute temperature, and y?° is the 
electrochemical potential at unit concentration and zero 
electrostatic potential. The condition for equilibrium 
for a given reaction is that the change in electrochemical 
potential be zero.® 

Consider first the chemisorption of oxygen. An oxygen 
molecule physically adsorbed on the surface of the oxide 
may ionize to form chemisorbed oxygen ions. For p-type 
oxides this may be written. 


10./ads=O-/ads+ p*, 


where p* is a hole in the valence band of the oxide. 
For n-type oxides this may be written 


40./ads+e—= O~/ads, 


where e~ is an electron in the conduction band of the 
oxide. Probably only a small fraction of the adsorbed 
oxygen is effectively ionized. It has also been assumed*® 
that the ionized oxygen is present as O.-, and that the 
unionized oxygen is present as neutral pairs of holes 
and O~ ions.® Such modifications could be easily made 
in the theory. 

If the change in chemical potential is set equal to 


8T. B. Grimley, “Oxidation of Metals” in Chemistry of the 
Solid State, edited by W. E. Garner (Butterworths Publications 
Ltd., London, 1955). 
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zero, one obtains at the oxide surface 
p’(O-)+kT Infn(O-/ads) ]+p°( p) +&T In(n,) 
=}u! (Oz) +3&T In[n(O2/ads) J, 


or if all the standard chemical potentials are lumped 
into an equilibrium constant, 


n(O-/ads) n»=K.[n(O2/ads) }'. 
Similarly for an n-type oxide one obtains 
n(O-/ads) = K3n.[n(Ov/ads) }}. (3) 


The concentration of adsorbed oxygen molecules pre- 
sumably depends on the oxygen pressure and the tem- 
perature but not on the concentration of defects or the 
thickness of the oxide provided it is more than a few 
atomic layers. 

The relation between the number of adsorbed oxygen 
molecules and the external oxygen pressure P might be 
assumed to follow a Langmuir isotherm 


n(O./ads) =mP/(a+P), (4) 


where a is a constant depending on the temperature and 
Mm is the number of adsorbed oxygen molecules per cm? 
in a monolayer.® 

Now consider the equilibria which determine the con- 
centration of defects in the oxide lattice. Since the 
energy of formation of one type of lattice defect (e.g., 
interstitial ions) is usually so much smaller than for 


other types of defect, it will be assumed that only one 
type predominates in any given oxide. 
Interstitial metal ions M+? are formed by the reaction 


M= M*?-+2ze-, 


(note z is a positive integer) and the corresponding 
equilibrium expression is 


n(M+)n,?= Ks. (5) 

For cation vacancies (M*+?()), the equilibrium is 
n(M+?())n,'*!= Ke. (6) 

For interstitial anions, an equilibrium with the oxide 
and the metal yields the expression 

n(O™)n, = Kz, 
and for anion vacancies (O-2) 

n(O-O))n, = Kz. 


In each of these four cases, the concentration of a 
positively charged species A*@ is related to that of a 
negatively charged species B~® by an equation of the 
form 


[n( At*) P[n( B-*) }*=K, (9) 


where a and @ are positive integers, so that all four 


®T. B. Grimley, Discussions Faraday Soc. 28, 223 (1959). 


CHARGE IN METAL 


OXIDE FILMS 637 
cases can be treated by the same formal equilibrium 
expression. 

The influence of the electrostatic potential has up to 
now been canceled out since all the equilibria con- 
sidered were electrically balanced. If we consider how 
the equilibrium of a single charged species varies from 
point to point in the oxide film, we can relate the con- 
centration to the electrostatic potential. For simplicity, 
we consider only the one-dimensional case; that is, the 
potential varies only in the direction perpendicular to 
the metal surface and the oxide is uniform in thickness 
over the whole surface. If the concentration of the 
negatively charged species B~® at the point where the 
electrostatic potential is zero is designated mgo, then the 
condition for equilibrium, that the electrochemical 
potentials be equal, is 


kT \nngo= kT |Inng—Bed, 
where “gz is the concentration at some arbitrary point in 


the oxide where the electrostatic potential is ¢@. This 
may be more conveniently rewritten as 
Np= Ngo exp(Bed/kT). (10) 


Similarly for the positively charged species At 


Na=Nao exp(—aed/kT). (11) 


Note that Eqs. (10) and (11) can be combined to give 
Eq. (9), but that (9) will hold locally in the case of the 
steady-state growth of the oxide layer, even though 
(10) and (11) would not hold separately. 


ELECTROSTATIC EQUATIONS 


The electrostatic potential in the oxide will be 
governed by the density of free charge p according to 
Poisson’s equation 

@p/dx? = —4np/k, (12) 
where x is the dielectric constant of the bulk oxide. In 
terms of the concentrations of charged species, 

p=e(an4—Bnz), (13) 


combining Eqs. (10), (11), (12), and (13), we obtain 
the Poisson-Boltzmann equation familiar from the 
theory of electrolyte solutions; 
d’p/dx? = (4re/kx) [Bngo exp(Bed/kT) 
—anay exp(—aep/kT) ]. (14) 

If the zero of potential is chosen at the neutral point of 
the oxide layer, i.e., where p=0, we have from (13) 

ano = BNgo. 


(15) 


It is convenient in solving (14) to define dimensionless 
variables of potential and distance 


p=eb/kT 
s=[4rre Bngo/xkT }X, 


(16) 
(17) 
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. P. asa function of G for p’>0. 


whence the Poisson-Boltzmann equation becomes 


d*p/ds*=exp(Bp) —exp(—ap). (18) 
The surface charge o due to the adsorbed oxygen ions 
provides a boundary condition at the oxide-oxygen 
interface (X), 

(do/dx)x = 42ra0/x=— (41re/x)n(O 


ads). (19) 


The number of oxygen ions depends on the potential ® 
at the surface. Using the dimensionless variables de- 
fined by (16) and (17) this becomes (S corresponds 
to X, Pto®), 


(dp/ds)s=—[4me?/x RTBnzgo }'n(O-/ads). (20) 


For p-type oxides n(O 
(11) to be 


ads) is given by Eqs. (2) and 


K.[n(Oce/ads) }! 


n(O—/ads) = exp(P),.._ (21) 
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Fic. 2. Total potential drop as a function of thickness caicu- 
lated for p’=0.5, a=B=G=1. 
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Fic. 3. Potential distribution in a thin film; the field is nearly 
uniform. 


and for n-type oxides, (3) and (10) give 
n(O~/ads) = K3[n(Oe/ads) }'ngo exp(P), 
so that in either case 


(dp/ds)s=—G exp(P), (23) 


where G is independent of the thickness of the film or the 
potential drop across it and is always positive. Evalua- 
tion of G requires knowledge of the equilibria at the 
oxide-oxygen interface. In a later section the estimation 
of this parameter for the system Cu—Cu,0 is discussed. 

The concentrations 249 and mgo, as well as the di- 
electric constant x, may be estimated from measure- 
ments on the bulk oxide, thus relating the distance 
and potential to the corresponding dimensionless 
variables. 








Fic. 4. Potential distribution in a moderately thick film. Note 
the nonuniformity of the field due to space charge. 





SPACE CHARGE IN METAL 


The other boundary condition is provided by the 
potential ¢’ at the metal-oxide interface relative to the 
neutral point. This will be determined by the work- 
function barrier which electrons must surmount in 
passing from the metal to the oxide. For an n-type 
oxide, if the energy required to remove an electron from 
the metal to the oxide is W, then the concentration 
of conduction electrons at the interface will be given by 


Nz’ = Ngo exp(—ed’/kT) = 2[24rmkT/h? } exp(—W/kT) 
or in terms of p’ = e¢’/kT 
p= (W/RT) —3 In[2emkT/h? + Infingo/2]; 


p’ is seen to be dependent only on the temperature and 
not on the thickness of the film. For p-type oxides, a 
similar result can be obtained. If the total potential 
drop across the film p’— P at any one thickness can be 
measured, this quantity is sufficient to determine ?’, 
so that knowledge of W is not essential. 


SOLUTION OF POISSON-BOLTZMANN EQUATION 


If Eq. (18) is multiplied by 2(dp/ds) and integrated 
from the outer boundary to an arbitrary point, an 
equation for the potential gradient is obtained, 


(dp/ds)*— (dp/ds)?s 
’ [soto —exp(BP) , exp(—ah) — exp( ee) 


B a 


Since the surface charge o is negative, (19) tells us 
that the potential gradient will be negative at the out- 
side surface. From (18), d?p/ds* will have the same sign 
as p, and thus the curve of potential versus distance will 
be concave downward for negative p and concave up- 
ward for positive p. This means that dp/ds will be 
negative throughout the film and the negative sign 
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Fic. 5. Potential distribution in a thick film. Note how the 
space charge is concentrated near the interfaces leaving a large 
quasi-neutral region in between. 
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TAaBLe I. Variation of P., with G for CuO at 1000°C. 


G Pro p' 





—4.2496 
—1.6539 


—4,.2532 
1.0 —1.6575 
0.1 —0.3440 —0.3404 
0.01 —0.008626 —0.005026 
0.00510 — 0.003600 0 
0.001 —0.000707 +0.002893 


should be taken for the square root. Applying the 
boundary condition (23), and integrating from the 
metal-oxide interface (s=0, p=’), 


Pp 
S(p, P) =-| G exp(2P) 


Pp 





a 1 a 


B a 
(24) 


Where we have stated explicitly that s depends on both 
the upper limit of integration p and the parameter P. 

In practice, only the total potential drop p’— P would 
be known for a relatively thick film, and it is necessary 
then to calculate p’ and P separately. In order to obtain 
a real solution, the argument of the square root in (24) 
must be positive. This puts a lower limit on P, since for 
sufficiently large negative values of P, the term 
—exp(—aP) will dominate. 

This condition provides us with an expression for 
P., the potential at the outside of a very thick film, asa 
function of G. For p’>0, the minimum value of the 
term in braces in Eq. 24 is obtained when p = 0; for 
p’ <0, when p= 9’. The condition for P,, is then 


p>0: 


@=2exp(-2?.)| 


exp(BP.,) 1. exp(—aP,,)—-1 
4 op(—a 
B a 


p’ <0: 


G*=2 exp(—2P,,) 





| ee paree Ph —aP,,) —exp(—ap’) | 
Qa 


(25) 


Although this function P.,(G, p’) is double valued, 
only the branch for which G is positive and P,, is 
negative is physically meaningful. Since p’— P,, is pre- 
sumably known, p’ may be substituted for in (25) 
when p’ <0, thus allowing P,, to depend only on G in 
both cases. 

Figure 1 is a plot of P., as a function of G for p’>0 
and various combinations of a and 8. The function is 
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Fic. 6. Potential drop across a Cu2O film at 1000°C as a func- 
tion of thickness for G=50, 1, and 0.1. 


only slightly sensitive to 8. For G<1, the approximate 
relation derived in the next section [Eq. (29) ] can be 
used, and for G> 10°, the asymptotic form 


P= (—2/2+a) In[G(a 2)*], 


can be used. When p’ <0, P..(G) depends also on the 
value of p’—P,,. An example of this is given in the 
section on the Cu—Cu,0 system.Thus if we know 
a, B, and G, we can calculate P,,. If we further know 
(p’—P).,, as mentioned above, we can calculate p’. 
Knowing p’, (24) may be used with the upper limit of 
integration set equal to P to evaluate P as a function 
of the thickness 


S=s(P, P), (26) 


and finally, (24) may be used to calculate p as a func- 
tion of distance through the oxide layer of thickness S 
by obtaining P from (26). 

APPROXIMATE SOLUTION 


In the limit where | p| is small compared to unity, 
i ‘ ° . Torn . 
the exponentials may be expanded in series. Taking the 











Fic. 7. Potential drop across a CugO film at 1000°C as a func- 
tion of thickness for G=0.1, 0.01, and 0.001. 
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first term only: exp(X) =1+-X, (24) can be integrated 
to obtain 
s(p, P)=[(1— P)/G](p'— p); (27) 
the fact that s and p are linearly related indicates that 
in this approximation the field is uniform and there is 
no space charge. In this case G can be interpreted as the 
approximate value of the field in the oxide layer [Eq. 
(20) ]. Such an approximation is not of interest for our 
present purpose. 
In the second order, Eq. (24) can still be integrated 
analytically, although the solution is more complicated. 
With the approximation exp(X)=1+(X?/2), (24) 


reduces to 


p 
s(p, P) = -[ (G? exp(2P) + (a+8) (p?— P*) }ldp, 
p! 


» 
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Fic. 8. Potential distribution in a 10-A thick CugO film. Calcu- 
lated assuming G=0.1. 


which can be integrated to obtain 


s(p, P) 


{p' +L(G exp2P/a+p)— P?+p"}| 


= (a+) In 


~ . (28) 
| p+L(@ exp2P/a+p)— P?+p?}! | 


In the second-order approximation (25) becomes 
G?=(a+8)(P.2—p”)texp(—2P.,.) — p’<0) 
(29) 
7=—(a+8)'P,, exp(— P.,) p’>0 
These expressions are accurate to 1% for p’>0 and 
p<0.2. When p’ is negative (28) has a singular point 
where G? exp(2P)=(a+8) P?, but in the limit the 
function S(P, P) is continuous across this point so 
that trouble only arises if we try to calculate s(p, P) 
for this value of P. A more serious drawback is that 
for p’ <0, (28) is not an accurate representation of 
s(p, P) for P near P.,,. This arises because in this 
region, nearly the whole contribution to the integral 
comes from the values of p very close to P, and the 





SPACE CHARGE 
integrand in this region is the reciprocal of the square 
root of the difference of two large numbers of almost 
the same magnitude. Thus the terms neglected in the 
approximation become important and the approxi- 
mation fails. 

The same procedure would be used for the calcula- 
tions in this approximation as were outlined for the 
exact case. In order to show the forms to be expected 
for these functions, arbitrary values were chosen for the 
parameters, namely, a=6=G=1, p’=+0.5. By use of 
Eq. (29) P., is found to lie between —0.4506005158 
and —0.4506005159. Figure 2 is a plot of the total 
potential drop across the film as a function of the 
thickness using Eq. (28). The potential drop increases 
monotonically with increasing thickness to a limiting 
value. In Grimley’s treatment® the potential drop 
across the film increases indefinitely with thickness, 
which results from assuming that the field within the 
film is uniform, or that there is no space charge. 
Grimley states in his paper that when the film is 
sufficiently thick, space charges develop and his relation 
is no longer valid. However, as is pointed out in the next 
section when the calculations on CueO are discussed, it 
is possible for the limiting thickness to be less than one 
atomic layer, whence we would say that the potential 
drop across the film is independent of thickness even 
for the thinnest films, and Grimley’s treatment would 
not apply. 

Figures 3, 4, and 5 show the distribution of potential 
within the oxide layer fora thin (S=0.921, P=—0.2),a 
moderately thick (S=3.75, P= —0.445), and a very 
thick (S=16.0, P—P,=8xX10~") oxide film, using 
the same parameters as for Fig. 1. In the thin film 
(Fig. 3) the field is nearly uniform; only a slight curva- 
ture in the potential is observed. In the moderately 
thick film (Fig. 4) the potential curve shows some 
distortion due to space charge. To the left of the 
neutral point, the curve is concave upward, indicating 
the presence of negative space charge; to the right, the 
curve is concave downward, indicating the presence of 
positive space charge. [See Eq. (12).] In the thick film 
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Fic. 9. Potential distribution in a moderately thick film on a 
semiconductor, 
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Fic. 10. Total potential drop as a function of thickness of the 
oxide layer on a semiconductor for several values of mo/mgo. 


(Fig. 5) there is a long region of relatively shallow 
slope, corresponding to the ‘‘quasi-neutral” region 
assumed in the thick-film theories of Wagner.'? This 
diagram appears in Hauffe’s book’ although it is 
arrived at by qualitative reasoning and no quantitative 
expression is given. 

It is reasonable to suppose that in many systems 
(including the one discussed in the next section) p will 
not be small compared to unity and the approximate 
relations will not hold. It is then necessary to use the 
exact expressions (24) and (25) involving numerical 
integration. 


CALCULATIONS FOR THE SYSTEM Cu—Cu,0 


The oxidation of copper has been studied extensively 
so that the data necessary for these calculations is 
available. The theory predicts the dependence of the 
potential drop across the oxide layer p’—P on the 
thickness of the oxide film. Such measurements have 
not been made so that there is as yet no data to check 
the validity of the assumptions that have been made in 
deriving these expressions. 

The expressions derived above also give the dis- 
tribution of potential within the oxide layer. Although 
this is not experimentally verifiable, it is interesting to 
compare the calculated distributions with the qualita- 
tive pictures which have been put forth’ concerning the 
distribution of potential in an oxide film when there is 
space charge. 

Dravnieks and McDonald” measured the potential 


~ 1 A, Dravnieks and H. J. MacDonald, Trans. Electrochem. Soc. 
93, 177 (1948). 
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across a thick copper oxide layer at 900°C and 1 atm 
oxygen pressure using a fine platinum probe and 
obtained a value of 0.5 mv. 

Wagner! derived the relation 


2eV =t,An, 


where V is the potential drop across the oxide film, ¢; 
is the transport number of cation defects, and Ay is the 
free-energy change in the reaction 


2Cu+i )o= Cul ), 


which has a value of 0.965 ev.'' Gundermann and 
Wagner” measured the transport number of cation 
vacancies to be 5X 104 at 1000°C. This leads to a value 
of 0.4 mv for V. 

On the other hand, Grimley and Trapnell,® using the 
data obtained by Rhodin" on the oxidation of copper at 
room temperature and below, estimate the potential 
across the oxide layer when its limiting thickness is 
reached to be 1.33 v. 

Both these systems were very far from equilibrium, 
and so neither could be considered a good measurement 
of the quantity we need, p’— P. However, for com- 
putational purposes we shall use the first value since 
data on the concentration of defects is available at 
1000°C, but not at room temperature. In the following 
computations we shall use 0.4 mv, which 
(p’— P)..=3.6X10-. 

The concentration of defects may be estimated from 
the data obtained by Wagner and Hammen"™ from 
analysis of Cu,O layers grown on copper. Assuming 
that the concentration of defects depends on the one- 
eighth power of the oxygen pressure® and correcting 
their value to the equilibrium dissociation pressure of 
CusO0 (6.3X10-7 atm at 1000°C) we estimate m49= 
Npo= 1.310" defects per cm.’ 

It is possible to obtain only a rough estimate of G. 
Multiplying Eq. (20) by Eq. (10), 


G | n(O-/ads) 
‘ i KkT | n(CutO/X) 

The ratio of the maximum number of surface sites 
(10 cm?) to the minimum number of defects near the 
surface (10° cm~*) is 10-> cm. Setting x= 10, this gives 
G<50. If only a small fraction of the surface sites are 
occupied by oxygen ions, and if the number of defects 
is larger than the minimum number, G could be as 
small as 10-*. One defect for each adsorbed ion would 
give G=0.2. 

Equation (25) was used with a=8=1 and p’— P= 
0.0036 to calculate P., for several values of G. The re- 


gives 


QO. Kubaschewski and FE. L. Evans, Metallurgical Thermo- 
chemistry (Butterworth-Springer, London, 1951). 

2 J. Gundermann and C. Wagner, Z. phys. Chem. B37, 155 
(1937). 

'8T. J. Rhodin, J. Am. Chem. Soc. 72, 5102 (1950). 

“C,. Wagner and H. Hammen, Z. phys. Chem. B40, 197 
1938). 
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sults are listed in Table I. For each of these values of G, 
Eq. (24) was used to calculate P as a function of S. 
These curves are plotted in Figs. 6 and 7. The scale 
of thickness is given both in the dimensionless units of 
S and in actual distance in angstroms. For values of G 
larger than 0.01, the potential drop across the oxide 
layer has reached nearly its maximum value by the 
time the layer is several atoms thick. 

Figure 8 is a plot of the distribution of potential in a 
copper oxide layer 10 A thick, calculated assuming 
G=0.1. The potential drop is almost entirely across the 
first atomic layer. This is equivalent to Mott’s as- 
sumption’ that the potential drop across the film is 
independent of thickness. Grimley’s assumption®* of 
uniform field is seen to be incorrect in this case. 

It is important to distinguish between these two 
types of assumptions which are used in the oxidation 
theories: The assumption of constant potential drop 
across the film will always hold provided the film is 
thick enough. It may also hold for very thin films (as we 
have seen with CusO) provided G is large enough that 
p’ is negative, and p’ is large compared to the maximum 
potential drop, p’— P.,. The assumption of uniform 
field will hold when p’— P is small compared to p’— P., 
regardless of the sign of p’. In order for this to be the 
case for oxide layers of reasonable thickness (100 A) 
G must be small compared to p’—P,,. This will in 
general be the case at low temperatures, where the 
potential drop can be larger, and where the thickness 
for a given value of s is larger than at high tempera- 
tures. For CuO, then, Mott’s assumption will be 
expected to hold at high temperatures, and Grimley’s 
assumption at low temperatures. 

At room temperature, as was mentioned, Grimley 
and Trapnell> calculate the potential drop across a 
copper oxide film to be 1.33 v. This means p’— P,,=56. 
At this temperature they also estimate that 0.08 of the 
total number of sites are covered by absorbed ions, 
which gives a value of G of the order of magnitude of 
100. Referring to Fig. 1, it is seen that P.,, would then 
be about —3, and hence p’ would be +53. Although 
the shapes of the curves would be different, this would 
result in the same qualitative picture for the potential 
distribution as we gave in Figs. 3, 4, and 5. The limit- 
ing thickness would be quite large, and Grimley’s 
assumption would be expected to hold for thin films 
(about 100 A). 


OXIDE FILMS ON SEMICONDUCTORS 


So far we have considered only the oxide film on a 
conducting metal. However, if the substrate as well as 
the surface layer is a semiconductor, there will be 
space charges set up in the substrate, and the potential 
at the interface p’ [Eq. (23) ] will not be independent of 
the thickness and the potential drop across the film. 
Instead, we must apply the boundary condition that 
there be no surface charge at this interface and let the 
potential and its gradient be continuous across the 





SPACE CHARGE IN 
boundary. Qualitatively, the potential will have the 
shape shown in Fig. 9. Far in the semiconductor 
(s=—c) there will be equal numbers of holes and 
electrons, say o, and the potential can be set equal to a 
constant po. Then 


Np= No Exp— (p— po) 
N= No exp (p— po). 


The Poisson-Boltzmann equation in this region then 
becomes, in terms of our dimensionless variables, 


d°p/ds?= (—2no/Bngo) sinh(p —p), s<0. (30) 


This can be integrated in the same manner as before, 
using the boundary conditions that at s=—%, p= po 
and dp/ds=0; and at s=0, p=’, resulting in 


cosh (po—p’) 
s(p) =f { (410/Bngo) (x+1) }74(4—1)—dx, 


cosh (pp—p) 
(31) 


which can be evaluated in terms of elliptic integrals of 
the first kind. The p’ and f» can be related by equating 
the potential gradients across the interface. From (24) 
and (31), two relations for (dp/ds),~o can be obtained 
and set equal to each other, yielding 


(4n0/8ng0) [cosh ( po— p’) —1]=G@ exp2P 


+ orercenieh 4 =P(—ap')—exp( ead 
Qa 


(32) 


Suppose the total potential drop across a thick film 
po— P.,, is known. If p’>0, (25) gives P,, in terms of 
the known parameters G, a, and 8. This gives us po. 
Next, (32) can be used with this value of pp to obtain a 
relation between p’ and P. Then (24) can be used 
(p’ varying with P) to determine P as a function of 
the thickness and the potential distribution within 
a layer of given thickness. If p’<0, (25) gives P,, asa 
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function of p’, thus giving p as a function of p’. Then 
(32) is still a relation between P and p’, but a more 
complicated one than when p’>0. 

In the second-order approximation, sinh(x)=x so 
that (30) can be integrated to give 


dp/ds= - (2no/Bnzg0)*( po— p) : 


With the boundary condition that p=p’ at s=0, this 
can be integrated again to give 


po— p= (po— p’) exp[(2n0/Bnz0)4s ], 


where it will be noted that the coefficient of s is the 
dimensionless analog of the reciprocal of the Debye 
length which familiarly turns up in the semiinfinite 
space-charge problem. 

In the second-order approximation (32) becomes 
simply 


G exp(2P)+(a+8) (p?— P?) = (2no/Bnpo) (po— p’)?. 


Figure 9 is a plot of the potential in this system for a 
moderately thick oxide layer. Here a, 8, and G have 
been arbitrarily taken as unity and mp has been arbi- 
trarily taken to be 3x0; p’ was taken to be 0.5, and 
P=—0.445, giving po=+1.217 and S=3.75. The 
curve for positive s is the same as Fig. 3. 

The total potential drop po—P will be finite even 
when S=0. It will increase as S increases if mgo< 20, 
and decrease as S increases if 20=2mo. Figure 10 shows 
this dependence for three ratios of mgo to mo, using 
a=8=G=1 and p’=0.5. Note that when mgo= 2m the 
potential drop is nearly independent of the thickness of 
the film. 
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The dipole moments of the eight a,w-dibromoparaffins from dibromopropane to dibromodecane to- 
gether with those of n-propyl and n-butyl bromide have been determined at 25° and 64°C in benzene solu- 
tion. The results obtained are in good quantitative agreement with the theory developed previously on the 
assumption that the flexibility of these molecules is due to independent restricted rotations about the vari- 
ous C—C bonds. The data obtained were insufficient for determining the form of the potential barriers 
restricting these rotations, but could be interpreted in terms of the usual picture of gauche-trans rotational 
isomerism on the assumption that the energy of a gauche isomer is 0.40+-0.12 kcal/mole more than that of 
the corresponding érans isomer, except for the rotations of the CH2Br groups when the energy difference is 


somewhat less, 0.34+0.14 kcal/mole. 


INTRODUCTION 


N a previous paper!’ we showed that the measured 
dipole moment yu, of an a,w-dibromoparaffin con- 
taining x carbon atoms can be expressed in the form 
bn? = 2p —[2 (Ai— Az) IEP (A) A” 3— P(e) Ao” *1, (1) 
where pr denotes the dipole moment of m-propyl 
bromide; the function P(A) is defined by 


P(X) =f (1—a7) {uf+2n"+AL2p’+ap(2—¢) J} 
+(1+en/d) [nu +2(u’+ay) FP, 
and \; and »: are the roots of the equation 
N—a(1—n)A—7n=0 


such that \;>),. In these expressions a is the cosine of 
the supplement of the valence angle of carbon and 
therefore has the numerical value of 34, while yp, y’, 
and yw” are the primary and induced bond moments 
along the Br—C bond and the first and second C—C 
bonds, respectively, at each end of the molecule. The 
values of these bond moments were determined using 
the theory of the inductive effect developed by Smith, 
Ree, Magee, and Eyring? as explained previously.! 
The parameters ¢ and n measure the degree of freedom 
of internal rotation about the first and second C—C 
bonds, respectively, at each end of the molecule; they 
are defined as being equal to the average value of the 
cosine of the angle of rotation about these bonds, 
measured from the completely stretched configuration. 
The values of the analogous parameters corresponding 
to rotation about the remaining C—C bonds in the 
molecule were assumed equal to yn. It should be noted 
that Eq. (1) is based on three simplifying assumptions; 
(1) that the electrostatic interactions between the 
dipoles at the two ends of the molecule are negligible, 
(2) that there is no correlation between the rotations 
about the various C—C bonds in the molecule and (3) 


'H. J. G. Hayman and I. Eliezer, J. Chem. Phys. 28, 890 (1958). 
* R. P. Smith, T. Ree, J. L. Magee, and H. Eyring, J. Am. Chem. 
Soc. 73, 2263 (1951). 


that there is no correlation between the rotational parti- 
tion function of a particular configuration of the 
molecule and the value of the dipole moment corre- 
sponding to this configuration. This third simplifying 
assumption, implicit in the derivation of Eq. (1), was 
not mentioned in our previous paper.! 

We obtained very good agreement! between Eq. (1) 
and the rather scanty experimental data available for 
the dipole moments of a ,w-dibromoparaffins in benzene 
solution.’ This prompted us to carry out very careful 
measurements in benzene solution of the dipole mo- 
ments of all eight a,w-dibromoparaffins from dibromo- 
propane to dibromodecane as well as that of n-propyl 
and n-butyl bromide, not only at 25°C but also at some 
higher temperature. We hoped that knowledge of the 
temperature coefficients of these dipole moments would 
provide pertinent information on the form of the poten- 
tial barriers restricting the internal rotations in these 
molecules. The figures available in the literature®4 
for the variation of the dipole moments of these di- 
bromides with temperature were inconsistent and 
furthermore could not be used for this purpose in the 
absence of corresponding information regarding the 
dipole moment of n-propyl bromide. 


EXPERIMENTAL 


The dielectric constants of the various benzene solu- 
tions were measured with a reproducibility’ of +0.00007 
at a frequency of 380 kc. The heterodyne beat appara- 
tus used was based on that described by Jen-Yuan 
Chien,® modified slightly so as virtually to eliminate 
the tendency to “‘locking-in.” The dielectric cell was of 
the Sayce-Briscoe type’ and was provided with a 
burnt-in guard ring to eliminate the ‘edge effect,” as 


3C. P. Smyth and W. S. Walls, J. Am. Chem. Soc. 54, 2261 
(1932). 

4J. A. A. Ketelaar and N. van Meurs, Rec. trav. chim. 76, 437 
(1957); N. van Meurs, thesis, Amsterdam, 1956. 

5 The uncertainties specified throughout this paper are esti- 
mated standard deviations. ; 

6 Jen-Yuan Chien, J. Chem. Educ. 24, 494 (1947). 

7L. A. Sayce and H. V. A. Briscoe, J. Chem. Soc. 127, 315 
(1925). 
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Fic. 1. The dipole moments of a, w-dibromoparaffins at 25°C 
as a function of the chain length. The upper and lower curves 
correspond to the calculated values for odd and even values of 
n, respectively; the circles show the experimental results obtained. 


described by Few, Smith, and Witten.’ It had an air 
capacity of about 240 pf and a volume of about 30 ml. 
Its capacity was measured by the substitution tech- 
nique against a General Radio type 722D precision 
condenser, allowance being made for the “‘worm cor- 
rection.” Measurements were carried out at 25° and 
64°C; the thermostat bath liquids used were kerosene 
and paraffin oil, respectively. 

Refractive indices at 25°C were measured with a 
reproducibility of 0.00005 by means of a Bellingham 
and Stanley Precision Abbé refractometer using sodium 
light. Densities were measured at 25° and 64°C with a 
reproducibility of +0.00004 g/ml by means of a 13-ml 
bicapillary pycnometer.? The benzene and mono- and 
dibromoparaffins used were commercial samples puri- 
fied by fractional distillation in a Todd distilling 
column,” the distillation of the dibromides being carried 
out under reduced pressure; in addition, the benzene 
was dried over sodium wire. The physical properties of 
these substances are given in Table I. 

For each compound, dielectric constant and density 
measurements were carried out on about seven solutions 
which usually had solute weight fractions in the range 
0.003-0.03. Refractive index measurements were carried 
out on about five solutions in a range of concentrations 
in which the square of the refractive index was a linear 

8A. V. Few, J. W. Smith, and L. B. Witten, Trans. Faraday 
Soc. 48, 211 (1952). 

9G. R. Robertson, Ind. Eng. Chem. Anal. Ed. 11, 464 (1939) ; 


M. R. Lipkin, J. A. Davison, W. T. Harvey, and S. S. Kurtz, Jr., 
ibid. 16, 55 (1944). 


10 F, Todd, Ind. Eng. Chem. Anal. Ed. 17, 175 (1945). 
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function of the solute weight fraction. This range 
usually included solutions having weight fractions 
appreciably higher than those of the solutions used for 
the dielectric constant and density measurements. 
sometimes as high as 0.2. 


EVALUATION OF DIPOLE MOMENTS 


Dipole moments at 25°C were calculated from the 
Debye equation by a method similar to that of Everard, 
Hill, and Sutton"; no allowance was made for atomic 
polarization other than the use of refractive index 
values for the sodium D line rather than values extrap- 
olated to zero frequency. The standard deviation of our 
experimental values for the dipole moments at 25°C, 
calculated from the standard deviations of our di- 
electric constant and refractive index measurements, 
was 0.0024D. 

Owing to the difficulty of carrying out accurate meas- 
urements of the refractive index of benzene solutions at 
64°C, these measurements were made at 25°C only. 
In consequence we adopted a somewhat different 
method for calculating the dipole moments at 64°C, 
based on the assumption that the specific refractions 
of the solutes at infinite dilution were independent of the 
temperature. This necessitated rather accurate meas- 
urements of the densities of the solutions at both 25° 
and 64°C. The standard deviation of our experimental 
values for the dipole moments at 64°C, calculated from 
the standard deviations of our dielectric constant, 
refractive index and density measurements, was 
0.0040D—appreciably larger than at 25°C. This differ- 
ence is due to the effect of small random errors present 
in our density measurements at 25° and 64°C (standard 
deviation 0.00004 g/ml). Such errors do not introduce 
any appreciable inaccuracy" into our values for the 
dipole moments at 25°C, since these are based on 
refractive index and dielectric constant measurements 
carried out at the same temperature. 


INTERPRETATION OF EXPERIMENTAL RESULTS 


The parameters ¢ and » were determined from our 
values for the dipole moments of the six a,w-dibromo- 
paraffins from dibromopentane to dibromodecane, 
together with that of n-propyl bromide. In these cal- 
culations, the values for uw, uw’, and p»” obtained by the 
method of Smith, Ree, Magee, and Eyring? for the 
isolated molecule were modified as before! by multipli- 
cation by an empirical factor to compensate for the 
solvent effect. This factor depended somewhat on the 
value of ¢ since it was always chosen to give exact 
agreement between the experimental and calculated 
values of the dipole moment of n-propyl bromide in 
benzene solution; this dependence on ¢ was taken into 
account in the least-squares procedure used for evaluat- 
ing the results reported in the present paper. As before, 
the results for 1,3-dibromopropane and 1,4-dibromo- 

1K. B. Everard, R. A. W. Hill, and L. E. Sutton, Trans. 
Faraday Soc. 46, 417 (1950). 
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butane were not taken into account in these calculations 
since the theory would not be expected to apply to such 
short molecules owing to the large interactions between 
the dipoles at the two ends of these molecules. In this 
way we found® that at 25°C, ¢=0.515+0.005 and n= 
0.561+0.004; the values for the (modified) bond 
moments y, uw’, and w” were 1.756D, 0.337D, and 0.091D, 
respectively.” 

Using these values for ¢, n, wu, uw’, and yw” we cal- 
culated the theoretical values for u, for values of n from 
3 to 10 by means of Eq. (1). In view of the approxima- 
tions inherent in this equation, the results obtained 
(Table I) are in surprisingly good agreement with the 
experimental values. This is illustrated in Fig. 1 in 
which the upper and lower curves correspond to the 
calculated values of u, for odd and even values of n, 
respectively, while the circles show the results of our 
experimental measurements. 

In a similar manner we found that at 64°C, ¢= 
0.493+0.008 and 7=0.536+0.006 while the corre- 
sponding values obtained for the bond moments were 
u=1.766D, yw’ =0.339D, and p’’=0.092D. The theoreti- 
cal values for uw, at 64°C were calculated and are given 
in Table I. Except for n=3 and n=4, the agreement 
with the experimental values was again surprisingly 
good. 

It should be noted that at both 25° and 64°C the 
discrepancies between the measured and calculated 
values of u, for the dibromides from dibromopentane 
to dibromodecane are of the same order of magnitude 
as the estimated standard deviations of these measured 
values. 

Using the values obtained for the parameters ¢ and 
nat 25° and at 64°C we find that the increments in these 
parameters for this temperature rise are given by Af= 
—0.022+0.010 and An= —0.024+0.007. This method 
of treating our results is clearly incapable of yielding 
even moderately reliable values for the increments 
Ag and Ay separately, although it does yield a fairly 
reliable result for their average value, namely, 


4(A¢+An) = —0.023+0.002. 


An attempt was made to obtain more reliable values 
for the increments Af and An by choosing them so as to 
give the best possible agreement between the theoretical 
and experimental increments in yu,” between 25° and 
64°C. The calculations were performed by the method 
of least squares for values of m from 5 to 10, but the 
results obtained by this method differed inappreciably 
from those given above; the standard deviations ob- 
tained were only slightly smaller than before since there 
was practically no correlation between the discrepancies 
between the theoretical and experimental values of 
Mr? at 25°C and those at 64°C. 


2 The slight differences between these values and those given 
previously (reference 1) are due primarily to the correction of a 
computational error. 
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We had expected! that the large interactions between 
the terminal dipoles in 1,3-dibromopropane and 1,4- 
dibromobutane would cause the experimental values of 
the dipole moments of these compounds to be ap- 
preciably smaller than the values calculated from Eq. 
(1). Our experimental results do not bear this out; in the 
case of 1,4-dibromobutane the discrepancies between 
the measured and calculated values of the dipole 
moments are comparatively small, while in the case of 
1,3-dibromopropane at 25°C the measured value is 
actually slightly larger than that calculated from Eq. 
(1). 

A further anomaly is the negative temperature 
coefficient of the dipole moment of 1,3-dibromopro- 
pane. Equation (1) predicts a positive temperature 
coefficient for this dipole moment and the lack of agree- 
ment is statistically significant even at the 1% level. 
Moreover, if account were taken of the interaction 
between the terminal dipoles in this molecule, the 
theoretical value of the dipole moment would presuma- 
bly have an even larger positive temperature coefficient 
than that predicted by Eq. (1). Ketelaar and van Meurs? 
also obtained negative temperature coefficients for the 
dipole moments of 1,3-dibromopropane in solution in 
various solvents; however, as far as we know, no satis- 
factory explanation of this behavior has yet been given. 
Ketelaar and van Meurs‘*'* suggested that 1,3-dibromo- 
propane exists as an equilibrium mixture of the two 
forms postulated by Goubeau and Pajenkamp," 
namely, a planar cis form having a dipole moment of 
3.3D and a “spatial trans’ form having zero dipole 
moment. This explanation breaks down however, be- 
cause of a computational error in Goubeau and Pajen- 
kamp’s evaluation of the dipole moment of the planar 
cis form, the correct result being very considerably 
smaller than the value of 3.3D obtained by Goubeau 
and Pajenkamp and accepted by Ketelaar and van 
Meurs. 

We believe that the elucidation of the cause of these 
anomalies will only be possible in the light of further 
experimental results. 


DISCUSSION 


The simplest model capable of explaining our experi- 
mental results assumes the existence of ‘rans-gauche 
rotational isomerism. This is equivalent to assuming a 
potential energy function consisting of three potential 
wells (corresponding to angular rotations ¢ of 0° and 
+120° from the completely stretched position) sepa- 
rated by high potential barriers. In order to obtain 
agreement with the experimental values of ¢ and 7 at 
25° and 64°C the energy of a gauche rotational isomer 
in benzene solution must be assumed to be 0.40-+0.12 
kcal/mole more than that of the corresponding trans 


13J. A. A. Ketelaar and N. van Meurs, Rec. trav. chim. 76, 
495 (1957). 

4 J. Goubeau and H. Pajenkamp, Acta Phys. Austriaca 3, 
283 (1949-50). 
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isomer except for rotations at the ends of the molecules 
where the difference is somewhat less, namely, 0.34-+ 
0.14 kcal/mole. Furthermore, in order to obtain agree- 
ment with the experimental values of ¢ and 7 it is 
necessary to assume that the effective width of the 
potential well corresponding to a particular gauche 
configuration is about 0.4 times that corresponding to 
the ‘rans configuration. A possible explanation of this 
low “weight factor” for the gauche configuration is 
that certain isomers containing more than one such 
configuration might not be capable of existence because 
of steric effects; such an explanation implies very con- 
siderable correlation between the rotations about the 
various C—C bonds and, if correct, would appear to 
invalidate our deduction of Eq. (1). 

The values given above for the energy differences 
between gauche and trans rotational isomers should be 
compared with those obtained by other methods, 
namely, 0.5 to 0.8 kcal/mole for various n-paraffins® 
and roughly zero for rotations of the CH2:Br group in 
butyl and higher alkyl bromides."® Apart from the 
question of possible errors in these results, they corre- 
spond to values of Af, An, and 3(A¢+An) within the 
95% confidence limits of our experimental values so 
that the discrepancies do not necessarily have physical 
significance. 

An alternative model capable of explaining our 
experimental results assumes that ¢ is not limited to 
the three values 0° and +120° but that it can take on 
any value with a probability determined by a potential- 


energy function having the same form as that proposed 


by Gwinn and Pitzer" for dichloroethane and dibromo- 
ethane, namely, 


V (o) = Vi(1— cos) /2+V3(1— cos3p)/2. (2) 


1K. S. Pitzer, J. Chem. Phys. 8, 711 (1940); G. J. Szasz, N. 
Sheppard, and D. H. Rank, ibid. 16, 704 (1948); N. Sheppard 
and G. J. Szasz, ibid. 17, 86 (1949) ; S. Mizushima and H. Okazaki, 
J. Am. Chem. Soc. 71, 3411 (1949); R. A. Bonham and L. S. 
Bartell, ibid. 81, 3491 (1959). 

1 Yu. A. Pentin and V. M. Tatevskil, Vestnik Moskov. Univ. 
10, No. 3; Ser. Fiz.-Mat. i Estestven. Nauk No. 2, 73 (1955); 
Doklady Akad. Nauk S.S.S.R. 108, 290 (1956); T. Yoshino and 
H. J. Bernstein, Can. J. Chem. 35, 339 (1957). 

17 W. D. Gwinn and K. S. Pitzer, J. Chem. Phys. 16, 303 (1948). 


AND I. ELIEZER 

If Eq. (2) were valid for all values of ¢, then for given 
values of V; and V3; the value of (cosd), (i.e., of ¢ or 7) 
could be evaluated for any desired temperature by 
numerical integration; it follows that V; and V3; could 
be determined by a trial and error method. However, 
the calculation is complicated by the fact that Eq. (2) 
would not be expected to hold for values of | | ap- 
proaching 180° because of steric hindrance. In the case 
of dichloroethane, Gwinn and Pitzer!’ obtained agree- 
ment with experiment by assuming that Eq. (2) held 
for values of @ between +130° but that the potential 
energy was infinite for values of ¢ outside these limits; 
the value of the dipole moment was therefore obtained 
by numerical integration from —130° to +130°. In 
our case it is difficult to decide on the correct limits for 
these integrations; unfortunately, the values of Vi; 
and Vs; required to give agreement with the experi- 
mental values of ¢ and 7 are very sensitive to small 
changes in these limits. If the integrations are carried 
out over all (— 180° to +180°) or nearly all values of ¢, 
then the value of V3 turns out to be negative, corre- 
sponding to stable eclipsed and unstable staggered 
configurations. However, it seems unlikely that such 
results have any basis in fact and they are probably 
due only to the use of incorrect limits of integration. 
Integration over a much smaller range of values of @ 
leads to positive values for both V; and V3 in agree- 
ment with the generally held view that staggered con- 
figurations are more stable than eclipsed configura- 
tions. Unfortunately, lack of exact knowledge regarding 
the correct limits of integration prevents us from ob- 
taining even approximate values for V; and V3. 

It follows that whereas our experimental results are 
in excellent quantitative agreement with the simple 
picture of a hydrocarbon chain having a flexibility due 
to independent restricted rotations about the various 
C—C bonds, they are not sufficient to give any detailed 
information about the form of the potential barriers 
restricting these rotations. 
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Franck and Spalthofi’s treatment has been applied to interpret our thermal conductivity data for the 
system N:,O.=—2NO2. The results are satisfactory in view of the several simplifying assumptions in the 
treatment, when the chemical accommodation coefficient is also considered. It is seen that the none too 
satisfactory results obtained previously by Coffin when applying Franck and Spalthofi’s treatment to this 
system are mainly due to the neglect of the chemical accommodation coefficient. 


1. INTRODUCTION 


N an earlier paper,’ henceforth referred to as I, we 

reported the thermal conductivity of the system 
N2Ow—2NO2, which is measured by using an abso- 
lute method and an all-glass apparatus. The experi- 
mental values were compared with those calculated 
using an assumption of local chemical equilibrium which 
necessarily implies that all reactions are so fast that at 
any particular point in the gas phase the chemical 
composition is effectively, the equilibrium composition 
corresponding to the temperature at that point. The 
agreement between the experimental and the calcu- 
lated values was only fair, large discrepancies being 
observed particularly at the lower pressures. In I it 
was pointed out that the discrepancy between theo- 
retical and experimental values was mainly due to the 
effect of relaxation of chemical energy since the con- 
dition of local chemical equilibrium cannot be fulfilled. 
In the present paper we have tried to interpret our 
thermal conductivity data for the system N2,Oy—2NO2 
in terms of the existing theories which take the relaxa- 
tion of chemical energy into consideration. 

The first attempt to consider the effects of finite re- 
action rates in a temperature gradient was that of 
Dirac? who computed the concentration profile near a 
wall. Ubbelohde’® treated vibrational relaxation for 
parallel plate geometry while Meixner* considered 
chemical reactions for this geometry as well. For the 
concentric cylinder geometry, the effect of relaxation 
of chemical energy on the thermal conductivity of a 
chemically reacting gas mixture was considered by 
Franck and Spalthoff® who extended the treatment of 
Schiffer, Rating, and Eucken® for the internal degrees 
of freedom to the case of chemical reactions. The effect 
of rotational relaxation has been considered both 


1B. N. Srivastava and A. K. Barua, J. Chem. Phys. 35, 329 
(1961). 

2P. A. M. Dirac, Proc. Cambridge Phil. Soc. 22, 132 (1924). 

3A. R. Ubbelohde, J. Chem. Phys. 3, 219 (1935). 

4 J. Meixner, Z. Naturforsch. 7a, 553 (1952). 

5. U. Franck and W. Spalthoff, Z. Elektrochem. 58, 374 
(1954). 

®K. S. Schiifer, W. Rating, and A. Eucken, Ann. Physik 42, 
176 (1942). 


theoretically and experimentally by Prigogine and 
Waelbroeck,’ and by Srivastava and Barua.’ 

Very recently, Hirschfelder and Secrest?” treated 
the problem of nonequilibrium heat transfer in a 
chemically reacting gas mixture more realistically. 
They obtained the total heat flux for a reaction of the 
type 2AB=—A,+ B, by integrating over infinitesimally 
small distances between the hot and the cold surfaces 
of the conductivity cell. This naturally makes the heat 
flux dependent on the geometry of the cell and on the 
chemical reaction rates. It is also to be noted that in the 
treatment of Hirschfelder and Secrest we do not get 
the heat transfer explicitly in terms of the temperature 
gradient and, therefore, we are unable to find an ex- 
pression for the thermal conductivity. Consequently, 
in the present paper we have been able to apply only 
Franck and Spalthoff’s theory to the system N,O;—= 
2NOs, but unlike Coffin,'! we have also considered the 
chemical accommodation coeflicient. 


2. FRANCK AND SPALTHOFF’S THEORY 


In this it is assumed that the translational, rotational, 
and the vibrational degrees of freedom are in local 
chemical equilibrium, whereas the chemical energy has 
a characteristic relaxation time 6. Two temperatures 
are defined in the conductivity cell, ie., (1) Tn, the 
normal temperature that is fixed by the energies 
corresponding to the translational and the internal 
degrees of freedom; and (2) Tp, the chemical tempera- 
ture, which, for a reaction of the type A2—24, is given 
by 

Tp = (Hr/R) | (Sr/R) —\np—In[40?/(1—a*)}}-!, (1) 


where He is the enthalpy; Sr, the entropy of the 
reaction; and a, the degree of dissociation. 


71. Prigogine and F. G. Waelbroeck, Proceedings of the Joint 
Conference on Thermodynamic and Transport Properties of Fluids 


(The Institution of Mechanical Engineers, 
p. 128. 

8 B. N. Srivastava and A. K. Barua, Proc. Phys. Soc. (London) 
77, 677 (1961). 

®J. O. Hirschfelder and D. Secrest, Wis-AF-14A, June 20, 
1960. 

0 J. O. Hirschfelder and D. Secrest, Wis-AF 15, August 5, 
1960. 

UK. P. Coffin, J. Chem. Phys. 31, 1290 (1959). 
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TABLE I. Experimental and the calculated values for the thermal conductivity of the system N20,=2NOs.. 


Pressure K.X105 
in cm of 


Hg 


Temp 
in °C 


Gr 
x 10° 


= (K;s+K,) 


KrsX108 
from Eq. (3) 


KrsX10° 
from Eq. (2) 





38.32 
37.27 
36. 
$1. 


30. 
35.75 
Sf 
30 
26. 


31. 
32. 


= Udde 
oOo RN eS 


won 
— OO) 


— 
— 


w 
bt 


The final expression obtained by Franck and Spalt- 
hoff for the heat conductivity of a chemically reacting 
gas mixture As—2A, when there is no chemical equi- 
librium, may be represented as 


Krs=(Ky+4,) (6H+d)/(fH+g), 


(2) 
where 
b=K,/K,(Xm+ Xp) Inre/n; 
d=XmXp(Kys+K,) Inre/n; 
f=KsKP+K,KP+K 5K, (Xm+Xp) Inre/ (n+) ; 
g=KPXptKPXntXmXv(Kst+ Kz) Inre/ (n+) 5 


H= —n(n+A) Hy" (inin+A)) | 
i 1 Hy (in|ri+A]) ; 


n=((Ks+K,)/DBK;j)'; 
Xm=n(t/4) (P/RT) (Cn +R/2) am; 
Xp=n(t/4) (P/ RT) Cpap; 
B=[(RT)?2/k.K,P\4P/K,+1]3; 
k,/ke=K,/RT; 
Cm =21Co, +420 v9} 
Cp = (U2? /RT*) |a(1—a) /(1+a)]. 


Hy and H,™ are Hankel functions, D is the binary 
diffusion coefficient for the mixture, @ is the average 
velocity, and A the mean free path of the molecules. 
Here Yo. r, are, respectively, the radii of the cell and 
the cell wire; 21, 22 are the molefractions; C,,, Cr, are 
the molar specific heats of the pure components; and 
Up is the reaction energy. C,, and Cp may be estimated 


26.09 34.01 
28.71 5.51 
29.50 34.80 
28.61 .29 


19.31 5.34 
25.47 .68 
29.78 34.74 
30.82 34.84 


17.44 .58 
22.76 3.95 
28.84 30.06 
29.46 


11.20 
16.16 
. 21.60 
23.07 
8.91 
11.65 
15.36 
16.60 


0.0135 
0.0166 
0.0173 
0.0232 


.0091 
.0104 
-0123 
-0127 


.0078 
.0084 
.0093 
.0097 


.0072 
.0076 
.0081 
-0083 


.0070 
.0072 
0.0075 
0.0076 


from the tables obtained by Brokaw,” Cp being the 
molar specific heat due to chemical reactions. ad, is 
the usual accommodation coefficient and ap that due 
to the chemical energy. Ky and K, are the thermal 
conductivities corresponding to the various degrees of 
freedom and the chemical energy, respectively. 

Coffin,!! however, assumed @dp=0 and d,=1, so 
that Eq. (2) becomes 


F Infr2 (n+A)] 


; K, 
Krs=K, 
| In (72/71) 


K;H \n(1re/n) 


K. a1 
(3) 
4m In(r2/73)} ’ 
where K,=K,s+A,. Although it is certain that ap will 
be quite small compared to a@,, it is rather unjustified 
to put it equal to zero because at lower pressures it may 
contribute significantly to the thermal conductivity. 


3. APPLICATION TO THE SYSTEM N,0,—2NO, 


The calculated values of Ay and K, as obtained by 
interpolating from the tables given by Coffin and 
O’Neal® on the assumption of local chemical equi- 
librium have already been given in I. The relaxa- 
tion time 8 was obtained by using k,=2x10" 
exp(—11000/RT) cm’ mole! sec! as given by Carring- 
ton and Davidson.'* The @ values were calculated 
from the K, values given by Giauque and Kemp.” 

2 R. S. Brokaw, Natl. Advisory Comm. Aeronaut. RM E57K 
19a (Washington, D. C., 1958). 

13K. P. Coffin and C. O’Neal, Natl. Advisory Comm. Aeronaut. 
Tech. Note 4209 (Washington, D. C., 1958). 

4T. Carrington and N. Davidson, J. Phys. Chem. 57, 418 
(1953). 

6 W. F. Giauque and J. D. Kemp, J. Chem. Phys. 6, 40 (1938). 





THERMAL 


As usual we set d,=1. Now dp may be obtained 
from the expression given by Eucken, 


ap=1'/(r'+8'), (4) 


where 7’ is the average adsorption time of a NO, 
molecule and #’ is the relaxation time for the chemical 
equilibration on the hot-wire. It has been shown by 
Franck and Spalthoff that for the dissociation of the 
type N2O,—2NO, we have 


7/8’ 

as (1+a)7'/26’+a’ 
where 6’ has the dimensions of the inverse of rate 
constant which cannot be found easily. Hence we have 
followed Franck and Spalthoff’s method and fitted the 
experimental values to the Ars values calculated from 
Eq. (2) by choosing a suitable value of 7’/6’. Thus at 
32°C at the lowest pressure we obtained 1’/5’= 
6.783 X10°%. Although 7’/6’ may slightly depend on 
temperature we have assumed it to be independent of 
temperature and pressure. 

The values of Aps obtained from Eq. (2) at different 
temperatures and pressures are shown in Table I, 
together with the experimental values, Aexpt, and the 
calculated values K, based on the assumption of local 
chemical equilibrium. The values of ap at different 
temperatures and pressures calculated from the value 
of 7’/é’ and the corresponding @ values, are recorded 
in column 7. We have also calculated the Ars values 
from Eq. (3), obtained by Coffin" for ap>=0. These 
values are given in column 5 of Table I. 


(3) 


4. DISCUSSION OF RESULTS 


Before discussing our results it is worthwhile to recall 
the limitations of Franck and Spalthoff’s treatment. 
These are the following: 

1. It is assumed that the rate of vibrational-trans- 
lational transfer of energy is fast compared to that of 
chemical reaction which may not be strictly valid in 
all cases. This is true in the case of the reaction 
N2Oy—2NO, for which the relaxation time is of the 
order of 10~° or 10-® sec, while the vibrational-trans- 


CONDUCTIVITY GFE 


N20,—2N0, 651 
lational relaxation time is usually of the order of 
10-* sec. 

2. The treatment of the boundary conditions is 
based on mean-free-path arguments, and is somewhat 
crude. Further at any point in the conductivity cell, 
the thermal conductivity A has been assumed constant 
and independent of r which is not strictly valid as the 
gas composition varies with r due to the temperature 
gradient. 

It will, however, be seen from Table I that the 
result of applying Franck and Spalthoff’s treatment 
with a small chemical accommodation coefficient is 
quite satisfactory in view of the simplifying assumptions 
made in the theory. It is rather gratifying to note that 
a value of 7’/6’ fitted at one point can explain the ex- 
perimental data over the entire ranges of temperature 
and pressure with reasonable success. This shows that 
the reason for the hardly satisfactory results obtained 
by Coffin were mainly due to the neglect of the chemical 
accommodation coefficient, and its contribution may be 
seen by a comparison of columns 5 and 6 of Table I. 
Coffin, however, thinks that the discrepancy, obtained 
by him, can be explained by assuming a higher re- 
action rate and modified force constants. The over-all 
satisfactory results obtained by us by applying Franck 
and Spalthoff’s treatment to the system N2Oy=2NO, 
in spite of its simplifying assumptions may be due to 
the fact that this reaction is fast as compared to most 
of the other chemical reactions. The error due to the 
assumption that the vibrational energy is in local 
equilibrium may not be serious, since its contribution 
to the thermal conductivity is very small compared to 
that of the chemical energy. 

Hence we may conclude that the Franck and 
Spalthoff’s treatment may be applied with reasonable 
success to interpret the thermal conductivity data of 
fast reactions like NeOy—2NOn. 
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LCAO-MO calculations have been made for the 2p, state of H2*. Trial wave functions have been con- 
structed which involve dz orbitals as well as px orbitals about the two nuclei, and the energy has been com- 
puted for internuclear distances between 2 and 10 a.u. The discrepancies between these energies and the 
exact energies are decreased by as much as 87% as compared with the discrepancies obtained on using p 
orbitals alone. Inclusion of d orbitals also results in a considerable improvement in the equilibrium inter- 
nuclear distance. The maximum ratio of the coefficients of the d orbitals to those of the p orbitals is about 
0.24. The approximate wave functions have also been compared graphically with the exact solution. 


\ 


HE potential energy curve of the 2pm, state of the 

hydrogen molecule-ion H:*+ has been calculated 
precisely by Bates, Ledsham, and Stewart.' LCAO-MO 
calculations of the energy of this state have been made 
by Moiseiwitsch and Stewart? and by Schiifer.* This 
state is interesting because the 7 electrons of ethylene 
and other unsaturated compounds are in molecular 
orbitals analogous to that of the electron in the 2pz, 
state of H,*. A study of this state therefore gives some 
insight into the shapes and properties of a orbitals in 
more complex molecules. 

Both in the united atom and at infinite internuclear 
distance, the electron in the 2pz,, state of Hg* is in a 2p 
state centered at the protons. Moiseiwitsch and Stewart 
and Schiifer used as a first approximation for the wave 
function of the 2pz, state the linear combination of p 
functions 


~i= Pat po; ( 1 ) 


where a and 6 denote the two nuclei. If the z axes are 
taken along the line joining the two protons, p, or py 
functions are appropriate for (1); we choose p,, the 
normalized function 


pi= (a*/m)'r; sind; cosp; exp(—ar;), (2) 


where i=a or 6, @ is a constant parameter, and rj, 
6; and ¢;-are polar coordinates centered on nucleus 7. 
Taking as our criterion for the accuracy of the wave 
function the agreement of calculated energy with true 
energy, we wish to calculate 


E= J o*H ddr, / o*ddr, (3) 


where 


H=—3V?—1/ra—1/n+1/R (4) 


in atomic units, R being the internuclear distance, and 
{+++dr refers to integration over the volume element 


* NSF Predoctoral Fellow, 1958-61. 

1.D. R. Bates, K. Ledsham, and A. L. Stewart, Phil. Trans. 
Roy. Soc. London A246, 215 (1953). 
2B. L. Moiseiwitsch and A. L. 

(London) 67A, 457 (1954). 
3K. Schiifer, Z. Elektrochem. 58, 455 (1954). 


Stewart, Proc. Phys. Soc. 


of the electron. This gives 
E=1/R—a?/2—[Ky,+2(1—a@) Jpp 
+ (1-2a)a/2 V (1+ Sie) A 


where 


Spp= | eubutr 


Ki= { (pe)*/nadr= | ()*/nait 


J p= i ‘y,dt= | pabo/natr (6) 


These integrals are tabulated by Preuss‘ and Kotani® 
as functions of aR. For a given internuclear distance, / 
is minimized by setting (0//da)p=0. Since explicit 
differentiation of Eq. (5) is impossible if values of the 
integrals are taken from tables, the optimum value of 
a is found by trial and error. For a given value of Ra 
curve of £ vs a is fitted through the calculated points; 
the minimum gives the optimum a and £ for that inter- 
nuclear distance. Schiifer? has calculated functions 
which can be used in minimizing the energy as a func- 
tion of a for the values aR= 1.0(0.5)5.0. Moiseiwitsch 
and Stewart? have also calculated optimum @ and FE 
for R between 0 and 5. Our results (see Table I) 
agree with those of both of these papers. 

The purpose of the present paper is to improve the 
LCAO-MO wave function by introducing another term 
from the expansion of the correct molecular orbital in 
the set of hydrogenlike wave functions. It seems reas- 
sonable to expect that the greatest improvement will 
come if d,, functions are hybridized with the p, func- 
tions. This has the effect of increasing the charge dens- 
ity near the plane midway between the two protons 
and reducing the charge density elsewhere. 

The approximate wave function now becomes 


g2= pat potrA(da—dp), (7) 


*H. Preuss, Integraltafeln zur Quantenchemie (Springer-Verlag, 
Berlin, Géttingen, Heidelberg, 1957), Vol. 2. 

5M. Kotani, A. Amemiya, E. Ishiguro, and T. Kimura, Table of 
Molecular Integrals (Maruzen Company, Ltd., Tokyo, 1955). 
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Table I. Parameters and energy vs internuclear distance for 2px, orbital of H2* (energies and distances are all in atomic units). 














o7 
€ 


0 / 
Eo Ey» error Ex error 3 provement? 


0.07122 0.14523 104 0.07409 4.03 ; 0.07168 65 A : 84.0 
—0.05312 —0.00302 94. —0.04743 10.7 , —0.05234 t . ; 86. 
—0.10083 —0.06688 33. —0.09323 7.54 ‘ -0.09981 . : , 0.199 86. 
—0.12139 —0.09794 19. —0.11289 7.00 .651 —0.12020 .980 3 A. 0.221 86. 








—0.13032 —0.11361 12. —0.12170 61 ; --0.12904 0.982 : ; 0.234 85. 
—0.13377 —0.12138 ; —0.12551 18 , —0.13246 .980 a : 0.240 84. 
—0.13451 —0.12495 t. —0.12693 5.63 co —0.13324 945 ; 0. 0.239 83. 
—0.13392 —0.12629 Ss. —0.12717 a 5 —0.13273 .890 a ; 0.233 82. 
—0.13272 —0.12652 .67 —0.12688 .524 —0.13165 806 : as 81. 


® Fo, exact energy (Bates ef al.'). 
b Ei, energy calculated with wave function including p orbitals only; a=}. 

© Es, energy calculated with wave function including p orbitals only with adjustment of parameter a. 

4 Fs, energy calculated with wave function including p and d orbitals with adjustment of parameters a, a’, and A. 
© &% improvement = 100(E:—E3)/(E:—Eo). 


where energy is now a function of three parameters a, a’, and 
vet a ee \ as well as of the internuclear distance. It involve 
d ;= (2a’™/3m)'r? sin; cos0; cosh; exp(—a’r;). (8) / : : . : : 
ten kinds of overlap, Coulombic, and exchange integrals 
i=a or b and a and a’ are adjustable parameters. The which are defined below. 


[3a?(1+ Spp) +K pp+2(1—a@) Ipp t+ (1— 2a) a/2J+[4 (a? +a”) Spat 2K pat2(1—a) I pat (2—3a’) Jap |r 


+[4a’( 1 = Sua) + Kaat (3a’— 2) J aat ( 1— 3a’) a’ /3 |? 


E=1/R— 
/ [( i+ Ss) +2. SpaA+ ( 1— Saa)d*] 





(9) 





Spp, Kpp, and Jp, are defined by (6). auxiliary functions 


Spa= | prtute= — | padedr A,(a) -| x" exp(—ax)dx 


1 
Saa= [atrar B, (a) -| x" exp(—ax)dx, (11) 
1 


which are tabulated by Preuss‘ and Kotani®. Some of the 
Kpa= | bute/nitr= — | pade/rats integrals are tabulated by Preusst (Sp, Kopp, J pp) 
Kotani> (Spp, Kpp, Jpp), and Jaffé® (Spa, Saa), but 
since this work was carried out with the help of an IBM 
Kuu= { (de)*/ndr= | (ds)*/radr 650 data-processing system, it was more convenient to 
calculate the A,,’s and B,’s and the integrals each time 
as needed, introducing the recursion formula 


, 


Ine | Puda/rate= — | pute/radr 
A,(a)=(1/a)[exp(—a)+nA,1(a)]. (12) 


Jay= | Pala/rate= — | pude/rate Calculation of the B,’s by means of a similar recur- 
sion formula is not feasible unless it is done with double 
precision, since there is loss of accuracy for small argu-_ 


Jau= f dado/ratr= f dads/natr (10) ment. Therefore, the B,’s were calculated from the 


All these integrals can be written in terms of the °H. H. Jafié, J. Chem. Phys. 21, 258 (1953). 
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Fic. 1. Contour diagram showing 100(y—¢:) in the xz plane. 


series resulting from an expansion of the exponential: 


B, (a) =2 s (a™/m!)(n+m-+1)-! (n even) 


m=() 
m even 


B, (a) (n odd). 


—2 >> (a™/m!) (nt+-m+1)— 


m=1 
m odd 


(13) 


Twelve terms of these series give an accuracy of 1 or 
2 in the eighth digit for argument up to 6. 

The energy was calculated for various combinations 
of a and a’ as a function of \ for nine internuclear 
distances [R=2(1)10 a.u.]. It was then minimized to 
find the optimum ) for each value of a, a’, and R. The 
best combination of a and a’ was obtained for each 
internuclear distance. It was found that the optimum 
value of a at a given value of R was increased slightly 
by the inclusion of the d orbitals. The optimum energies 
obtained are shown in Table I. The inclusion of d orbi- 
tals reduces the difference between the correct and the 
calculated energies by from 82% to 87% when R is 
between 2 and 10. At values of R greater than 10 the 
improvement is not so great. The maximum amount of 
d function is about 23% and occurs close to R=7. 

There is a considerable improvement in the predicted 
position of the minimum in the £ vs R curve when the 
trial function includes d orbitals. The minimum of the 
exact E vs R curve occurs at R= 7.9. The minima found 
with p orbitals alone (a=}), with p orbitals alone and 
variable a, and with p and d orbitals, occur, respectively, 
at R= >10, 8.8, and 8.0. 

It is interesting to compare the trial functions ob- 
tained in this way with the correct wave function of 
Bates et al.! Figure 1 shows a contour plot of y—¢ 
at’ R=3, where yw is the correct wave function and ¢, 
is the trial function given by (1) using the parameters 
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in Table I. The difference function resembles quite 
closely the function da—d» used in (7). It is therefore 
not surprising that ¢» gives a large improvement in the 
energy. Figure 2 shows a contour plot of Y—q. at R=3. 
It is seen that the trial function ¢: is markedly better 
than ¢; at most points. Whereas Y—¢; had values as 
large as 0.019 and —0.009, the difference function 
¥—q» varies between 0.005 and —0.006. We estimate 
that J \¥—¢1 |dxdz is roughly 3 to 4 times larger than 
J |\W—e|dxdz, where x and z are the coordinates defined 
previously in this paper. 

Figure 2 gives the impression of a function of the form 
Spat3po, where 3p. and 3, are hydrogenlike 3p 
orbitals, 

3p= A(2ar—a’r’) exp(—ar) sind cosd, (14) 
centered, respectively, on nuclei a and 6. This suggests 
that the next step in improving the trial function ¢» 
would be to add a term of the form 3p.+3p,. Then the 
exponential parameter which would give the closest 
fit to the difference function in Fig. 2 is approximately 
a=1. The addition of roughly 0.03(3p.+3p) to de 
would eliminate the hollow directly above the nucleus 
in Fig. 2, and would depress the hill between the nuclei 
by about 40%. 

The arrangement of nodal planes in Fig. 2 seems to 
indicate that a function of the form 4f,—4f/, would not 
give as great an improvement to ¢2 as 3p.+3p,, 4f. and 
4f, being hydrogenlike 4f orbitals centered on nuclei 
a and 6: 


4f= Br’ exp(—ar) sin3@ cos. (15) 
Dr. P. G. Lykos and Mr. R. Miller of the Illinois Insti- 
tute of Technology have informed us that they are 
carrying out a calculation similar to ours, involving , 
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d, and f orbitals with the same exponential parameter. 
These calculations may serve to indicate whether this 
is the case. 

These results have implications in the interpretation 
of w bonds in unsaturated molecules which we plan to 
discuss at another time. 
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A theory of diffusion- and surface-energy-governed particle growth is presented for spherical precipitates 
in solids. The high surface energy of small particles retards the growth in the initial stage of the process. 
For large particles the limiting case is the diffusion-controlled growth as the surface-energy contribution 


becomes negligible. 


INTRODUCTION 


IFFUSION-controlled grain growth of foreign 

atoms in a solid matrix upon quenching has been 
studied rather extensively’ over the past few years. 
The formation of new phases are induced by quenching 
and subsequent annealing of the solid solution. The 
segregation is due to the decrease of solubility in the ma- 
trix as a function of temperature and the grain growth 
has a marked effect on certain physical and chemical 
properties of the system. Although the solubilities of im- 
purity atoms in semiconductor materials are generally 
several orders of magnitude lower* than in metals,® the 
effects are nonetheless just as striking and attributable 
to the same causes. Furthermore, the electrical proper- 
ties of the semiconductors are much more sensitive to 
impurities and this makes them a preferred medium to 
study the kinetics of precipitation in a more detailed 
manner. 

The theory derived by Zener, Reiss,’ and Ham® to 
describe the grain growth in solids as a diffusion-con- 
trolled process does not consider the effect of surface 
energy and strain energy on the segregation. Since the 
surface energy is expected to be large for particles with 
radii smaller than 100 A and these particles are of 
course predominant in the initial stages of the segrega- 
tion, it is felt that a more generalized treatment is 


1G. W. Greenwood, Acta Met. 4, 243 (1956). 

2G. C. Kuczynski and R. Landauer, J. Appl. Phys. 22, 952 
(1951). 

3D. G. Thomas, J. Phys. Chem. Solids 9, 31 (1958). 

4S. A. Trumbore, Bell System Tech. J. 39, 205 (1960). 

5H. Carpenter and J. M. Robertson, Metals (Oxford Univer- 
sity Press, New York, 1939). 

°C, Zener, J. Appl. Phys. 20, 950 (1949). 

7 F. J. Morin and H. Reiss, J. Phys. Chem. Solids 3, 196 (1957). 
8, S. Ham, J. Phys. Chem. Solids 6, 335 (1958). 


necessary to include the surface-energy term for an 
improved description of the growth, particularly in the 
early stages. This paper, therefore, attempts to present 
a theory of diffusion- and surface-energy-controlled 
grain growth of foreign atoms in a solid matrix. Since 
we are concerned with the initial stages of the precipita- 
tion, the effect of the strain energy on the segregation 
has not been taken into account.” Because of the 
nature of the surface-energy term only the first part of 
the growth is discussed with much rigor. In order to 
present a more complete picture of the diffusion-con- 
trolled precipitation, other factors affecting the final 
period of the segregation process will also be indicated 
later in the paper. The physical picture of the precipita- 
tion process is that developed by Riess’ to describe Li 
precipitation in germanium. The growth is steady-state 
diffusion-controlled, the particles formed during the 
process are spheres, and precipitation takes place on 
preferential sites, such as vacancies, which are already 
present in the solid matrix before the grain growth is 
induced by quenching the system to a lower tempera- 
ture. 


THEORY AND DISCUSSION 


We shall consider that the growth takes place on V 
number of centers where N is constant throughout the 
precipitation. These centers must be larger than a cer- 


9F. R. N. Nabarro, Proc. Roy. Soc. (London) A175, 519 
(1940). 

10 The strain energy is proportional to the volume of the pre- 
cipitate and its effect is expected to be small where the surface 
energy term is important; namely, at the beginning of the grain 
growth. Extensive treatment on the effect of the strain energy 
is given by Nabarro.® 
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Fic. 1. Concentration variation in the solid solution surround- 
ing a growing spherical particle. 


tain critical size" to be capable of growth with a fall in 
free energy.” 

The precipitating atoms are supplied from a solid 
solution in which their concentration is C. Far from the 


particle-solid solution interface the diffusant concen- 
tration is Co and at a distance from the boundary 


C <C>. The process for the segregation is assumed to be 
steady-state diffusion-controlled. Thus, the variation of 
C with time is given by® 


dC/dt=0 (1) 


This criterion is valid only if Co remains constant 
throughout the process, and if the diffusion flow can 
adjust itself rapidly to particle size changes.? This 
obviously cannot be fulfilled for a real system. How- 
ever, one may correct for the change in Cp,?:6!4.15 
This correction has not been included here, since for the 
initial stages at least,’*"!8 Cy can be taken as constant 
and there are also experimental data indicating that the 
steady-state approximation in some cases is valid 
through 90% completion of the precipitation.’ The 
impurities are treated as precipitating spheres and 
since the centers on which the growth takes place are 
randomly distributed in the matrix the whole problem 
has spherical symmetry. Assuming that the diffusion 

1H. K. Hardy, T. J. Heal, Progr. in Metal Phys. 5, 143 (1954). 

124 detailed thermodynamic treatment of the nucleation 
theory is given by R. S. Bradley, Quart. Rev. Chem. Soc. 5, 315 
(1951). 

3W. Jost, Diffusion 

we” 
(1952). 

6 A growth parameter? may be inserted in the derivation of 


the theory to account for ris time-dependent change of Co. 

6H. L. Frisch and F. C. Collins, J. Chem. Phys. 21, 2158 
(1953). 

'7C, Wert and C. Zener, J. Appl. Phys. 21, 5 (1950). 

18 FS, Ham, Bull. Am. Phys. Soc. 3, 70 (1958). 


(Academic Press, Inc., New York, 1952). 
L. Frisch and F. C. Collins, J. Chem. Phys. 20, 1797 


coefficient D is independent of the concentration, the 
diffiusion equation has the form” 


d/dr(r?(dC/dr) |=0, 
of which the general solution” is 
C=A+B/r, (3) 


where r is the distance from the center of the particle; 
A and B are the constants of integration. 

The concentration of the diffusant at the boundary of 
the particle and the matrix may be expressed 
C, exp(a/x) from the Thompson equation": 


(2) 


In C,/C,=2Vy/xRT, (4) 
where C, is the equilibrium solubility of particles with 
radius x, and C, is the limiting solubility of particles 
whose final radius s is achieved at the end of the growth, 
V is the molar volume of the segregating particle, y 
is the surface tension of the particle in the solid matrix, 
Ris the gas constant, and T is the absolute temperature. 
Hence, a is given by a=2Vy/RT. For a growing 
particle this equation shows the effect due to surface 
tension. This opposing term is inversely proportional 
to the particle radius. Thus for very small particles 
growth will be retarded and obviously for large x, 
C.-C, and surface effects do not influence particle 
growth. The concentration variation in the solid solu- 
tion is illustrated in Fig. 1. 

The boundary conditions describing the process far 


TABLE I. Computed values of the integral as a function of particle 
Fadius. 


i x dx [ ___—sxdx 
Co—C, exp( a/x) A Co—C, exp(a/x) 


for a=10? for a= 108 





X (A) 


10 3.641710" 
20) ..> 1.4615X 10-8 
30 4.5107 10-8 
7.8340 10-8 

50 -1314XK 107 
75 -0448 X 107 
100 -0029X 107 
-9980 X 1077 

-0275X107 

.0901 X 107 

1852107 

. 1883 X 10-6 

7085 X 10-¢ 

-2780X 10° 





0.0000 

1.4578X10~* 
8.2994 10° 
7.9923 X 10-7! 
2.2360X 10?! 
5.6783 X10" 8 
4.111210" 
1.4966 X 107" 
1.2833 10- 
7.7256X 10" 
1.4615X10~° 
4.510710 
7.8340X10~° 
1.1314 10"8 


19 J. Crank, The Mathematics of Diffusion (Oxford University 
Press, New York, 1956). 





DIFFUSION-CONTROLLED 


from the interface and at the interface of the growing 
particle are 


t=0 
t>0 


C=Cy and r= (1) 
C=C, exp(a/x)r=x, (II) 


where ¢ is the time and all other constants have their 
meaning described previously. 

By substituting the boundary conditions (I) and 
(II) into (3) one obtains 


C=Cy—[Co— C, exp(a/x) ](x/r). (5) 
The flux of diffusants at the interface is controlled by 
Fick’s first law??" as 
4rx°D(0C/0r) =z, 
where 47x’ is the surface area of the particle, D is the 
diffusion constant, and (0C/dr),.. is the concentration 
gradient. Hence, the volumetric rate of diffusion 


governed growth of the precipitated particle on one 
nucleation center is 


(44/3) [d(x*) /d0]=4xx*Dv(9C/ar),-2, (6) 


where v is the volume contribution of one diffusant atom 
to the particle. Upon substitution of (5) into (6) one 
obtains 


dx/dt= Dv{ (Co/x) —[C, exp(a/x)/x]}, (7) 
and separation of the variables results in 
adx/[Co—C, exp(a/x) |= Dv dt, (8) 


or if one assumes’ that at /=0, x=0 


/ xdx/LCo—C, exp(a/x) ]= Dut. (9) 
0 


The integral has been computed for different values 
of x using the Laguerre-Gauss quadrature. Typical 
values of the constants taking a semiconductor-metal 
diffusant system’ are the following: 

C,= 10" cm-, Co= 10" cm, 


D=10-" cm?/sec. 


v=10-% cm, 


This @ is not known for this system but from other 
experimental results”? the order of magnitude value 
was found to be between a=10? A and a=10' A. 
Table I gives the values computed for the integral as a 
function of x for these two values of a. 

If the growth takes place on N centers in equal rate 
and if there is no overlap’ between the regions from 
which each particle is supplied with diffusant atoms, 
the number of atoms precipitating per cubic centimeter 
is given as 


o_N(x/3) 
v ’ 


(10) 


™G. A. Somorjai, doctorate thesis, University of California, 
Berkeley (1960). 


PARTICLE GROWTH 


100 





a 
4 


* 
v4 


UX Blasi”) 














l 1 
102 105 
4 3/2 (arbitrary units) 


Fic. 2. Growth curves for surface-energy-diffusion-controlled 
(A, B) and diffusion-controlled (C) precipitation. 
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where N for this system is VN=10" cm~*.’ Therefore, 
C/(Co—C,), or for all practical purposes C/Cp is the 
fraction of the diffusant precipitated in the solid. The 
theory of diffusion-controlled precipitation of spheres 
derives,’ as can readily be seen by the evaluation of 
Eq. (9) for large x, 


C/Qo= 8. (11) 


Hence, a plot C/Cy vs ! should give a straight line. 
Figure 2 shows three curves; A and B are predicted for 
surface-energy and diffusion-controlled growth and 
calculated for two values of a, C gives the growth curve 
for the diffusion-controlled process not taking into 
account the surface energy. 

One can see that the surface-energy contribution has 
a marked effect on the growth. The surface energy of 
small particles retard the grain growth appreciably 
at the initial stages of the segregation process. Growth 
curves similar to that of A and B were found by Dore- 
mus” and Wert” for the a-iron-carbon system and 
Wert” for the a-iron-NV system. 

It can also be seen from Fig. 2 that as a becomes 
smaller the retarding effect on the growth vanishes. 
Thus, for small interfacial energy of the diffusant atoms 
in the solid matrix the inhibiting effect diminishes. 
This may be the reason why Li precipitation in ger- 
manium’ does not apparently exhibit the type of growth 
derived in this paper for the initial part of the segrega- 
tion. In any case the limiting slope is that derived for 
diffusion-governed growth. 

It can be pointed out that in case of a somewhat 


2 R, A. Doremus, Acta Met. 5, 393 (1957). 
2 C. Wert, J. Appl. Phys. 20, 943 (1949). 
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more realistic physical picture for the segregation pro- 
cess the surface-energy term could have a slightly 
different effect on the growth. If for example there are 
no preferential sites present originally in the solution 
and there is a distribution of different size particles after 
nucleation instead of particles of equal size, the surface- 
energy term would be expected to accelerate” the 
growth of large particles at the expense of small ones. 
The reason for this is the high surface tension of small 
particles which accelerates the diffusion-controlled 
aggregation into larger ones. This would modify the 
results derived above slightly. 

So far, no attempt has been made in this paper to 
treat the final part of the growth curve to account for 
any deviation which might occur at long times. It has 
been indicated in recent publications**”* that there 


~ % J, Burke, Phil. Mag. 5, 176 (1960). 
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are many factors known to have a retarding effect on 
the grain growth toward the final period of the process. 
These factors are: (a) the strain energy of the particle 
in the solid matrix’ which increases as the volume of the 
grain increases, (b) time-dependent decrease? of Co, 
the initial concentration of the diffusants in the solid 
solution which should modify the steady-state diffusion 
criteria, and (c) the overlap of the depletion regions”: 
around the growing particle which would prevent the 
grains from growing at an equal rate. 
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This paper is concerned with the effects of orientation on the 
combinatorial term g for the number of ways to pack together 
N,z linear polymers (« mers). Accordingly g is evaluated as a 
function of the number of molecules in each permitted direction 
for the case of straight rigid rods. The permitted directions can 
be continuous so that g is derived as a function of the continuous 
function f(r) ‘which gives the density of rods lying in the solid 
angle Ar, or the permitted directions can be discrete so that g is 
the number of ways to pack molecules onto a lattice. To illustrate 
the usefulness of the orientation dependent combinatorial terms, 
liquid crystals are discussed. Another phase is found to exist in 


INTRODUCTION 


N this paper we will develop an approximate method 

of counting the number of ways to pack together 
linear polymer molecules of arbitrary shapes and of 
arbitrary orientations. More precisely we will give an 
answer to the question of how many ways we can pack 
together V, x mers and WN, holes into a volume equal to 
that of xV,+Np sites, given a definite distribution of 
shapes (conformations) for the molecules and a definite 
distribution of orientations for each shape. These 
distributions may be continuous or discrete. Several 
special cases of this problem have been solved pre- 
viously. 

The statistics of rigid rods in dilute solution have 


addition to the previously predicted nematic phase. This phase is 
tentatively identified with the cholesteric phase. 

A procedure is developed for the calculation of the orientation 
dependent combinatorial term associated with the packing to- 
gether of molecules of arbitrary shape. A very approximate ap- 
plication of this procedure results in an approximate expression 
for the combinatorial term which allows one to predict qualita- 
tively the change in the entropy of packing as a function of stretch. 
It is found that the entropy of packing has the proper behavior to 
explain the initial deviation of the experimental stress-strain 
curve from the previous theoretical predictions. 


been developed by Onsager,! Zimm,? and Isihara* via the 
evaluation of the second virial coefficient. In addition 
to rigid rods certain other simple shapes have been 
treated by this method.' These treatments are limited 
in their application because they are valid for dilute 
solution only and because they are not applicable to 
systems of nonsimple shape. Flory’ has overcome the 
restriction to dilute solution by means of a lattice 
calculation which should be more or less valid through- 
out all ranges of concentration. He did not, however, 
allow for shapes other than the rigid rod. 

.. Onsager, Ann. N. Y. Acad. Sci. 51, 627 (1949). 

3. H. Zimm. J. Chem. Phys. 14, 164 (1946). 


3 A. Isihara, J. Chem. Phys. 18, 1446 (1950); 19, 1142 (1951). 
‘Pp. J. Flory, Proc. Roy. Soc. (London) A234, 73 (1956). 


et 
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ORIENTATION EFFECTS IN POLYMER 


On the other hand, all but one of those theories which 
do allow many conformations to the molecules do not 
allow the number of ways to pack the molecules to be 
orientation-dependent. This is true for example of the 
original Flory*-Huggins® lattice model for flexible 
polymers, the elegant theory of Guggenheim’ and the 
recent theories*~” of semiflexible chains which discuss 
the effects of an energy-dependent distribution of 
molecular shapes. 

The theory of Barker" is in some sense orientation- 
dependent since the number of ways to pack [Eq. (6) 
of reference 11] is dependent on the energies of par- 
ticular modes of contact between molecules, and con- 
sequently, in some special cases, on relative orienta- 
tions between molecules. However, if all of the contact 
point interaction energies are made equal, his nearest- 
neighbor statistics reduce to those of Guggenheim. His 
statistics are thus incapable of describing the behavior 
of liquid crystals which, as is known,‘ can exist in the 
nematic phase even though there is no energy preference 
for this ordered phase. Our statistics will be able to 
describe this phase as well as others. 

The statistics given previously’ for the packing 
of molecules of arbitrary shape but isotropic distribu- 
tion provide a natural foundation onto which we can 
add the further complexity of orientation. In order to 
include these orientation effects we will use a method 
which is similar but not identical to the method used by 
Flory‘ in his discussion of the phase equilibria of solu- 
tions of rod-like particles. The advantage of this variant 
over the method itself, as we will see, is that it reduces 
to the more accurate expression (i.e., that obtained by 
using surface site fractions rather than volume frac- 
tion) for the number of ways to pack in the case of an 
isotropic distribution of orientations.’ 

Assuming a detailed knowledge of the orientations 
and shapes of the molecules offers both advantages 
and disadvantages. On the credit side we can maintain 
that a detailed situation exists at each instant of time 
and therefore we are more in accord with reality when 
we assume what in fact exists. We can thus expect to 
get a realistic view of things if our calculations are cor- 
rect. On the debit side we can argue that the very 
method which we will use (adapt), the Flory-Huggins’ 
counting scheme, presupposes a certain amount of 
averaging on the molecular level and therefore may not 
give the correct result if we use it on a detailed system 
before the presupposed averaging is actually performed. 
However, since we are forced to adapt an approximate 
method, we in fact are not in a position to assess either 

5 Pp. J. Flory, J. Chem. Phys. 10, 51 (1942). 

6M. L. Huggins, Ann. N. Y. Acad. Sci. 43, 1 (1942). 

7E. A. Guggenheim, Proc. Roy. Soc. (London) A183, 203, 
213 (1944).° 

8 P. J. Flory, Proc. Roy. Soc. (London) A234, 60 (1956). 

9J. H. Gibbs and E. A. DiMarzio, J. Chem. Phys. 28, 373 
(1958). 

1 —. A. DiMarzio and J. H. Gibbs, J. Chem. Phys. 28, 807 
(1958). 

J. A. Barker, J. Chem. Phys. 20, 1526 (1952). 


MOLECULES 659 
negatively or positively its validity and must therefore 
adopt a wait-and-see attitude. Indeed, in the author’s 
opinion, the present scheme provides a partial justifica- 
tion for the statistics of Guggenheim since these 
statistics fit nicely into the larger framework which we 
will construct. 

In Sec. II we calculate the number of ways to pack 
rigid rods onto a cubic lattice. A slight refinement in 
point of view allows us, in Sec. III, to calculate the 
number of ways to pack together rigid rods of arbi- 
trarily specified orientations in space. We then proceed 
in Sec. IV to a calculation of the number of ways to 
pack together molecules of arbitrary shapes and orienta- 
tions. After the general expression has been derived we 
proceed in Secs. V and VI to a discussion of possible 
applications. The division is made between those 
physical systems in which there is a sudden spon- 
taneous change (transition phenomena) in the dis- 
tribution of orientations as we vary the thermodynamic 
variables and those in which the distribution of orienta- 
tion is determined by cross links. The former case dis- 
cussed in Sec. V includes the spontaneous ordering of 
rigid rods in dilute solution, and the classical bulk 
phase liquid crystals. The various types (nematic, 
smectic, and cholesteric) of liquid crystals are argued 
for and the reasons for their existence are ascertained. 
The latter case discussed in Sec. VI includes a liquid 
theory of rubber elasticity where we allow for the 


mutual interference of polymer molecules as opposed 
to the gas-like theories which assume an independence 
of chains. An intended method of calculation is argued 
for, but quantitative results are not derived. 


II. PACKING OF STRAIGHT RIGID RODS INTO A CUBIC 
LATTICE 


Let us place .V, straight rigid rods onto a cubic lattice. 
We will assume that only the three mutually perpen- 
dicular base vector directions are directions in which 
the rigid rods lie (Fig. 1). The number of molecules that 
lie in the direction 7 will be denoted by V;(1<i<3). 
We ask for the number of ways, g({+++NVis++}, No) to 
pack the V, molecules such that .V; of them lie in the 
direction i and there are No holes. Now this problem 
can be solved by using a variant of a method used by 
Flory‘ when a continuous distribution of orientations 
is allowed for. The advantage of allowing only those 
orientations for which the molecules fit exactly onto 
the lattice is that for the case of an isotropic distribu- 
tion the value of g reduces to the value obtained pre- 
viously by Guggenheim.” On the other hand, Flory 
accounts for rotational entropy which we, at first sight 
at least, do not. We will come back to this point later 
(Secs. III and V) and will show that we have indeed 
accounted for the rotational degrees of freedom. 

Let us place the V; molecules, one at a time, onto the 
lattice in orientation 1, and then the V2 molecules, one 
at a time, in orientation 2 and then place the remaining 
Ns; molecules, one at a time, in orientation 3. In order 
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Fic. 1. The polymer molecules are allowed only three orienta- 
tions and the numbers lying in each direction N,, Ne, N3 are as- 
sumed to be known. The center of each segment coincides with 
the center of the cell in which it lies. 


to estimate the number of ways to place the ( j:+1)th 
molecule onto the lattice, given that 7; molecules have 
already been placed, we must know the probability that 
x contiguous sites lying in this orientation are empty. 
Here the subscript reminds us that we are discussing 
type 1 molecules. Consider a contiguous pair of sites 
arbitrarily chosen except for the fact that the line 
determined by the centers of these sites lies along 
orientation 1. Label the sites A and B. Site A has a 
probability of being empty equal to the fraction of sites 
that are unoccupied by molecular segments since site A 
can be thought of as chosen arbitrarily. If site A is 
empty, the ratio of the number of times it adjoins a 
polymer to the number of times it adjoins a vacant site 
is 2j,/2(N—a). Notice that in writing this expression 
for the ratio we counted only those pairs of contiguous 
sites which lie along orientation 1. The pairs which lie 
along orientations 2 and 3 are of no consequence as far 
as the nearest-neighbor statistics along orientation 1 
are concerned. Whenever the verb “adjoin” or the 
adjective-noun “neighbor” is used in the text, a specific 
direction for the pairs of sites in question will be pre- 
supposed. 

The above ratio is also the ratio of the number of 
times a polymer adjoins site A (presumed empty) to 
the number of times a vacant site adjoins site A. Thus 
the probability that site B is empty given that site A 
is empty is 


2(N—axji)/[2(N+xf:) +2f]. 


where N is the total number of sites in the lattice. 

The complete statistics for the various modes of 
occupation of two contiguous sites is given in Appendix 
A. We immediately see that v;,41, the number of ways 
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to place the ( j:+1)th molecule onto the lattice, is 
2(N—xji) r 
2(N—af)t+2jl ~ 


The total number of ways to place N; indistinguishable 
molecules onto the lattice in this orientation is obviously 


(1) 


| NE Ne (N- | 


Ni-1 


I I Vj\+1 
iim NUN—aN:+N)! (N—aNi+Ny)! 


(My)! (N—2Ny) NIM)! (Mi) (W—2™) 


Note that this result so far is equal to the exact number. 
That is to say, the number of ways to pack the mole- 
cules is the number of ways to arrange JN, linear 
molecules and Np» holes on a linear lattice. Without 
continuing further we can expect (and this is the case) 
that our counting procedure will be exact whenever all 
the molecules are lined up in the same direction. 

In order to count the number of ways to pack the .V, 
molecules in the second orientation, given that we have 
already placed the V, molecules, we need to know the 
statistics for those pairs of neighboring sites whose 
centers are connected by a line in this orientation. The 
number of these kind of nearest neighbors to polymer 
molecules is 2xN,+2j2 where j2 is the number of 
polymer molecules in the second orientation and the 
number of these kind of nearest neighbors to holes is 

The first segment of the ( j2+1)th molecule can go 
into the lattice in (N—xN,—<xj2) places. The ex- 
pectancy that a site is unoccupied when it is known 
that the adjacent site in the direction in which the 
molecules lies is unoccupied is 


2 ( N- xN\- X je) 
2(N—«Ni—xj2)+2(aNitjo)’ 





























= —_ 


Fic. 2. We can place molecule C into a volume occupied by 
molecules of type A in as many ways as we can place molecule 
C into a volume occupied by molecules of type B. 
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We therefore have for v;,,1 
(V- xNi- Xj) 7 
(N—- xNi-— XJo) + (xN\+j2) : 
(3) 
The total number of ways to pack these indistinguish- 
able molecules is 





Vio (V— “M—x)| 


Nel 


II Vigtl 


jg=0 


(No)! 


_ (N—2£N1) '(N—2N2+N2)! 4) 
(N—axN\—xN2)!N1No! * ‘ 





By an exactly analogous reasoning process we obtain 
for vj,+41, 


Vj,41= (N—xN\—xN2— xj) 


(N— xNi—- xNo— xJ3) e—1 - 
x TRI , , ° " . 5) (5) 
(N—2xN\—xN2— XJ3) + («A i+xVot+J2) 





N3—1 


Il Viz+1 
iy~0 — (N= 2N\— Ny) (N—2N3+N3)! 6) 
N3! (N—%N,—2N.—2N3) !N3)(N)!° 





The product obtained from Eqs. (2), (4), and (6) gives 
the total number of ways to pack the molecules. 


g(M, No, N3, No) 


_ (N=#Ni+N1)! (N=aNy) (N—2N2+N2)! 
~ Nil(N—2N,)! | (N—2Ni+2N2) NIN?! 





(N—2N,—«N,) (N—aN3+N3)! 
(N—xN,—xN.—«N3)!NgiN! 





IIcv- (x—1)N,]! 





3 
No TIC(V) V2 
i=1 
As remarked before, this expression is exact when all 
the molecules are in one direction. Its accuracy for 
intermediate degrees of orientation remains to be deter- 
mined. Equation (7) has the proper symmetry re- 
quirements. It is invariant under the permutation of 
the N,. 
For the case N;= No= N3= N,/3 we obtain 


_{LNot (2xN./3)+ (2/3)! 
~~ —— Nol{(N./3) SPENT 


By use of the relation 


N.!=((N2/y) !}¢y"= 
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we can put Eq. (8) into the form 
“ jist (2xN,/3)+(N;/3) *) N 13% 





: » (10) 

N! No!Nz! 
In this form the expression for g can be easily compared 
to results derived previously. Thus it is seen that Eq. 
(10) is a special case of Miller’s® Eq. (3.48). This 
reduction to previous results is significant for two 
reasons. First, the fact that we get the correct results at 
the two extremes suggests that the equation is equally 
as accurate in the intermediate ranges and secondly, it 
causes us to reinterpret Eq. (3.48) of reference 12 as 
being the number of ways to pack molecules when there 
are equal numbers of them in the various permitted 
directions. The total number of ways to pack is the 
integral of Eq. (7) which differs considerably from 
Eq. (3.48) when the number of holes is small. As we 
shall show later, these facts allow us to interpret some 
observed phase transitions in real systems. They are the 
glass transition and the three types of liquid crystal 
transitions. 

Equation (7) can be derived by placing the mole- 
cules into the lattice in a different order from that 
which we used. In fact it can be proven that Eq. (7) is 
obtained regardless of the order in which we place the 
molecules on the lattice. This fact will be used in Sec. V. 

Equation (7) can be generalized for a cubic lattice in 
a higher dimensional space. If one uses a mole fraction 
for molecules that are parallel to one another and 
a volume fraction for molecules that are perpendicular 
(it is assumed that the base vectors of the new space are 
orthogonal) then the appropriate generalization of Eq. 
(7) is obviously 


Titv—(e—-1) v3! 


i=1 


g({Ni}, No) = ’ 
Z/2 
No! [IN it(N)224 


i=1 





(11) 


where Z/2 is the dimensionality of the space. Again, if 
we allow V,;=(2/Z)N, then Eq. (11) reduces to Eq. 
(3.48) of Miller.” 





No 2-2 21N.)!|7? 
g({2N/2}, No)=[{ aaa | 


NY(Z/2)%2 | 
eat 3 Ge 
N,!No! 
Although Eq. (11) gives the correct results for the 
various extremes, its derivation for Z/2>3 has little 
to do with physical insight. In addition we do not know 
what the restriction to a discrete number of orienta- 
tions implies. We shall therefore seek to justify it or 


2A. R. Miller, Theory of Solutions of High Polymers (Oxford 
University Press, New York, 1948). 





EDMUND A. 












































Fic. 3. (A) illustrates that the number of ways to pack zig-zag 
molecules must largely be much like the number of ways to pack 
rigid rods. (B) illustrates that steric interference between mole- 
cules sometimes prevents a certain segment of one molecule from 
being adjacent to a certain segment of the other molecule. 


some relation much like it in the following Secs. (III 

and V). The complete statistics for the orientation- 

dependent packing of rigid rods on a Z/2 dimensional 

cubic lattice is given in Appendix A. 

III. PACKING OF STRAIGHT RIGID RODS IN SPACE 
The total number of ways P to pack N, rigid rods 

when we allow all possible orientations to each of the 


rods is 
Nz 
pa ftt=tesp fe / ms 
1 


1= 


(13) 


dr; is a solid angle of magnitude (if we use polar co- 
ordinates for three dimensions) sing,d¢,d6;. Yr; is a 
unit vector lying within the solid angle dr;,. If, as in the 
previous section, only discrete orientations are allowed, 
the integral of Eq. (13) is replaced by a sum. We have 
already evaluated g for several special cases, i.e., 
several particular values for the r;. Evaluation of g 
for arbitrary r; follows along similar lines. 

The first, segment of the ( 7+1)th molecule goes on in 
(N—xj) ways. The second segment has a probability 9, 


| 
p= (N—xj)/[(N—xj)+j+ >. (*—-1) sine, j41], (14) 

i=1 
of being empty. Here e€;,;,; is the angle between mole- 
cules 7 and j+1. Note that 2(V—.j) is the number of 
sites that neighbor vacant sites. Again the neighbor 
plus the site that is neighbored determine a straight 
line which lies in the same direction as the ( j7+1)th 
molecule. Thus 2( j+ > (x-1) sin€;,j41) Is the total 
number of these types of neighbors to the 7 polymer 
molecules, 2(1+(a—1) sine;,;,1:) being the number 
that neighbor molecule i (see Fig. 2). It should be 
noted that, for the two extremes in ¢, 0, and 72/2 
radians, the expression reduces to that used in the 
previous section, i.e., a mole fraction for e=0 and a 
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volume fraction for e=7/2. For intermediate «€ we 
would expect from construction that one of the follow- 
ing approximately equal expressions could suffice 
for one-half the number of neighbors to a molecule 

cose+ % sine, 

1+ («—1) sine, 

x sine. 


(15) 


We have chosen the second quantity because it is the 
simplest of the three which give the correct results for 
e=0. 

The number of ways to place the ( 7+1)th molecule 
1S 


(N—xj) " 





4 
(16) 


visa= (N—xj) 


i 
(N—xj) +j+>> (x—1) sine;, j41 


i=l 


. 


and g is given by 
Nz—1 


ie II Vi+1- 


j=0 


(17) 


Notice that g is the total number of ways to place 
molecule 1 onto the lattice in orientation Tf, °°°, 
molecule 7 onto the lattice in orientation fj, °°, 
molecule V, onto a lattice in orientation fyz. Thus g 
does not include a degeneracy term.” This is the 
reason for the .V,! term in the right-hand side of Eq. 
(13). On the other hand the g’s of Sec. II included the 
factor [(V.)!/a(N,)!]/(N.)! where the first term is 
interpreted as the number of ways to arrange .V, 
molecules into Z/2 boxes with NV; in box 7. 

The reason we are interested in Eq. (17) is that a 
knowledge of g is necessary before an estimate of the 
thermodynamic quantities can be made. Thus the 
partition function Q from which all the thermodynamic 
properties can be derived, is given by 


(18) 


o=fetrs expl— Ef -serseee|/AT drs / Ne 


where the integration is over all of r space if we are 
interested in the thermodynamics of the most stable 
phase, and over a selected part of r space if we are 
interested in metastable phases. We will return to 
thermodynamic considerations later. 

Equation (16) can be used to derive a whole set of 
relations analogous to Eqs. (7) and (11) when we 
allow several discrete orientations which are not neces- 
sarily perpendicular to each other. 

Let us label the orientations from 1 to and call the 
angle between the ith and jth orientations €;,;. We again 
place the molecules one at a time onto the lattice, but 
each time we imagine that the fraction of those lying 

13No confusion should arise from this convention since it 


is easy enough to recognize whether or not the degeneracy term 
is being discussed. 
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in a particular orientation is the same as the fraction of 
those that lie in this orientation after all the molecules 
are placed onto the lattice. Thus if f V, of the molecules 
have been placed onto the lattice, f V; 
placed in orientation i." 

The number of ways to place the (fN,+1)th mole- 
cule onto the lattice in the jth orientation is 


IN-fQUaN 2 
y+ =(N-— xN ; wa a > 
V{N, 1 fLaN iF —f2 te~t) N i(1—sine,;;) | 


(19) 


have been 





From this expression it is easy to obtain g. 


N! 
g= vall 


( N;N 
iN (1=sine,,) 


Sl) aa 
N; +N; 
L 


Equation (20) reduces to Eq. (11) when all of the 
permissible orientations are orthogonal to one another. 


bs LN! 
ian —) ‘ 


(20) 








IV. PACKING OF INFLEXIBLE LINEAR MOLECULES 
OF ARBITRARY SHAPE 


The quantity with which we shall be concerned in this 
section is 


g( (1, S,)-++(r,S,)-++(ty,Sw:), No) 
=2({(f,, S,)}, No), 


where g is the number of ways to pack N, distinguish- 
able molecules, of x segments each, together on a 
lattice of «.V,+ Vo sites. Molecule number 1 has an 
orientation r; and a shape S,,-+-,'® molecule number i 
has an orientation r; and a shape S;-++, and molecule 
N, has an orientation ry, and a shape Syz. The sig- 
nificance of the r has been discussed in Secs. II and 
III. The molecules are viewed as having a finite number 
of shapes. If we allow each bond to have (Z’—1) 
orientations relative to the coordinate system formed 
by the preceding two bonds, then the maximum 
number of shapes permitted is (Z’—1)*-*. The quan- 
tity g is of interest because the partition function is 
simply related to it: 


N,0= > 


{(ri,Si} Ne 


{(r., Si}, No) 


Xexp(— E({ri, Si}, No)/kT). (21) 
44 For nonorthogonal systems g is somewhat dependent on the 
order in which we placed the molecules onto the lattice. The above 
scheme is unprejudiced and consequently results in a symmetrical 
expression for g. 

6 It is legitimate to use a vector notation for S providing we 
realize that r and S are associated with different spaces. 
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Fic. 4. The expectancy that site 2 is unoccupied given that site 
1 is unoccupied is dependent on the number of neighbors (to 
molecules) in the —r direction. 


Here the sum (or integration) is over all permissible 
orientations, shapes, and numbers of holes. Thus one 
must know g if one hopes to have the thermodynamics 
of the bulk phases of polymers built up in complete 
generality. Notice that Eq. (21) is a generalization of 
Eq. (1) of reference 10 which allowed a summation 
over shapes and numbers of holes but did not consider 
orientation effects. The task of finding the proper form 
for g is quite difficult and for this reason we will be 
content if the value of g that we derive satisfies the 
following requirements: 

First, the method of deriving g must be a conceptually 
simple and reasonable extension of the methods of Secs. 
II and III and include them as a special case. 

Second, the method must give the proper qualita- 
tive behavior for the two special cases shown in Fig. 3 
These special cases need further description. They were 
chosen because they each illustrate a feature of the 
packing problem which affects the value of g and which 
must therefore be accounted for. Figure 3(A)_ illu- 
strates that the number of ways to pack zig-zag mole- 
cules must in the large be much like the number of 
ways to pack rigid rods. It is the analysis of this packing 
problem that will lead us to an extension of the method. 
One quite reasonable (a priort reasonable) extension of 
the method would not give this result. Figure 3(B) 
illustrates that there are fewer ways to pack rigid rods 
of the two orientations shown than there are ways to 
pack rigid rods with V-shaped molecules. 

The length and shape of the V-shaped molecule was 
chosen so that it has the same number of neighbors in 
the direction of the rigid rod beside it as the rigid rod 
below it has in that direction. Thus, if we were to 
use the packing procedure developed in Secs. II and 
III, we would get the same number of ways to pack 
for each case. It is plain therefore that we must some- 
how allow for the fact that not all of the neighbors to 
V-shaped molecules can be occupied by the end seg- 
ment of another (sub) molecule. Or, stated in another 
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Fic. 5. The two directions in which pairs of segments can lie 
are marked 1 and 2. The long axis of the molecule makes an 
angle of 45° with each of these orientations. To simplify the argu- 
ments of the text x is considered odd. 


way, the steric interference between molecules some- 
times prevents a certain segment of one molecule from 
being adjacent to certain segments of the other mole- 
cule. In general we expect that there are fewer ways to 
pack highly extended molecules of random orientation 
than there are ways to pack the coiled-up molecules. 
The main idea of our previous two sections was that, 
given a particular site is unoccupied, the expectancy 
pr that the neighboring site is unoccupied is 
.=2(N—xj)/[2(N—xj) +2B,]. (22) 
Here the subscript r denotes that the two sites in 
question lie in the r orientation; 2 By is the total 
number of neighbors to molecular sites that lie in this 
orientation; and 2(N—.xj) is the total number of 
neighbors to vacant sites that lie in this orientation. 
r tells us both orientation and direction but we had 
no need to discuss the directional aspects since pr= p_r 
for rigid rods. Now, however, lack of symmetry in the 
molecules means that directional aspects are important 
and we must therefore refine the notion of pr. In Fig. 4 
we have schematically represented a site (labeled 1) 
which is presumed empty, and the site 2 whose ex- 
pectancy is given by fr. It is plain that the proper 
expression for Pr is 
be= (N—xj)/[(N—2j) + Bs]. (23) 
Here B_, is the total number of sites that neighbor 
polymer molecules in the —r direction. One such 
neighbor is shown in Fig. 4. The neighbors on the 
opposite side of the molecule do not enter into the 
expression for pr, but they do for p_y. It is obvious 
that p+= pr for rigid rods because B_¢= By. The first 
correction that we will make on the expression for pr 
comes from our attempt to derive the correct answer 
for the packing of zig-zag shaped molecules onto 
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a two-dimensional lattice when they are all parallel to 
one another. 

After we have placed j molecules of x residues each 
onto the lattice, the first site of molecule ( 7+-1) goes on 
(N—«j) ways. From Fig. 5 we see that p for the second 
segment is 


pi= (N—xj)/((N-xj) +B], 
B= {[(*—1)/2]+1}). (24) 


Similarly the probability associated with placing the 
third site onto the lattice is 


po= (N—xj)/[(N—xj) + B_2] 
B_s= {[(x—1)/2]+1}). (24a) 


For each remaining odd numbered site we have a ps» 
given by Eq. (24a) and for each even site a p; given by 
Eq. (24). It is quite plain that the vj, derived from 
Eqs. (24) and (24a) is much smaller than that for the 
rigid rod case since each of the p’s are smaller [compare 
Eq. (24) with the expression for p that is used in Eq. 
(1) ]. Physically we expect them to be about the same. 
pr is too small because B_s is too large. B_r is too large 
because we have defined it as all of the neighbors to 
polymer molecules in the —r direction. If we define 
B_,z, as those neighbors in the —r direction which 
could have been occupied by the (k—1)th segment of 
the (j+1)th molecule, then B_¢, is smaller than B_y. 
Thus in calculating B_¢,, we consider the steric problem 
of the approach of a particularly shaped molecule of 
k—1 segments with the previously placed molecules. 
pr,x is now defined as 


be n= (N—2xj)/[(N—xj) + Bex] (25) 


and Br, is the total number of neighbors to molecules that 
could as a matter of fact have been occupied by the (k—1)th 
segment of the submolecule formed by the first kR—1 seg- 
ments of that molecule being packed onto the lattice. 

Now let us calculate v;,; by use of the new p’s. As 
before the first segment goes on in (V—.xj) ways. The 
second segment goes on in 1,2 ways. 


pi2=(N—xj)/[(N—aj)+B.i.2], 
B_ie=[(x—-1)/24+1]j. 
The third segment goes on in po,3 ways. 
pos2= (N—xj)/L(N—«j)+B_23], 


In Fig. 5 we have indicated by a cross each of those 
neighbors to molecules in the —2 direction which we 
have not counted in B_23 because they cannot be 
places formerly occupied by the (k—1)th (i.e., 2nd) 
segment. 

The fourth segment goes on in 1,4 ways. 


pis= (N- «j)/U(N- xj) +B14], 


(26) 


B_2,3= 2}. (26a) 


(26b) 


In Fig. 5 the circles indicate those neighboring mole- 


B_, 4 =j. 
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cules in the —1 direction which cannot be positions for 
the (k—1)th segment of the (j+1)th molecule (i.e., 
the 3rd segment). Proceeding in this way we obtain 
for Vi44 


vj41= (N—Xj) pi ope sPispo.5° * * p22 
p2,5= prs, Pis=Praj24. 


This expression for vj;;: is much like that for rigid 
rods. 

Note that for rigid rods the new definition of Br, 
reduces to the previous definition, and that therefore 
the numerical results for rigid rods would be unaltered 
if we were to carry through a calculation using the new 
definition of B_e,x. 

Notice that B_s,, is dependent on the orientations and 
shapes of the j molecules already on the lattice and on 
the shape of the submolecule consisting of the first 
k—1 segments of the ( j+1)th molecule. 

Inspection of Fig. 3 shows that the proper quanti- 
tative behavior is given for both figures. Indeed we 
have (partially) accounted for the fact that in a coiled- 
up molecule the neighbors to certain segments are 
shielded (unable to be occupied by segments of differ- 
ent molecules) as a result of the competition for space 
between other segments of the same molecule with 
segments of the different molecule. 

By virtue of Eq. (25) and the definition of Bry 
we now have an approximate method of calculating 
g({(ri, Si)}, No. That is to say, if each of the shapes 
and orientations are known then g can be given. Of 
course we have not yet evaluated any thermodynamic 
quantities. In order to do this we must effect an inte- 
gration over some of the detail of our system. How we 
do this depends on the nature of the problem. In the 
following sections we will give what are thought to be 
tractable procedures. 


(27) 


V. LIQUID CRYSTALS 

All liquid crystals are characterized by an aniso- 
tropic distribution in the orientation of the asym- 
metric molecules forming the liquid crystal.'*"* Let us 
assume that our molecules are rigid rods and that the 
distribution in orientation of the long axes of these rigid 
rods is f(r). Thus, there are f(r)Ar molecules whose 
long axes lie within the solid angle Ar and 

[ imar=n,. (28) 
We will assume that fluctuations from the distribution 
f(r) are unimportant as far as the equilibrium ther- 
modynamics are concerned. 

In order to determine the thermodynamics we must 
integrate Eq. (18) over all {-+-r-++} space consistent 
with the distribution f(r). Now those molecules which 
~ 16 Discussions Faraday Soc. No. 25 (1958). 


” Trans. Faraday Soc. 29B, 881-1085 (1933). 
18 G. H. Brown and W. G. Shaw, Chem. Revs. 57, 1049 (1960). 
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are in different solid angle elements are distinguishable 
by virtue of this fact, while those molecules which lie 
in the same solid angle element have no property which 
allows us to tell one from the other. Thus the total 
number of distinguishable ways to arrange NV, rods 
so that f(r)Ar of them lie in the solid angle Ar is 
obviously 


N,= (N,)!/r( f(r) Ar) !. (29) 


N, is also the total number of places in phase space 
for which the distribution in orientation is f(r). 
Thus, Eq. (18) becomes 


p= 9] exp{—E[ f(r) J/kT} (Ar)% 
mL f(r)Ar]! 


_ SC f(r) Jexpt— EL S(t) VkT} 








exp! [Li(n) Inf(r)—f(r) Jdr} 


In deriving Eq. (30) we used x"e* as an approxi- 
mation for x! Note that g[ f(r) ], the total number of 
ways to pack V, distinguishable molecules given that 
they are distributed according to f(r), is independent 
of the order in which the molecules are labeled. Also, 
we did not have to integrate because only those NV, 
points already considered, each within a volume 
(Ar), satisfied the distribution function f(r).! 

From Eqs. (16) and (17) we can write g as 


‘> N—xj | . 
= N—-2zj)| —— > (31) 
§ 2, ( J N—(x—1)j+(1—(sine;)) |” 
where (sine;) is the average value of sin(e;,;,:) and 
depends on how we have placed the previous 7 mole- 
cules. We will assume that 

(sing) =e" ple) sin(f, Pyya)dr. (32) 
Equation (32) is equivalent to the statement that the 
previous j molecules are distributed according to the 
distribution function ( j7/.V,)f(1r). If we recognize that 
the number of factors in Eq. (31) with r; as a variable 
is proportional to f(r) Ar we get for Ing, 


Ing=In(N!/No!) + (x—-1) N, 


- [= {(N/&) In(W/2)—[(N/£)— (x—-1) Nz] 


XIn[{(N/L)— (x—-1)N,]}dr 


— f (eft) In(£)dr. (33) 


L=1— (sine) (sine)= vetf for) sin(t§, r)dr,. (33a) 


19 If we assumed a knowledge of f(r) to within +6 then an 
integration would be necessary. The equilibrium thermodynamics 
are still the same as those given in the text providing 4 is suf- 
ficiently small. 
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1c. 6. The nematic phase occurs even though there is no energy 
term preferring it. The cholesteric phase is metastable unless 
there is an energy term assisting. 


It is interesting to note that if we assume that f(r) isa 
delta function (a sum of delta functions) such that it 
has nonzero values only in certain specified directions, 
then the results of Secs. I and IT are derived as special 
cases of Eq. (33). In particular, Eq. (20) is easily seen 
to be a special case of Eq. (33). If we assume that all 
of the molecules lie in one direction we get from Eq. 
(33) 


Ing=In(N!/N>!), (34) 


which is the correct result. Thus Eq. (33) can be 


properly viewed as a generalization of previous results 
for the estimate of g. As we shall soon see it also pro- 


vides a justification for the use of a discrete lattice in 
applications. 

Now the distribution f(r) which will actually occur is 
that which allows the free energy to be a minimum, or 
equivalently, allows InQ to be a maximum. This 
extremum problem can be indicated symbolically by 


i]Ing— E/kT- J ( finf—foar|—ar J fdr=0. (35) 


If the variation indicated by 6 is actually performed, 
Eq. (35) leads to an integral equation which is of a 
nonstandard type and appears to be frightfully difficult 
to solve. It will not even be reproduced here. None- 
theless, we can expect that the consequences derived by 
Onsager! in his discussion of the solution of the integral 
equation, which are associated with his problem, are 
applicable here and that therefore the existence of a 
liquid crystal phase is provable from Eq. (35). In fact, 
it can be shown that Eq. (35) leads to an equation 
identical in form to Eq. (69) of reference 1 for the case 
of a dilute solution of long rigid rods. 

We can get much insight into the nature of liquid 
crystals and also circumvent the solution of Eq. (35) 
by means of an artifice. When an isotropic distribution 
is used for f(r), the equation for Q that is obtained by 
use of Eq. (33) is the same, except for the symmetry 
factor o, as that obtained by use of Eq. (12). The 
result is also that obtained from Miller’s Eq. (3.48) 
when Z=8/(4—7) and Z=4ne. Thus for an isotropic 
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distribution we get the same result no matter whether 
we use a continuous theory or assume a discrete lattice. 
At the opposite extreme of parallel arrangement we 
already know that the continuous case reduces to the 
discrete case except for a factor describing the fact that 
a slight amount of disorientation is permissible. Thus 
if we assume a discrete lattice we can expect to get the 
proper qualitative picture of liquid crystals. Of course, 
the various parameters, including Z, would be adjusted 
to get a best fit to the experimental situation. Just as in 
the continuous case where the solution of the variation 
problem gives us the proper f(r), so too the number 
of rigid rods lying in each of the several permitted direc- 
tions is determined by maximizing the Ing with respect 
to these numbers. Thus the discrete lattice method 
restricts the function space previously available for our 
selection of f(r) to a linear combination of several 
orthogonal vectors. 

Numerical results will not be given in this article. 
Instead we will restrict ourselves to a discussion of the 
number and types of transitions. One can consult the 
works of Onsager! and of Flory‘ to get the behavior of 
the nematic-liquid transition in dilute solution. 

The approximate partition function is obtained by 
multiplying the g of Eq. (11) by an appropriate energy 
term. Since, as Flory has observed‘ that it is not neces- 
sary to have an energy preference for the nematic 
phase, we assume that the energy is not orientation- 
dependent. This means that so far as minimization 
with respect to the numbers JN ; in the various permitted 
directions is concerned, we need consider only the g 
term of Eq. (11). 

If gis minimized” it is found that an extremum occurs 
at the following values for V;. We have used Z/2=3. 


’;=4N,)— isotropic 


= NV: Ni= N2= 


N,, N3= wih 
, Ni=0) viel aie 


N o=( 


3=3N;,, 


The isotropic phase is stable when there is a large 
number of holes (solvent molecules) or equivalently at 
high temperatures. The nematic phase is stable when 
there are few holes (solvent molecules) or equivalently 
at low temperatures. The phase, called cholesteric, is 
metasti ible as indicated in Fig. 6. In order to actually 


bad Lagrange’ s method of undetermined multipliers will give the 
extremes only if the point is in the interior of the space for which 
g has been defined. If the point lies on the surface other methods 
must be used. 
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observe the cholesteric state one needs to prefer it 
energetically (see Fig. 7). It therefore seems that the 
distribution in real space, corresponding to the cho- 
lesteric state, is one in which none of the molecules lie 
along a particular direction but rather all lie in planes 
perpendicular to this direction. 

The energy needed to make the cholesteric phase a 
stable one seems to be available only if the molecules 
are ribbon-like (or plate-like) rather than rod-like. 

There exists apparently only one other nongaseous 
phase that is permissible to liquid crystals: the smectic 
phase. This phase is apparently a subcase of the 
nematic phase which occurs when there is an energy 
term forcing the already parallel molecules to form 
rafts. Stated in another way, it is sometimes pre- 
ferable, energy-wise, for the holes to segregate them- 
selves away from the molecules. 

In the foregoing discussion we have neglected the 
fact that the actual concentrations for which the Ing is 
greater than zero are very small. The longer the mole- 
cules the more volume necessary to accommodate the 
molecules in an isotropic phase. 

Thus the above analysis is quantitatively applicable 
to dilute solution only. Nevertheless, we can ‘easily 
show that the qualitative considerations also apply to 
the classical type of liquid crystals which are composed 
of molecules in the bulk phase. 

Imagine for the moment that in the dilute solution 
isotropic distribution case we were to withdraw the 
solvent and replace it by an equivalent amount of 
flexible polymer molecules. Our mixture of rigid rods 
plus flexible polymer molecules would still be able to 
undergo all the phases shown previously. The essential 
function of the flexible polymer would be to fill the 
voids left when the rigid molecules are packed together 
in the amorphous phase. This function could be per- 
formed even if one end of each flexible molecule was 
tied to the end(s) of the rigid rods. Thus we would 
expect molecules that form liquid crystals in the bulk 
phase to be composed of a rigid section plus a flexible 
section whose purpose is to fill the large voids which 
are of necessity left when the rigid sections are packed 
at random. A survey of the pertinent literature shows 
this to be the case.'*.8 

Vorlander® has shown on the basis of many ex- 
amples that the one feature common to all molecules 
that form a bulk phase liquid crystal is that the mole- 
cules are asymmetrical. To this criterion we must add 
that if the liquid crystal-amorphous phase transition is 
to occur they are also somewhat flexible. The amount 
of flexibility needed is proportional to the asymmetry. 
The shorter the length of the rigid rod the less flexi- 
bility is needed. 

The approximate statistics for molecules consisting of 
a rigid rod plus a flexible tail are given in Appendix B. 


21D. Vorlander, Trans. Faraday Soc. 29B, 899 (1933). 
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Fic. 7. Display of the packing entropy & In go as a function of 
orientation v3 for various values of free volume vo. The ratio of 
lengths to diameter for these rods is 21. 


VI. ORIENTATION EFFECTS IN FLEXIBLE LINEAR 
POLYMERS 


We have so far, in the body of the text, given useful 
expressions only for straight rigid rods. It now falls 
upon us to derive useful expressions by means of the 
method of Sec. IV for flexible polymer molecules. When 
there are just a few flexible links per molecule the 
previous scheme of maximum detail is useful. Thus, for 
example, the number of ways to pack L-shaped mole- 
cules onto a cubic lattice is easily derived. There 
will be three different orientations for the long segment 
of the L and three for the short segment. Thus there are 
nine different types of molecules and the number of 
ways to pack, g({+++Ni+++}, mo), where NV; is now the 
number of L-shaped molecules in the ith posture (¢= 
1 to 9), is easily calculated by the methods leading to 
Eq. (7), provided we evaluate pr, by the method 
associated with Eq. (25). 

The above procedure becomes difficult for molecules 
with more than one flex and practically speaking im- 
possible for highly flexed molecules. For this reason we 
will attack the very important case of a highly flexible 
molecule by another method. 

Now this method, although quantitatively valid only 
for very special cases, is nonetheless useful because it is 
easily worked out and gives much insight into the 
nature of the rubber elasticity. Imagine that the angle 6 
between the two bonds forming the joints of the flexible 
polymer is very small. If this is the case, then the 
flexed molecule will have essentially the same shape 
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no matter what the degree of flexing is, and we im- 
mediately obtain, 


Sn= Bolg ]**, (37) 
where gy is the value obtained from either Eq. (11) or 
(33) and q is essentially an internal partition function 
per molecule. 

Equation (37) can be corrected so that it is ap- 
plicable to slightly larger angles 6, by a method similar 
to that used in Appendix B. The only difference is that 
for each flex we may have more than one pair of seg- 
ments oriented perpendicularly to the long axis of the 
molecule. We will not do this here, however, because 
Eq. (37) is adequate for the qualitative conclusions 
with which we will be concerned. 

Equation (37) assumes that there is no interaction 
between shapes of molecules and that therefore each 
can take whatever conformation is dictated by energy 
considerations for the isolated molecule. An examina- 
tion of Eq. (3.49) of reference 12 indicates that Eq. (37) 
is valid for an isotropic distribution of orientation. 
Equation (37) is also identical to Eq. (8) of reference 
10 when we assume an isotropic distribution of orienta- 
tion. 

Equation (37) can be used to estimate the behavior 
of the stress-strain curve for a rubber. The (q)*- term 
is that part of the partition function which is ordinarily 
used to derive the stress-strain curve. That is to say, 
the total entropy force is the (vector) sum total of the 
individual entropy forces resulting from the stretch of 
each molecule. The go term gives the correction arising 
from the fact that the entropy of packing is orienta- 
tion-dependent. 

In Fig. 7 we have plotted the entropy k Ingo, as a 
function of orientation for various values of free volume 
(x=21). v3 is the fraction of molecules in one direction 
and v,=13 is the fraction (equally divided) in the other 
two directions. We are assuming a three-dimensional 
cubic lattice. Notice that there is an entropy of orienta- 
tion force which opposes or aids the further extension of 
the system depending on what value we have for N». 
This value for No would presumably be that for which 
there is a contribution of the proper form to explain the 
formerly inexplicable 2C; term” of Mooney.” 

On physical grounds we know that stretching 
uniaxially will decrease the total number of ways to 
pack g, because the entropy associated with the 
oriented states is less if the disoriented states were 
favored at zero stretch as presumably is the case for 
rubber. The entropy contribution from the go term is 
positive for any deviation from the isotropic distribu- 
tion. On the other hand the distinct asymmetry of the 
curves suggests that biaxial stress [this corresponds to 


*” A. Ciferri and P. J. Flory, J. Appl. Phys. 30, 1498 (1959). 
23M. Mooney, J. Appl. Phys. 19, 434 (1948). 
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the left of the (1—1)/3 point] does not cause the 
entropy problem that occurs in uniaxial stress. This is 
apparently the reason why the ordinary theory of 
rubber elasticity is more accurate in the prediction of 
the stress-strain curve for biaxial stress than for uni- 
axial stress. Another consideration that is explained by 
the above view of the 2C; term in Mooney’s equation is 
that the magnitude of this term will decrease with the 
increase of the degree of swelling of a network. This is 
because the packing problem is alleviated by introduc- 
ing more solvent into the system. 

Thus we have shown that Eq. (37) can provide a 
basis for a liquid-like (as opposed to gas-like) theory of 
rubber elasticity. It remains for us to relate the degree 
of orientation v3 (and possibly x) to the degree of ex- 
tension \. 


Note Added in Proof. Since the completion of the 
manuscript it has been discovered by the author that 
all of the equations valid for rigid rods are valid also 
for linear flexible molecules providing we (1) remove 
the entropy of mixing term k In(N,/rN;!) and (2) 
reinterpret V; as a;N, where a; is the fraction of 


bonds lying in orientation i. These conclusions can be 


obtained by using for B_, of Eq. (23), the total number 
of sites that adjoin polymer segments in the —r direc- 
tion minus the number of sites which are shielded by a 
contiguous site in the chain. This latter number is 
equal to the total number of bonds lying in direction 7. 
That is to say, B_p-=xj—ja;(x—1). 
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APPENDIX A. GENERALIZED OCCUPATION NUMBERS 
FOR RIGID RODS 


We denote by f(S, S)i, f(S, P)i, f(P, P)i, the 
probabilities that a given site and a selected neighboring 
site are occupied in the manners indicated except that 
we exclude from f( PP); the probability that the two 
sites are occupied by adjoining segments of the same 
polymer molecule; we denote this latter probability 
by {/((PP));. The subscript 7 indicates that the two 
sites in question lie on a line in the 7th orientation. The 
above notation for the f’s is from Tompa.™ By argu- 
ments similar to those given by Tompa and originally 


*H. Tompa, Polymer Solutions (Academic Press, Inc., New 
York, 1956), p. 83, 
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due to Guggenheim’ we obtain 

f( SS) :=0 Soi 

f( SP) =S:i 

f(PS)i=f( SP); 

f( PP) = S2((N i+ DaNj— aN )/ Dox ji] 
j j 


f((PP)) =v, (x-1)N /UXNi] 
Vo= [No/ ( Not DUxNj) y" 


Vz2= 1—1 


Soi=No/{No+LN + )oxNj—4N ;]}, Ses=1—Soi. 
(38a) 


It is easily seen that the above results reduce to the 
proper values for an isotropic distribution. Notice also 
that f({PP)); is zero when no molecules lie in the 
orientation 7. 

The above statistics are valid for an athermal 
system. It is likely that the quasi-chemical method can 
be used to treat the case of nonzero heats of mixing by 
the simple artifice of treating molecules in different 
directions as different species. 
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APPENDIX B. STATISTICS OF MOLECULES CONSIST- 
ING OF A STRAIGHT RIGID PART x SEGMENTS 
LONG AND FLEXIBLE PART OF x’ SEGMENTS 


Let us imagine that we have packed together Vz 
straight rigid rods. The g for this quantity is given by 
Eq. (33). Our new g will be equal to this g times a 
factor Q. describing the packing of the flexible seg- 
ments. The total number of ways to place Vz segments, 
one segment to a molecule, in any of the (Z—1) 
positions given that one of them is preferred by an 
energy Ae, is 


[1+(Z—2) exp(—Ace/kT) }¥= 
Faricersriral 
Not {{(Z—2)x+2]/Z}N, 


* U 
For x segments per molecule we have 





r’=1 
Q.=[1+(Z—2) exp— (Ae/kT) }’*2]] 


j=0 
x( No—jNz ) 
No—jN2+ {[(Z—2)x+2]/Z} Net[(Z—2)/Z]jNel ~ 
(39) 





The number of voids is now Ny—<x’ NV, rather than Np. 
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Limited LCAO MO functions were computed for several diatomic molecules at four different values of 
the internuclear distance near R,, and the corresponding total energies fitted to a third degree polynomial 
in R. Spectroscopic constants we, weXe, Be, ae, Re, ke were derived from the resulting potential curve and 
compared to observed values. The good agreement obtained in most cases suggests a valuable application 
of the self-consistent field function. In addition calculations were made for a few more values of the inter- 
nuclear distance providing a potential curve over a reasonably broad range around R,. 





SUMMARY OF CALCULATION 


FEW representative diatomic molecules were 
selected from the series treated in I and II! for 
investigation of ground- and excited-state properties 
of both the neutral molecule and two positively charged 
ions. Beginning with the best limited LCAO MO SCF 
function [i.e., inner and valence shell STO’s only with 


* This work was assisted by the National Science Foundation 
and by the Office of Ordnance Research under contract with the 
University of Chicago. 

1B. J. Ransil, Revs. Modern Phys. 32, 239, 245 (1960). These 
two articles, designated as I and II, begin a series of studies on 
selected diatomic molecules in LCAO MO SCF approximation, 
using inner and valence shell Slater-type orbitals (STO’s) only. 


orbital exponents (¢) determined variationally at the 
experimental internuclear distance R,: the optimized 
orbital exponents accordingly are denoted by ¢.], 
three or four more points were chosen close about R, 
and wave functions and energies computed, assuming 
the ¢ for each point. This approximation introduces a 
certain qualitatively predictable error into the poten- 
tial curve so calculated: the ¢, have been determined 
explicitly for R, and should differ from those for other 
points along the curve, Ri, Ro, etc. Therefore, the total 
energies computed for R,, Ro-++ using ¢ should lie 
higher than those using the correctly determined 
parameters {1, f2:++. The net effect of assuming ¢, 





Bi 


TABLE I. Vibration-rotation constants derived using CI functions.* 


@® 


We WeXe 
(cm) 


Molecule (cm~) 


1973 336.0 
(1406) (23.20) 


4337 305.0 
(4137) (88.72) 


1192 23.48 
(919.0) (13.6) 


LiH 
HF 


Fy 


® See references a and d of Table III. 


for all points consequently is thus a slight raising of the 
potential curve (from what it would be using correctly 
determined ¢’s) on either side of R,. 

Usually four energy points were calculated including 
E(R-.) and fitted by least-squares procedure to a third- 
degree polynomial in R 


E=a+bR+cR?+dR’. 


From procedures for the anharmonic oscillator outlined 
in Herzberg? we define 
gu—d 

f=+(e—3bd)} 
R.( A) =[(f—c) /3d 0.52917; 
Ey(a.u.) =a—fR?2—gR., (R, in a.u.). 

The vibration-rotation constants’ are then given by 

we(cm-!) = 7.2702 X 10° (f/pa)? 

wet (cm!) = 3.1538 X 10!g?/ 

B.(cm~) = 16.856/pu4R?2 (R. in A) 

3.5546X10'BS eR 6B2 


3 


3 
Wea 


a-(cm7!) = 


(R, in A) 


W, We 


k.(d/cm) = 5.8905 10-2paw2, 


ua is the reduced mass in atomic weight units. 

These constants were calculated for the ground state 
and a few low-lying excited states of a selected group of 
molecules and their positively charged ions. See Appen- 
dix for detailed listing of the species considered and for 
a brief discussion of the approximations employed in 
obtaining excited-state and ionic energies from ground- 
state calculations. 

More accurate calculations were made for He and a 
more extensive treatment is given elsewhere.* Where 
appropriate, however, some of the Hz data are sum- 
marized here for a comprehensive view. 

2G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1950), 2nd ed., pp. 90 ff. 

’ Conversion units have been taken from J. A. Bearden and 
J. S. Thomsen, A Survey of Atomic Constants (Johns Hopkins 
University, Baltimore, Maryland, 1956). 

*S. Fraga and B. J. Ransil (to be published). 
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B 


€ 
(cm) 


8.015 
(7.513) 


19.45 
(20.95) 


0.8968 
(0.8901) 


J. RANSIL 


Eu 
(a.u.) 


R. 
(A) 


Oe 
(cm) (d/em) 





—7.98876 2.022 
(—8.0703) (1.026) 


—99.56561 10.60 
(—100.527) (9.651) 


—197.95591 7.949 
(—199.670) (4.727) 


1.545 
(1.595) 
0.9514 
(0.9171) 

1.406 

(1.418) 


0.7279 
(0.2132) 


0.9892 


(0.788) 
0.01107 
(0.0146) 


The effect of CI (configuration interaction) on these 
constants is an important consideration and a summary 
is given in Table I. 

Table II and Fig. 1 summarize the error in the cal- 
culation of the spectroscopic constants for the single- 
configuration ground state. 


DISCUSSION 


General Remarks 


The agreement is generally good considering the 
crudeness of the approximation (single-configuration, 
inner, and valence-shell STO’s, and potential energy 
expressed as a third-degree polynomial in R). The order 
of magnitude is invariably correct for w,., w.*,, a, and 
k.. The R, and consequently B, are usually accurate to 
two or three significant figures, which agreement at 
first glance might be ascribed to the fact that the ¢, 
had been determined for the experimental R, at the 
outset. But the minimum position for the accurately 
computed SCF function (which we will call the true 
SCF minimum) when available, does not necessarily 
coincide with R,; it may fall on either side. 

In fact two different possibilities may occur (see 
Fig. 2). (1) The true SCF minimum coincides (or very 
nearly so) with R,: E( Ri, ¢.) and E( Re, ¢,) therefore 
lie above E(R., ¢). (2) The true SCF minimum does 
not coincide with R, and falls far enough away so that 
E( Ri, ¢-) or E( Re, ¢) lies lower than E(R,, ¢,). Case 
(1) would predict a value of R, rather close to the 
observed, whereas case (2) would predict an R, signi- 
ficantly different from the observed. 

From the data we may therefore conclude that the 
true SCF minima fall reasonably close to the observed 
R. for Ne, HF, and H2(!2,+), whereas the true SCF 
minima appear to fall somewhere to the right of R, 
for Lis, LiH, He(!Z,,+), Net, and He*t; and to the left 
for Fy. 


Effect of ¢ Variation 


The force constant k, is generally too large which 
means that the potential well rises too steeply on either 
side of the minimum. This is not unexpected because 
each point of the curve was computed with the set of 
¢’s variationally chosen for R,. We are led to ask: 
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TABLE II. Percentage error in computed constants for the ground state of selected molecules (single configuration) . 








Number 
of 
Molecule 


electrons B. 


% Error from observed values (absolute value) 


R, a] ke 





He 


0.674 

5.25 

5.84 .02 
0.491 0.986 
0.914 0.868 


6.06 0.893 











How are these constants affected if minimization with 
respect to ¢ is carried out for each value of R instead 
of assuming £.? 

First, there would be a general lowering for all points 
except R,. The net effect for case (1) would be a broad- 
ening of the curve (the minimum still falling very close 
to, or coinciding with, R,), with a consequent decrease 
in w, and k,. For case (2) there would ge a general 
lowering and broadening of the curve; but it would be 
difficult to predict where the minimum would fall. As 
in case (1), there should be a corresponding decrease 
in w, and k,. 

Table III bears out these predictions for all but Lis 
where it appears that the curve is already a bit too 
shallow and requires deepening. This suggests: (1) 
greater potential sensitivity of Li: to ¢ variation or (2) 
that the best ¢, have not been determined as accurately 
as originally believed. 

The w,x, is directly proportional to the coefficient g 
and inversely proportional to w,'. We have seen that 
w, Will decrease upon lowering of the curve; similarly 
upon lowering and deepening of the curve w,«, should 
be decreased. And accordingly the data of Table II 
generally do call for a smaller w.x,, which in turn re- 
quires that g be smaller by roughly a factor of 2 or less. 
The a, is a nonlinear function of B,, w., and g: when g is 
decreased by a factor of 1} to 2, and w, decreased by 














NUMBER OF ELECTRONS 

Fic. 1. Percent error in computed constants vs number of 
electrons. (The basis set is limited to inner and valence shell 
STO’s only.) 


roughly a factor of 1: to 1}, with little change in B., 
a, must increase; which is the kind of behavior generally 
required for agreement with the observed values. 

We may therefore safely conclude that a properly 
execuled £ variation would change these constants in the 
desired direction although nothing can be said about the 
magnitude of the correction. The same statement un- 
doubtedly applies to an accurate molecular SCF func- 
tion. 


Effect of Basis Set Expansion 


How would these constants be affected by extension 
of the basis set of STO’s used to construct the MO’s? 
Although the necessary calculations have not as yet 
been made, it is doubtless true that the potential curve 
would be lowered; judging from experience to date 
it would more than likely also be broadened. The 
broadening again would alter w, and a, in the correct 
direction. The molecular energy would improve, but 
still would differ from the experimental by an amount 
corresponding to the correction for correlation effects 
and the comparatively negligible relativistic, spin- 
orbit interaction, and rest mass corrections. However, 
consistent agreement of the calculated minimum posi- 
tion with observed R, is not looked for. 


R= 





BLmo (¢,) BLMO (fg, ) 
' \ 


True SCF 








CASE I: Rain R, CASE 2: Rein # Ry 

Fic. 2. The true SCF (and BLMO) minimum need not coin- 
cide with the spectroscopic R.. Other possibilities, where the 
BLMO minimum and the true SCF minimum do not coincide 
are not considered here. 
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Fic. 3. Computed potential curves for the ground- and lowest- 
lying excited states of Be and for the ground state of Be.* 
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Ions and Excited States 


7); P. G. Wil 
1) is taken as the basis in deriving the excited and ionized species. 


neutral molecule. 
1e same equation employed to evaluate the theoretical value. 


The agreement with experiment for the excited states 
of the neutral molecules and ground states of a few 
ions, all of which were computed from the solution of 
the secular equations of the ground state, is as remarka- 
ble as it is unexpected. It suggests that the shapes of the 
potential curves for excited slates and tons may be ob- 
tained, to a reasonably good’ degree of approximation, 
from solutions to the corresponding ground-state problem. 
More accurate numbers, of course, require an independ- 
ent solution for each case; but the results demonstrated 
here, using ground-state solutions, are gratifying and 
lend hitherto unsuspected applicational value to the 
single-configuration function. 
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Excitation” 


Inclusion of configuration interaction, for all cases 
but HF and F, (where important 7 configurations are 
introduced) generally gives much poorer results (see 
Table I) than the single configuration even though an 
improvement has been effected in the total energy. But 
the effectiveness of CI in producing accurate potential 
curves and accurate spectroscopic data can by no 
means be inferred from these calculations because each 
configuration involved was constructed from a limited 
basis set of MO’s determined for the ground-state single 
configuration at the equilibrium internuclear distance 

’ That is, not better than, probably poorer than the ground 
state, but still qualitatively useful. 


or Bee; all other cases u 


and (2p¢ were set equal and variationally determined for each R value, in the ground-state calculation of the neutral molecule. 


J. 126, 1 (1957); A. Lofthus and R. S. Mulliken, J. Chem. Phys. 26, 


b The electronic configuration of the ground state of the neutral molecule 





© For singly and doubly charged positive ions T, is referred to the ground 
d The values given in parenthesis have been evaluated u 


® Observed values, where available, are given in parenthe 


€ Slater orbital exponents us 
f The orbital exponents {1¢, fs, 
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R..° A reasonably accurate CI calculation for a first- 
row diatomic molecule would include roughly anywhere 
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Fic. 5. Computed potential curves for the ground- and lowest- 
lying excited states of HF and for the ground state of HF*. 

6 The term “limited configuration interaction” is used to de- 
scribe this approximation. 
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from six to a dozen of the most important configurations 
and would determine (1) the MO coefficients, (2) the 
CI coefficients, (3) the optimum ¢ values, and (4) the 
actual composition of configurations for each inter- 
nuclear distance by a variational procedure. But such 
calculations are economically prohibitive at the mo- 
ment. 

A more practical avenue of exploration at this time 
perhaps would be to begin with an extensive basis set, 
determine a close-to-accurate Hartree-Fock molecular 
function and study the effects of a configuration interac- 
tion which utilizes these Hartree-Fock MO’s as building 
blocks for the configurations. But one is handicapped 
by the restriction to orbitals of angular momentum 
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Fic. 6. Computed potential curves for the ground- and lowest- 
lying excited states of Liz and for the ground state of Lis*. 


appropriate to’ the ground-state configuration; and 
configurations involving” orbitals of higher angular 
momentum are necessary if accurate potential curves 
and accurate spectroscopic constants are desired. At 
the moment the situation may be summarized as 
follows: 

Configuration interaction which utilizes MO’s of the 
same angular momentum as those found in the ground- 
state configuration, (1) improves the total energy 
only slightly, (2) yields less accurate calculated spec- 
troscopic constants than the single configuration, (3) 
worsens rather than improves the calculated dipole 
moment and slope of the dipole moment.’ 

a See, for example, A. M. Karo and A. R. Olson, J. Chem. Phys. 


30, 1232 (1959) and A. M. Karo and L. C. Allen, ibid. 31, 968 
(1959), for studies on LiH and HF, respectively. 
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w, and w.¥, as Criteria for Judging “Goodness” of 
Wave Functions 


Table II (and Fig. 1) lists the error in the computed 
values of w, and wx, against the number of electrons 
involved in the calculations, keeping the basis set 
fixed to inner- and valence-shell STO’s only. The rather 
regular behavior (see Fig. 1) suggests the possibility 
of w, and w,«, as criteria for the “goodness” of a wave 
function. Except for Lis, the error in w, increases and 
the error in w,x, decreases in monotonic fashion as the 
number of electrons increases. Although it may be 
merely fortuitous, the trend does fulfill an expectation 
that the limited LCAO MO SCF approximation in 
which the number of basis STO’s is restricted to inner 
and valence shells only should become increasingly 
poorer as the number of electrons is increased. Such a 
trend is not reflected either in the calculated total 
energies or dissociation energies. 


CONCLUSION 


The most significant point demonstrated here is the 
ability of this relatively crude approximation to predict 
spectroscopic constants for ground and excited states 
to an accuracy usually of one significant figure, many 
times two, depending on the sensitivity of the particular 
constant to the potential curve parameters. Pathological 
cases are Lig (for which there is some doubt that opti- 
mum ¢’s have been obtained) and HF and F»2. The 
agreement for R, and B, is remarkably good. 
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Fic. 7. Computed potential curves for the ground- and lowest- 
lying excited states of LiH and for the ground state of LiH*. 
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Fic. 8. Computed pay curves for the ground- and lowest- 
lying excited states of Ne and for the ground state of Nz*. 


The predictive value of this approximation also holds 
true for the cases of ions derived from neutral molecules. 
Better agreement with experimental data would be 
obtained by a general lowering and a slight broadening 
of the curve. The broadening may be effected by ¢ 
variation, probably coupled with basis set expansion. 
Lowering is accomplished primarily by basis set ex- 
pansion although ¢ variation plays a minor but some- 
times important role. 

These results strongly suggest an important property 
of accurate self-consistent field functions, namely that 
they provide a good account of the shapes of potential 
curves for diatomic molecules, and (in the case of inert 
gases) most probably for the whole internuclear range. 
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APPENDIX 


These constants were calculated for the ground state 
and a few low-lying excited states of the neutral mole- 
cules Liz, Bes, No, Fe, LiH, HF, He, He2 and of the corre- 
sponding singly charged positive ions, and for the 
ground states of the doubly charged positive ions (where 
possible, if a minimum was obtained for the corre- 
sponding potential curve). The energies of the excited 
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states of the neutral molecules and the singly charged 
positive ions were computed using the virtual excited 
MO’s obtained as part of the ground-state calculation. 
The ground-state energies of the singly charged positive 
ions were computed from the ground state of the neutral 
molecule by subtracting the orbital energy of the ionized 
electron from the total energy, 


E(*¢;) — E('do) = —e; 


(the remaining formulas will not be published, but 
copies will be made available upon request; also see 
Roothaan’s® discussion on approximating ionized and 
excited species from a closed-shell neutral ground- 
state function). 

Spectroscopic constants have been reported only for 
those electronic states for which the potential curves 
presented a minimum in the range of internuclear 
distance. The calculations on excited species were 
carried out not only for these reported states but also 
for all those which theoretically could be thought of as 
possibly existing on the basis of the following criterion: 


8C. C. J. Roothaan, Revs. Modern Phys. 23, 78 (1951). 


Bs . RANSIL 


if the state under consideration lies below the positive 
ion in total energy, it is predicted to exist. 

The fact that the minima of the potential curves for 
the different electronic states of a molecule appear at 
different values of the internuclear distance required us 
to extend our calculations over a rather wide range. 
All the energy values have been tabulated; the tables 
will not be published but will be made available upon 
request. These values have been used in the preparation 
of Figs. 3-8; H. and He: are presented in more detail 
elsewhere.*® 

These figures provide a general picture of the theoret- 
ical behavior of the different electronic states as a func- 
tion of the internuclear distance. Some caution is 


needed when inspecting these curves. There are two 
main sources of inaccuracy in the present calculations, 
namely the single-configuration, limited basis set ap- 
proximation used in evaluating the energies of the 
excited and ionized species, and the deterioration of 
the single-configuration LCAO MO SCF approxima- 
tion with increasing R for most cases. 


9B. J. Ransil, J. Chem. Phys. (to be published). 
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If an unsymmetrized product of molecular orbitals is used to represent the ground state of a molecule, the 
proton magnetic shielding is the sum of contributions from each molecular orbital. In the simplest variation 
theory of the perturbation of these orbitals by the proton magnetic dipole and an external magnetic field, 
the perturbation vanishes if the vector potential representing the external field is caused to vanish at the 
charge centroid of the orbital. Proton magnetic shielding constants are evaluated on this basis with molecu- 
lar orbitals of the form y(1) = [(1—+y)Wa?(1) +? (1) J]. This form was first examined by an energy varia- 
tion on He, the energy being minimized with respect to internuclear distance and a screening constant, and 
was then applied to proton magnetic shielding in H2. In subsequent calculations y was evaluated from 
electric dipole moments when possible. Proton magnetic shielding constants were then evaluated for the 
C—H bond (methane, ethylene, and acetylene), the Group VI hydrides (H,O, H2S, H2Se), and the hydro- 


gen halides (HF, HCl, HBr, HI). 


I. INTRODUCTION 


HE magnetic field acting on a nucleus in the pres- 

ence of an external field F will be less than F be- 
cause of the reaction field induced in the electron distri- 
bution about the nucleus. If the local field is (1—c) F, 
o is the magnetic shielding constant and can be treated 
as a scalar determined by the properties of the isolated 
molecule if the sample is a sufficiently dilute gas. Al- 
though, and because, a variety of theoretical tech- 
niques have been used to calculate shielding constants 
for nuclei in a variety of molecules, it is arguable that 
most of the techniques have not been applied to enough 
molecules, or that a single molecule has not been treated 
by enough comparable techniques to permit quantita- 
tive conclusions to be drawn. The hydrogen molecule is 
the only exception to this last assertion. The purpose of 
this work is the development and application of a very 
simple calculational procedure, rather than one whose 
accuracy is demonstrably superior to previous ones. 
In fact, however, the results are not demonstrably 
inferior to previous ones, and are frequently better. 

In the calculation of shielding constants, two prob- 
lems emerge. First, there is a formalism required in 
which o is given in terms of the ground-state wave 
function, or known or knowable excited states, and 
second, a selection or calculation of these wave func- 
tions. A general formalism was given some time ago by 
Ramsey’; the usual second-order perturbation theory 
was followed, in which the perturbation to the ground- 
state wave function Wo due to the external field is 
expanded in a complete set of excited states. This pro- 
cedure requires in practice a guess at the most important 
low-lying states, or else an approximate application 
of the quantum-mechanical sum rule and a guess at an 
average excitation energy.?* In the alternative pro- 


1N. F. Ramsey, Phys. Rev. 78, 699 (1950). 

2J. A. Pople, W. G. Schneider, and H. J. Bernstein, High- 
Resolution Nuclear Magnetic Resonance (McGraw-Hill Book 
Company, Inc., New York, 1959). 

3H. F. Hameka, Mol. Phys. 2, 64 (1959); Z. Naturforsch. 14a, 
599 (1959). 


cedure, a variational calculation, the perturbation is 
expanded in an incomplete set,‘ usually chosen for 
simplicity, and parameters in this set are determined 
by minimization of the energy of the nuclear magnetic 
dipole («yf),°° or of the induced energy (« f*).78 
The two variational procedures are equivalent, if a 
completely flexible trial wave function is used. This was 
pointed out by Das and Bersohn. In practice, of course, 
the results will differ. The variational procedure re- 
quires knowledge only of the ground-state wave func- 
tion, and for unsymmetrized molecular-orbital or 
valence-bond wave functions, only of their respective 
contributions to the singlet charge density. 

There has gradually emerged from the variational 
calculations the realization that practically all of the 
“paramagnetic” contribution of a molecular charge 
distribution to the proton magnetic shielding can be 
transformed into the diamagnetic part, and computed 
as accurately as an approximate Wo will permit, simply 
by choosing an appropriate origin for the vector poten- 
tial representing the external field.’ Although some of 
the calculations use an intuitive choice or one which is 
made by trial and error, the most logical choice is 
clearly the charge centroid of each molecular or atomic 
orbital in a product wave function. That is, a different 
origin would be used for each of the separate contribu- 
tions to o arising from each wave function in the 
product. Such a choice has considerable plausibility, 
even in the absence of a detailed calculation, because 
it is the necessary choice if the contribution to the 
nuclear shielding from a distant compact distribution 
of charge is to be represented by an induced magnetic 
4 An exception has been: S. K. Sinha and A. Mukherji, J. Chem. 
Phys. 32, 1652 (1960). Although they used an approximate Wo, 
they solved the resulting equations for the perturbation exactly. 

5M. J. Stephen, Proc. Roy. Soc. (London) A243, 264 (1957). 
Corrections to his calculations may be found in J. G. Powles, 
Repts. Progr. Phys. 22, 433 (1959). 

®B. R. McGarvey, J. Chem. Phys. 27, 68 (1957). 

77. P. Das and T. Ghose, J. Chem. Phys. 31, 42 (1959). 

8T. P. Das and R. Bersohn, Phys. Rev. 115, 897 (1959). 

®R. Bersohn, Ann. Rev. Phys. Chem. 11, 369 (1960). 
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dipole in the latter. But the most convincing evidence 
for this choice of origin came from Stephen’s calcula- 
tion’ of proton shielding arising in the proton bond, 
where his choice of variation functions’ amounted to 
inclusion of the origin of the vector potential as a param- 
eter; the optimum value, which minimized the shield- 
ing energy, was the charge centroid of the bond. Al- 
though the usefulness of the potential origin as a param- 
eter has been questioned,’ it was found numerically in 
H2O shielding calculations’ that selection of the charge 
centroid of the molecule as origin made the para- 
magnetic terms much smaller than did selection of the 
oxygen nucleus as origin; thus the analytical result of 
Stephen’s calculation received additional confirmation." 

After a review and examination of Stephen’s theory 
is given in Sec. II, simple MO wave functions are intro- 
duced which makg the charge density in the bond addi- 
tive over charge densities arising from the atomic 
orbitals on the two nuclei. For hydrogen, Sec. III, 
the parameters in the wave function are obtained by 
energy minimization, and the magnetic shielding is 
then computed. Next, in Sec. IV, a comparison with 
Stephen’s LCAO MO calculation on C—H bonds is 
given and, on the basis of the agreement, the charge 
centroids of various C—H bonds is computed from the 
experimental shielding. Subsequently, the parameters 
in the simple wave functions are determined from the 
electric dipole moment of the molecule and the hybridi- 
zation on the atom bonded to hydrogen, where this is 
known. This information is available for the Group VI 
hydrides, particularly for H,O, and the predicted 
shielding constants are in good agreement with experi- 
ment (particularly for H,O). Finally the shielding for 
the hydrogen halide series is calculated in Sec. VI for 
both unhybridized and tetrahedrally hybridized halogen 
orbitals. The method of determination of parameters 
from dipole moments follows Hameka’s work on the 
hydrogen halides.* 


II. GENERAL THEORY 


1. Variation Theory 


Let a uniform external magnetic field F be acting on 
a molecule in which there is a nucleus of magnetic 
dipole moment wu. Suppose the ground state to be 
perturbed by both wand F, so that the actual state is 


V=%(14+u-f+F-g), (2.1) 


where f and g are vector functions of the electron 
coordinates. 

A molecule in a fixed orientation must be described 
by a shielding tensor 6, so that the actual field on the 


Attributed to J. Tillieu, thesis, Paris (1956). 

1 The shielding is independent of choice of origin only when 
the perturbation in the wave function is expanded in a complete 
set, or is otherwise obtained exactly. But this is not usually done, 
and therefore the shielding energy will be actually be minimized 
by the choice of origin, instead of just the ratio of paramagnetic 
to diamagnetic parts. 
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dipole y is (F—é-F). Only the average of 6, that is 
o=}tré=}) oa, is required for molecules in the 
gaseous state, but the determination of all the com- 
ponents of f and g makes it desirable to consider the 
full tensor. 

Stephen? obtained from Eq. (2.1) and the perturbed 
Hamiltonian an equation for cas, 


Tap Tap? +oas", (2.2) 


where og” is the diamagnetic term and oag" is the para- 
magnetic term, and 


Gas? = (€2/2me?) Wo | D> Ri [ Ri28ap— ReaRrs}|\Vo) (2.3) 
k 


Fas? = — (h?/m) Wo | DVifa® Vig Wo) 
k 
— Wo | [2R Mags t+M rsfa]|Wo). (2.4) 
k 


It has been assumed in these equations that the vector 
potential of F has its origin at the nucleus p, and that 
Wof and Wg are orthogonal to Wo. The sums over & are 
over all electrons, R, is the vector from the nucleus wp 
to k, and M; is the magnetic dipole operator 


M,.= (ehi/2mc) RX Vi. (2.5) 


An unsymmetrized molecular orbital wave function will 
be used for Yo, a simplification invoked by Stephen.® 
Such a simple MO can only be strictly valid for a two- 
electron molecule. 

2N 


Wo= [vx (2). (2.6) 
1 


In this approximation, the contributions of the various 
y, to o are additive,® and each term will have the form 
Gas” = (e*/2me*) (by | R*[R*Sas— RaRs | |W) 
Fas! = — (h?/m) WW | Vrfa( R) > Vegs(R) |v) 

— W|2R*Mags( R) +Mafa( R) |p). 


Stephen analyzed only the axially symmetric (Z 
axis) W representing a proton bond and, following 
Tillieu, assumed a power series expansion of f and g 
in R. Symmetry considerations ruled out some of the 
terms, and in fact he took 


fr= (ay Y+), YZ) 
ge= i(a,V+b,YZ). 


(2.7) 


(2.8) 


(2.9) 


Variation of o with respect to a; and a2 is equivalent to 
the selection of the optimum origin of the vector poten- 
tial’ 8 for the given MO y and, as it turned out the con- 
tribution to o from terms involving }; and 6: is only 
about 1% of the total shielding in Hy or in several C—H 
bonds. This is taken as sufficient justification here to 
confine the variation to a selection of the optimum 
origin in more general charge distributions. Stephen’s 
calculations may be trivially generalized with the 
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assumption 


fa= tae R 
§a= ib.: R, (2.10) 


where the a, and b, are vectors to be determined. The 
necessary orthogonality of the perturbation to y can 
be ensured by the addition of constants to the RHS 
of Eq. (2.10). Replacement of R in (2.10) by R—(R), 
where (R) is the centroid of charge, clearly suffices. 
However, this constant will not affect the shielding 
tensor, Eq. (2.8). With Eq. (2.10), Eq. (2.8) gives 


Fas" = (K?/m) aa be 


+(eh/2mc) (2R*(RXbg)at(RXa.)s), (2-11) 


where (_) isan abbreviation for the average (| |p). 
Minimization of (2.11) with respect to a, and bg gives 
for the total shielding 


Taa= (e/2mc?) (R“[R: (R— (R)) —R,(Ra—R,) J), 
(2.12) 


where R, is the a component of (R). This is also the 
formula for the diamagnetic part of the shielding if the 
origin of the vector potential is taken at (R). The mean 
shielding constant is then 


a= (a*/3) (R“LR*— (R)-R}), (2.13) 


where a is the fine structure constant and R must now 
be expressed in units of the Bohr radius. 

If the charge distribution has a Z axis of symmetry 
passing through the proton, Stephen’s first-approxima- 
tion emerges 

a= (a*/3) (R“[R’—ZZ)). (2.14) 
Equation (2.14) also follows as the first approximation 
under the less restrictive condition that the Z axis be 
chosen along (R), but this will not always be 
convenient. 

It is obvious that Eq. (2.13) reduces to the Lamb 
formula” for charge distributions centered on the 
proton; its connection with the dipole approximation” ™ 
will be discussed shortly. 

In the application of Eq. (2.13) it will be convenient 
to introduce a multipole expansion around some point 
D not necessarily identical with (R). The spherical 
coordinates for this expansion are given in Fig. 1. 

Since R= r+D, 

R“*R= — (dR-'/dr) D, (2.15) 
while 


Ko= Sd, P,,(cos@), 


n=O 


2 W. E. Lamb, Phys. Rev. 60, 817 (1941). 
13]. A. Pople, Proc. Roy. Soc. (London) A239, 550 (1957). 
4H. M. McConnell, J. Chem. Phys. 27, 226 (1957). 
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Fic. 1. Coordinate system. 
where 
ba= (—1) "(D-H (r— DD) + D-H (D—r) | 
(2.16) 
if «>0 
) 
x<0 
o may now be obtained as an average over the spherical 
coordinates r, 6, ¢. A moderate amount of work using 


the properties of the associated Legendre polynomials 
gives for each electron in the MO 


o= (a2/3) {35 (fa(r) Px(cos) ) 


+ > (g,(r) cospPa(cos6) )}, (2.17) 

1 
where 
fy= (—1)"{r"D- 1 — (n+-1)Z/D]+H (r—D) 

x [r+ Dn (1+4+-nZ/D) —rD-"+ (1— (n+1)Z/D) J} 
(2.18) 
gn= (£/D) (—1)"{r"-D-*) +H (r—D) 

X Ort D™— "D-) }} (2.19) 
and Z, # are the projections of (R) along the e,=D/D 
and e, axes, respectively. The g, terms will be required 
only for the nonbonding orbitals of the tetrahedrally 
hybridized halogens. 

It is interesting to compare Eq. (2.17) with the dipole 
approximation for distant compact charge distributions. 
It turns out that Eq. (2.17) is quite bad. To see this, 
take D= (R), so that €=0 and Z=D. Suppress the 
terms in H(r—D). Then(fo)=0= (fi P1) and 


o= (—2a*/3D*) (r?P2(cosd) ) (2.20) 


The dipole approximation, which should be adequate 
under the conditions given, is? 
a= — ($D*) (2x!!—y1— 1"), (2.21) 


where x'! is the magnetic susceptibility of the charge 
distribution when the field is parallel to D, and the 
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TABLE I. £ is the energy of He, 8= KR, where K is the screen- 
ing constant and & the internuclear distance, K» is the K which 
minimizes E at each R. 


B 1.2 : 1.6 

Km 1.1026 1.1303 
— E(Km) 1.0972 
— K(1) 


1.8 

1.1242 
1.0862 
1.0730 


1.0604 


1.0512 1.0788 1.0826 


other x’s are the perpendicular components. In the 
Langevin approximation,” these susceptibilities are 
given by 
x'!=— (a?/4) (a°+-y") 
xb=— (a°/4) ("+2") 
xi*= — (a?/4) (x22? . 
which, substituted in Eq. (2.21), give 
a= (a?/12D*) (x°+y’— 22") 
= — (a2/6D*) (r? P2(cos8) ). 


That is, Eq. (2.20) has an extra factor of 4. However, 
even though Eq. (2.20) is in severe disagreement with 
the Langevin equations, the latter will usually be ac- 
curate only when the components of the susceptibility 
tensor are equal, and (2.21) vanishes as does (2.20). 
Equation (2.20) may yet have merit for the nonbonding 
wave functions to which it is here applied. These are 
pz and p, orbitals perpendicular to the axis of the bond, 
perhaps mixed with some s character. In the event that 
only the bond axis is approximately or exactly an 
axis of symmetry for the electrical potential acting on 
these electrons, it appears reasonable that the ozz 
component of the shielding tensor should be given from 
the unperturbed wave function, while the diamagnetic 
and paramagnetic parts of the xx and yy components 
should largely cancel each other. This is precisely the 
result of Eq. (2.12) for distant p, and p, orbitals. 


onn= (02/2) D-H x2-+y?) 
Ozz= (a°/2) D-*(y’— 22”) 


Oy = (02/2) D-* (a2— 22?) (2.23) 


It is readily verified that o,, and oy, vanish for p, 
or py wave functions, while ozz is the Langevin dipole 
approximation. Thus Eq. (2.12) seems adequate for 
localized currents in a plane perpendicular to the line 
between the proton and charge center. These will con- 
tribute the largest effects. The shielding due to the z- 
electron system of benzene furnishes a practical ex- 
ample. Equation (2.12) gives the classical dipole field 
due to a ring current at a point on the sixfold axis, but 
gives an incorrect field in the plane of the ring. In any 
case these long-range effects are small perturbations 
on the dominant effect from the proton bond. 

7 ®y. H. Van Vleck, Electric and Magnetic Susceptibilities 
(Oxford University Press, New York, 1932). 
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What will be done is to apply Eq. (2.12) straight- 
forwardly [by means of Eq. (2.17) ] to the nonbonding 
orbitals, and occasionally give the value of ozz/3, 
from Eq. (2.23), for comparison. 


2. Simple Wave Functions 


Instead of the usual LCAO molecular-orbitals, ap- 
proximate wave functions will be used which might be 
designated [LC(AO)?}!. The quantity to be determined 
in Eq. (2.17) is additive over the coordinates of all 
electrons, and so only the singlet charge density ¥*(1) 
is required. It would clearly be a convenience for rapid 
calculations to have 


(1) =ye?(1) + (1—y) yn? (1), 


where Wg is an AO centered on the adjacent atom, and 
Wu is a 1s orbital centered on the proton. The effect of 
variations in y, the screening constant in ~y, or hybridi- 
zation on B can then be quickly ascertained. But the 
comparative accuracy of 


V(1) =[rbn?(1) +(1—y) yu(1) F 


normalized 


¥(1) =y'be2(1) +(1—y) Yar (1) 


is also a matter of necessary interest. Toward the merits 
of Eq. (2.25) are adduced one reference, which serves 
more as precedent than as substantive evidence, and 
one calculation. The reference is to quadrupole moment 
calculations of Gordy." Gordy concluded that the 
distortions of charge density near the nucleus are 
exaggerated in LCAO wave functions, and that the 
suppression of overlap terms yielded better quadrupole 
coupling constants. Now the charge density will be used 
here for the computation of o and of bond dipole mo- 
ments, neither of which is so sensitive to the core of the 
charge distribution as the field gradient. But it seems 
unlikely even in the computation of dipole moments 
that the overlap terms are so large that they signifi- 
cantly alter the quantitative results.® 

Second, a variational calculation of the energy and 
nuclear shielding in the hydrogen molecule is given in 
the next section. Equation (2.25) seems to provide one 
of the few imaginable trial functions that have not 
been applied to He, and this one is not much worse in 
dissociation energy, equilibrium internuclear distance, 
or shielding constant than far more complicated func- 
tions (and is better than some) ! 


(2.24) 


(2.25) 
and a 


(2.26) 


THE HYDROGEN MOLECULE 


1. Energy Variation 


Here the total energy of the hydrogen molecule will 
be minimized by variation of the internuclear distance 

16 W. Gordy, J. Chem. Phys. 22, 1470 (1954). 

17 W. Gordy, Discussions Faraday Soc. 19, 14 (1955). 


1 C, A. Coulson, Valence (Oxford University Press, New York, 
1952), p. 103. 
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and the screening constant in the trial function. This 
will provide a quantitative comparison with the 
LCAO MO method. Label the electrons 1 and 2, and 
the nuclei a and b. Then the proposed [LC (AO)? }#MO 
is 


W(1) =2-Ly2 (1) +W?(1) }, 


Walk) = (K*/r)} exp ( = Krax) 


(3.1) 
where 
bee) 


where rq, is the distance from nucleus a@ to electron k. 
The screening constant K is the variational parameter. 
The wave function y(1, 2) =W(1)¥(2) is used to com- 
pute the energy 


k= [vi, 2)HY(1, 2)dridre, (3.3) 


where the Hamiltonian H is, in atomic units,” 


H=—[3V24392+17:01 It yy +7) ‘py : 


=e 1_ J) r) (3.4) 
and D is the internuclear distance. After some straight- 
forward labor, involving the occasional use of elliptical 
coordinates, £ is found to be given by 


E=— (27K/16) + K?+ (K*/28)y(8) exp(—8) 


—KG(8) exp(—28)+(K/8), (3.5) 
where 

B=KD 
and 


G(8) = (38) Lexp(28) — 1 J— (21/16) + (38/8) 


+(B/12) (3.6) 


B 
[#(cosnx) \dx—26*[tane— tan“ ]}. (3.7) 


0 


v(8)=| 


The integral in Eq. (3.7) was evaluated numerically 
with Simpson’s § rule and an interval of 0.1. The energy 
was then computed as a function of 8, and K was deter- 
mined at each 8 by the minimization of E£. The results 
are found in Table I, where K,, designates the optimum 
K. A cubic interpolation formula” was used to find the 
minimum energy, which is 


E=—1.0979 
at 
p  8 lS 


D= 1.37. 


This energy is E= — 29.874 ev, which gives a dissocia- 
tion energy of 2.66 ev, not very good. If K is kept con- 
stant at unity the minimum energy occurs at D= 1.54 
and gives a dissociation energy of 2.27 ev. It is clear 
19 H. Eyring, J. Walter, and G. E. Kimball, Quantum Chemistry 
(John Wiley & Sons, Inc., New York, 1944). 
20H. Margenau and G. M. Murphy, The Mathematics of 


Physics and Chemistry (D. Van Nostrand Company, Inc., Prince- 
ton, New Jersey, 1943), p. 450. 
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TaBLeE II. In (20) the computed shielding constants o for 
various hybrid C—H bonds are compared with Stephen’s re- 
sults’ o,. In (IIb) the charge centroids which yield the experi- 
mental shielding constants are displayed. 


osX10° 


Z/D oa X10 K=1 


K=1.2 K=1 


(a) 
0.84 
0.87 
0.88 


Tetra is 312 2.62 2.66 
2.64 


2.65 


Trig 5 .295 
Dig ke . 283 

(b) 
CH, ; 295 
C.H, : 362 
C2He .662 0.374 


0.79 
0.87 
0.94 


(exptl?) 


that nothing like the energy improvement of the 
LCAO MO calculation” (dissociation energy is 2.65 
ev at D=1.6 without screening and 3.49 ev at D=1.38 
with K=1.19) occurs with the introduction of screen- 
ing here. Nevertheless, the computation of shielding 
in the hydrogen molecule according to Eq. (2.17) bears 
more resemblance to the calculation of a total energy 
than to a dissociation energy. 

It is also worth noting that wave functions that give 
much better energies may give appreciably worse values 
of the equilibrium internuclear distance.”! 


2. Proton Shielding 


With use of Eqs. (3.1) and (2.17) the shielding con- 
stant is given by 


o= («/3)| fr verjae+ [flr ear] (3.8) 


= (a?/3) (K+). 


(3.9) 


If D is taken as the experimental internuclear distance 
D=1.401, then 


o(K=1)=2.52X10~ 
o(K=1.13) =2.74X10™. 


The latter number is the one of main interest, since it 
results from the variational calculation of K (use of the 
calculated D= 1.37 changes o to 2.76X10~). The para- 
magnetic part of o can be extracted by computing only 
the terms involving Z in Eqs. (2.14) and (2.17) 


ao? = — (2a*/3) (RZZ) 


= —(0.39X 10° (K = 1.13). (3.10) 
The experiments of Ramsey” and calculations of 
214. D. McLean, A. Weiss, and M. Yoshimine, Revs. Modern 
Phys. 32, 211 (1960). 
2N. F. Ramsey, Phys. Rev. 78, 699 (1950). 
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TABLE III. Group VI hydrides; experimental data and computed shielding constants. 


Da 





(r )av/D? 





ub-° (debyes) (r)w/D 





0.9584 A 
1.33 A 
1.47 A 


Z/D Y 
0.384 0.533 
0.375 0.456 
0.391 0.445 


o7pX10° 
0.78 
0.52 


0.45 


H,0 
H2S 


H2Se 





* E. D. Palik, J. Chem. Phys. 23, 980 (1955). 


onX10 
1.99 
2.32 


1.85 
0.92 
0.24 


0.6068 
0.7666 
0.8050 


0.4418 
0.6716 
0.7251 


(exptl.) 
oX10 
(calc) 
oX10 
2.79 
2.92 
2.89 


o7X10 
0.02 
0.08 
0.08 


liquid4 
2.70 
3.06 
3.38 








b A. A. Maryott and F. Buckley, Natl. Bur. Standards Circ. No. 537, (1953), pp. 7, 8. 


© A. W. Jache, P. W. Moses, and W. Gordy, J. Chem. Phys. 25, 209 (1956). 
4H. S. Gutowsky and C. J. Hoffman, J. Chem. Phys. 19, 1259 (1951). 


Newell™ gave o=2.62X10°, o?=—0.56X10™%, so 
the error in o(K=1.13) is mainly in the paramagnetic 
part. When the LCAO MO method with a screening 
constant or effective charge of 1.19, which results from 
an energy minimization, is applied to the same formula 
for a”, Eq. (3.10), the result® is ¢? = —0.50X10~. The 
present results are nevertheless sufficiently encouraging 
that the simple wave function of Eq. (2.24) will be 
applied to more complicated molecules. 

In the subsequent calculations the value of K will 
usually be taken as A=1.2 or occasionally, for com- 
parison, K=1. The effect of changes in K will be very 
simple to take into account for molecules other than 
He, because only the s orbital on the nucleus whose 
shielding is being computed (that is, on the proton) is 
affected by the choice of A; its contribution to a is 
proportional to K. The value K= 1.2 is a rough average 
based on the calculations of Ransil** (K = 1.32 for HF) 
and Foster and Boys® (K=1.2 for H2CO), and the 
present result for Hp. 


IV. THE C—H BOND 


Proton shielding in the C—H bond has been cal- 
culated by Stephen for tetrahedral, trigonal, and digonal 
hybridization. The object of treating the bonds again 
has been (a) to seek disparities between his LCAO MO 
and the simpler wave functions used here, and (b) 
to make use of the simple wave functions in the deter- 
mination of the bond charge centroid. 

The Z axis is taken along the internuclear line (the 
vector D in Fig. 1 ending at the carbon atom), and the 


3G. F. Newell, Phys. Rev. 80, 476 (1950). 

*B. J. Ransil, Revs. Modern Phys. 32, 245 (1960). 

* J. M. Foster and S. F. Boys, Revs. Modern Phys. 32, 300, 
303 (1960 


hybridized atomic orbitals on the carbon atom are 
Ys=2-[s—v3 pz | 
¥3=3"[s—v2pz | 
¥2=2-“[s— pz] 


for tetrahedral, trigonal, and digonal hybridization, 
respectively. The 2s and 2pz orbitals have the form 


s= R(r) Yoo(4, >) 
pz= R(r) Y10(4, >) ’ 
where R(r) is taken to be a normalized Slater radial 
wave function. 
The charge density in the bond is then, per electron, 
V=(1-y)srt+we  (i=4,3,2), (4.3) 


where sy is a 1s hydrogen orbital with screening constant 
K. The application of Eq. (4.3) to Eq. (2.17) gives for 
the pair of bond electrons 


o4= (2a!) { (1—y) K+-y[fo—3fi + (53) fo} 
o3= (2a*/3) {(1—y) K+y[fo—[2(6)*/9 fit (4/15) fr} 
o2= (2a*/3) {(1—y) K+y[fo— (1/3) fit (4) fe}, (4.4) 


where 


(4.1) 


(4.2) 


j= | ful) Rr) Rar 


(4.5) 


(Z,/D) =y[1—7/2D] 
(Z;/D) =y[1—[2(6)4/9](#/D) ] 
(Z2/D) =y[1— (1/V3) (#/D) ]. 


The o results for y=0.5 are in Table IIa, where the 
contribution from y? has been designated o,. The con- 


(4.6) 
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tribution from sy?, that is (2a?/3)(1—7)K, is easily 
obtained as g—o;. A C—H bond distance of 1.08 A has 
been chosen in each instance. For comparison, Stephen’s 
values have been tabulated under o,. 

It will be noticed that the agreement of the LCAO 
and [LC(AO)?} calculations, both with K=1, is 
excellent, showing that the overlap charge in the LCAO 
approximation does not contribute much to a. Actually, 
however, the effective proton charge must be greater 
than unity; K=1.2 will be used. 

The comparison with experiment must naturally be 
made for particular molecules, and therefore the con- 
tributions to o from the rest of the molecule are re- 
quired. Stephen found these contributions to be very 
small for methane, ethylene, and acetylene. It seems 
unlikely, on the basis of Pople’s considerations? of in- 
duced currents in this series, that the m electrons in 
acetylene contribute so little to the shielding, as they 
may move freely around the bond axis. It is therefore 
assumed that the z-electron system in acetylene may be 
treated approximately as a pair of nonbonded p, and 
p, orbitals for which, as was seen before, the «x and yy 
components of 6 vanish, and a, is given by 


ox=hozz 
= (a?/3) (x°+ y?)(D?+D), (4.7) 
where D is the smaller and D the larger of the two C—H 
distances, and 
(ty)=4¢")n 
is computed from the carbon Slater orbitals. 


hoz7z=0.52X10-. 


This contribution to o can now be subtracted from the 
experimental value of o=2.90X10~ to get the bond 
contribution to o for acetylene. 

It may be noted that the contribution from the 
electron system of ethylene would be reduced by the 
factors 4 (from the smaller number of electrons) and 
P2(cos 60°) = —} (see Sec. V), and would therefore be 
0.5X4X (—$) X10°=—0.03X10-. This has been 
neglected. f 

The values of y and therefore of (Z/D) which are 
required to fit the experimental o’s for methane, ethyl- 
ene and acetylene are given in Table IIb; og is propor- 
tional to (1—~y) and is readily recalculated for arbi- 
trary y. The recalculation of o; was done by trial and 
error. Because the part of f,(r) which involves incom- 
plete T° functions is much smaller than the part in- 
volving moments of r (that is, the charge distribution 
around C is compact), the calculations go readily. 

» As there are no experimental determinations of Z/D, 
it is difficult to know how reasonable the values of y 
or Z/D are. Perhaps the most pertinent calculation 
comes from Foster and Boys,” who located the charge 
centroids of their “exclusive orbitals” for formaldehyde. 
Although these centroids deviate very slightly from 
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TABLE IV. Hydrogen halides; parameters used for tetrahedral 
hybridization. 











7 
(debyes) D 


#/D (r*)x,/D® Z/D ¥ 





HF 1.74 
2.00 


HCl 1.03 
HBr 0.78 


HI +0.38 
—0.38 


1.733 0.635 
1.733 0.635 


2.409 0.698 
2.672 0.798 


3.031 0.856 
3.031 0.856 


0.484 
0.484 


0.556 
0.712 


0.813 
0.813 


0.380 
0.409 


0.236 
0.158 


0.0967 
0.0475 


0.557 
0.600 


0.362 
0.263 


0.169 
0.083 








the C—H axis, in magnitude they have (Z/D)0.32, 
which seems quite reasonable in comparison with ethyl- 
ene, (Z/D) =0.36 in Table IIb. 


Vv. GROUP VI HYDRIDES 


Consideration of the C—H bond was necessary for 
comparison with Stephen’s work, and of course interest- 
ing for the information it yields about the charge 
distribution within the C—-H bond. Nevertheless, an 
unambiguous application of Eq. (2.13) requires the 
charge centroid to be given, and for this in turn there is 
needed both a specification of the hybrid orbitals which 
enter into the bond, and the dipole moment of the bond. 
The Group VI hydrides H,O, H2S, and H.Se provide 
examples where all this information is fairly well 
known. McGarvey® has treated all these compounds, 
and Das and Ghose’ have treated H,O. Both calcula- 
tions of the shielding for H,O gave quite poor results, 
and as the bond angle, length, and dipole moment are 
best known for this molecule, it must form the major 
test of the calculation. 

The charge density in one bond will be taken, as be- 
fore, to be 


= (1—y)su?+ye’, (5.1) 
where Wz is a hybrid orbital on the Group VI nucleus B, 
Wa= (1+d*)4(s—dpz) (5.2) 


and pz, centered on B, points away from the proton. 
If w is the H—B—H angle, the conditions of orthog- 
onality and maximum overlap on the bond orbitals 
give 


1+)? cosw=0. (5.3) 


It is also necessary to consider the lone-pair electrons 
in the plane of the molecule 


¥i= (1+?) “*(s+X'p,), (5.4) 


where p, is a p orbital on B and points along the bi- 
sector of <H—B—H away from the protons. Orthog- 
onality of Yz and wz gives 


N’=[\ cos(w/2) P. (5.5) 
The computation of the charge centroids is straight- 


6 Work cited in reference 18, p. 195. 
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TABLE V. Hydrogen halides; calculated results for tetrahedral hybridization and experimental results. 





pb ; 
(debyes) op?)XK10° aX 108 o7R3X10° 


1.74 0.76 —0.30 0.89 
2.00 0.76 —0.30 0. 


HCl 1.03 0.65 —0.25 
HBr 0.78 0.74 —0.26 


HI 0.38 0.73 —0.25 
—0.38 0.73 —0.25 


HF 





oX10° «X105 


(exptl*) Hameka® 





2.78 
3.08 
3.47 
4.36 








® W. G. Schneider, H. J. Bernstein, and J. A. Pople, J. Chem. Phys. 28, 


forward. With e the proton charge and y the electric 
dipole moment of the molecule, the center of charge in 
the bond, Z (measured from the proton) is 


. 20’ (7/D) 

F aes uM “ / sa 

Z/D=}+[2 cos(w/2) ] pra ~ $6) 
2eD v3(1+)X") 

Slater orbitals were again used, so that the radial factors 

of s and p are identical. This equation for Z/D in terms 

of uw, together with 


. 2X(7/D 
(Z/D) =y\1- 2 | 
" -v3(1-+22) J 
for Z/D in terms of y, gives y. Next, Eqs. (2.17) and 
(5.1) give the bond contribution to ¢ 


(5.7) 


on= (2a°7/3) (1—-y) K (5.8) 


| ny Fee | (5.9) 
silt nu di 1, Badan) 5a | 


The nonbonding p orbital on B, perpendicular to the 
plane of the molecule, will be treated as discussed before 
(Sec. II), with the one difference that the axis of rota- 
tion cannot be taken as the H—B bond, but rather is 
chosen as the bisector of the ¢ H—B-H. If the Z axis is 
for the present chosen along this bisector, then? 


ox= 402zP2(cosb), (5.10) 


where @ is the angle between the H—B bond and the 
bisector 

= 27—w/2. 
Consequently, 


o,= (02/3) (4/5D) (7?) w/D2) Po(cosw/2). (5.11) 


The wz electrons will have smaller moments around the 
bisector, and are further away; their contribution to ¢ 
is neglected. 

It may be noted that Das and Ghose’ found a con- 
siderably larger contribution from the 7m electrons in 
H.O. Their result was ¢,=0.29X10~ and is very close 
to what would be computed for two electrons in a pz 
or py orbital from ozz/3, where the Z axis is here the 
H—B bond. If the calculation were made with this 


(1958). 


rationale the result would certainly be expected to be 
excessively large, but at the same time it must be said 
that the calculation of Das and Ghose did not proceed 
in this way. Perhaps the most serious reason to doubt 
the presence of a large mw electron contribution to the 
shielding in H,O is that if it were large the loosely 
coupled z electrons in ethylene would also be expected 
to make a large contribution to the shielding; and this 
would make untenable the ring-current interpretation? 
of the chemical shift between ethylenic and aromatic 
protons. The present procedure, which yields —0.03X 
10° from the ethylene w electrons (Sec. IV) is entirely 
consistent with the ring-current theory. 

The experimental data, calculated parameters and 
results are given in Table III. The w and D of H.S repre- 
sent an average of data given in the work cited in 
reference 27. The screening constant K was set equal 
to 1.2 for each molecule. 

The worst disagreement with experiment is found 
for H.Se, but it may be noted that only a liquid a is 
available for it, The fact that (Z/D) for H2Se is greater 
than for H,O (although the y’s have a more reasonable 
order), suggests some error in yu, 7, or w. A lowering of 
Z/D and y, and therefore an increase of a, would result 
from a change in sign of uw, an increase in w or an in- 
crease in 7. The latter is probably the most likely source 
of large error, as the Slater rules for the radial wave 
function are not reliable for large atoms. Polarization 
effects might also be significant here. 


VI. THE HYDROGEN HALIDES 


This series has been studied by Hameka* and 
McGarvey.’ Their work is not readily comparable, 
as they used different formalisms and different wave 
functions. Hameka used the perturbation theory ap- 
proach and tetrahedral hybrids on the halogen, and 
used an unscreened sy; McGarvey used a variation 
theory approach and unhybridized orbitals on the 
halogen, and a screened sy(K=1.17). Both degrees of 
hybridization will be treated here by the same 
formalism. 


27 Tables of Interatomic Distances and Configuration in Mole- 
cules and Ions, edited by L. E. Sutton (The Chemical Society, 
London, 1958). 
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MB 2 
(debyes) y=Z/D oX10° opX1O = X10 


1.74 0. 
2.00 0. 
1.03 0.585 
0.78 0.55 


+0.38 U5 
0.475 


0.19 0.73 
0.19 73 


0.16 
0.24 


0.27 
0.27 





oX10° 


McGarvey® 


0.79 0.99 

0.79 aca 

0.66 * -62 3.05 

.76 “ 2.90 3.66 
3 


9 
0.76 & 02 od 4.00 
0.76 ; 3.18 ee 








1. Tetrahedral Hybridization 
The bond atomic orbital on the halogen B is, as in 
Sec. IV, 
Ww=2 Ts—v3pz |, (6.1) 


where the coordinate system has been described before. 
Only one of the nonbonding B hybrids need be con- 
sidered, say 


¥r=2[s+34p2+2(%)'p- ]. 

The bond charge density is then 
V=(1—y)sn?+wWe 
and the charge centroid of the bond is 
(Z/D) =y(1—#/2D), (6.4) 


y is determined from the total dipole moment of the 
molecule by 


y=[1— (7/D) + (u/eD) L[2— (#/D) J". 
The total shielding is then given by 
o=ontontor=otor (6.6) 


where o4 is given in Eq. (4.4) and arises in the bond, 
while a, is the contribution from y,. Equations (2.17) 
and (6.2) give 


(6.2) 


(6.3) 


(6.5) 


o,=0,%+o,” 
oy = 6(a?/3) [fot (f,/6) 7 (fr, ‘10) J 


a1. =6(a?/3) (V2/3) [gi +3g0/5 ]. (6.7) 


The calculations have been made for several choices 
of the dipole moments of HF and HI. These were for 
HF, w= 1.74 and p= 2.00 (used by Hameka), and for 
HI, »w=0.38 and w=—0.38, the latter (hydrogen 
negative), being suggested by Gordy.'*.” 

Slater-type orbitals have been used for the halogen 
orbitals, but it was thought desirable to make use of 
Hameka’s calculation’ of Hartree functions in some 
way. Therefore the screening constant in the Slater 


%G. A. Kuipers, Quart. Progr. Rept. Solid-State Molecular 
Theory Group, M.I.T., Jan. 15, 1958, p. 42. See also: M. R. 
Baker, C. H. Anderson, J. Pinkerton, and N. F. Ramsey, Bull. 
Am. Phys. Soc. 6, 19 (1961). 


orbitals was determined by making their values of 
Srsp dr agree with Hameka’s tabulation of that quantity, 
while Slater’s principal quantum numbers were used. 
The values of 7 are somewhat larger than Slater’s rules 
give, the disparity being largest (30%) for HI. 

The experimental and theoretical parameters used 
and found are in Tables IV and V. The oy can be ob- 
tained from the tables as o—(ogt+to,%+o,™). 
Hameka’s values of ¢ are in the last column and should 
be compared with the present theoretical results under 
K=1. There is fair agreement, of the order of 5-10%. 
However, in actuality the A=1.2 column is a more 
convincing selection and wuyr=1.74 seems to be the 
best dipole moment, rather than woHr= 2.00. It there- 
fore appears that the case for tetrahedral hybridization 
as against unhybridized orbitals is quite weak except for 
HI. It will appear that the unhybridized orbitals give o 
with no greater error for HF, HCl, and HBr, although 
the values will be below rather than above the experi- 
mental ones. The experimental results can be used to 
estimate an intermediate degree of s-character. This is 
done at the end of this section. 


2. Unhybridized Orbitals 
The bond charge density is here 
v= (1-7) su?+ypz’. (6.8) 


There are two nonbonding orbitals on B, pz and py. 
In addition, the filled s shell on B, although it will not 
contribute to o in the dipole approximation, does 
extend beyond r=D sufficiently to give a significant 
contribution to ¢ according to Eq. (2.17). The various 
contributions to o are (1) from sy 


y= (2a?/3) (1-—y)K, (6.9) 


(2) from pz 
op ( 2a?/3) yLfot+ 2fo/5 ’ 


with Z in these f, given by the bond centroid Z= yD, 
(3) from p, and py, 


o1= (402/3) [fo—fo/51], 
with Z=D in these f,,, or 


a1 =4(a?/3) (§) D“( (7? )w/D*) 


(6.10) 


(6.11) 


(6.12) 
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as the dipole approximation to ozz/3 for the same or- 

bitals. (4) Finally from the s orbital on B there is 
o,=2(a?/3) fa, (6.13) 


where again fy is evaluated with Z=D. 
The electric dipole moment y gives y from 


y=2-(14+p/eD). 


The results are given in Table VI, with 


(6.14) 


o=ont+optortos. 


It is evident that only for HI does the hybridized pic- 
ture yield a distinctly better a. (The qualitative conclu- 
sions, here as elsewhere in this paper, are based on the 
assumption that K=1.2 describes the hydrogen part of 
the bond MO better than K=1.) It is interesting to get 
a rough idea of the amount of s character which must 
be ascribed to the bonding orbital in order to get agree- 
ment between the experimental and computed o’s. The 
usual estimates of s character do not allow hybridiza- 
tion, but only of the s and pz orbitals. This would make 
no difference in a more rigorous molecular wave func- 
tion, for if an antisymmetrized product were used for 
the six nonbonding electrons, a unitary transforma- 
tion? would change the basis from the three orbitals 
pz, Py, S+Apz, to three tetrahedral nonbonding orbitals 
(if A=v3), and leave the antisymmetrized product 
unchanged.” In the present work, an unsymmetrized 
product wave function has been used, and the perturba- 
tion from the external magnetic field has been evaluated 
separately for each factor of the product wave func- 
tion. An estimate of percent s character will neverthe- 
less be made on the basis of a linear interpolation 
of the experimental o between the o for unhybridized 


* C. C. J. Roothan, Revs. Modern Phys. 23, 69 (1951). 
% The author is indebted to Professor M. Karplus for this 
comment. 


MARSHALL 
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orbitals (0% s character) and the o for tetrahedral 
orbitals (25% s character). With K=1.2 the present 
estimates are readily computed as 


% s character 
HF 6 (u=1.74) 
HCl 
HBr 8 
HI 25 (u=+0.38). 


Dailey and Townes" used 15% s character for HCl, 
HBr, and HI, but this was a largely arbitrary choice. 


VII. CONCLUSION 


The accuracy of the calculations given here is hardly 
to be compared with the precision frequently attained 
in the experimental determination of chemical shifts. 
But there have been no gross divergencies, and where 
the requisite information about charge centroids and 
hybridization is fairly well known, as for water, the 
predictions have been good. For other molecules, the 
conclusions drawn about the position of charge centroids 
or hybridization from the experimental shielding have 
been in reasonable agreement with other estimates. It 
seems reasonable to conclude then that the formalism 
extracted from Stephen’s variation calculation, and 
the simple wave functions here applied to that formal- 
ism, provide a reliable and useful basis for semiquanti- 
tative discussions of proton magnetic shielding. 
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Heat capacities of DyCos are reported for the temperature range extending from 12° to 470°K. Evalua- 
tion of the third law entropies of the compound gives [in cal deg™ (g formula weight)~!] 55.610.05 and 
72.05+0.07 at 298.16° and 450°K, respectively. Excess heat capacity is observed between 275° and 400°K, 
seemingly due to the previously observed magnetic anomaly at 360°K. Analysis of the data suggests that 
there is an appreciable magnetic contribution to the heat capacity throughout the temperature range 
covered. The profile of the thermal anomaly at about 350°K is unusual suggesting that the alteration of 


magnetic structure which produces it is also unusual. 


INTRODUCTION 


HE present study is one of a series of investigations 
under way in this Laboratory dealing with inter- 

metallic compounds between the lanthanide elements 
and manganese, iron, cobalt, and nickel.'~* In earlier 
phases of the work considerable information has been 
obtained for the group of compounds denoted by the 
formula ACos in which A is Ce, Pr, Nd, Sm, Gd, Tb, 
Dy, Ho, Er, or Y. These 10 compounds were all found 
to be isostructural and their magnetic behavior indi- 
cates that they are ferrimagnetic materials. For six of 
the compounds the dependence of magnetization on 
temperature is in keeping with that expected for ferri- 
magnetic substances, resembling that exhibited by 
Néel type P or Q ferrites. The behavior shown by the 
other four, in which A is Pr, Nd, Tb, or Dy, is, however, 
unlike that expected from theoretical treatments of 
ferrimagnetic materials'® in that at a particular tem- 
perature, which is characteristic of the compound, the 
magnetization rises to a rather sharp maximum. Results 
for DyCos, sketched in Fig. 1, show the maximum at 
about 360°K and, in addition, a minimum at about 
125°K. It seems probable that the latter results from a 
compensation of moments. The existence of the maxi- 
mum, however, suggested an alteration of the magnetic 
structure of the compound in the vicinity of 360°K. If 
so, an accompanying thermal anomaly was anticipated. 
The measurements reported below were made to 
ascertain if this were the case and also to determine 
whether the heat-capacity behavior was in any way 
anomalous near the minimum and over the range ex- 
* From a thesis submitted by W. G. Saba to the University of 
Pittsburgh in partial fulfillment of the requirements for the 
Ph.D. degree, January, 1961. 

+ This work was assisted by a contract with the U. S. Atomic 
Energy Commission. 

1K. Nassau, L. V. Cherry, and W. E. Wallace, J. Phys. Chem. 
Solids 16, 123 and 131 (1960). 

2W. E. Wallace and L. V. Cherry, in Rare Earth Research 
aa (The Macmillan Company, New York, to be pub- 
nL. V. Cherry and W. E. Wallace, J. Appl. Phys. 32, 340S 
OO Neel, Ann. phys. 3, 137 (1948). 

SY. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 


tending from the 125° to 360°K, in which the magneti- 
zation of the sample is rising rapidly with temperature. 


EXPERIMENTAL DETAILS AND RESULTS 


The measurements were carried out in two calo- 
rimeters which have been in use in this Laboratory for 
a number of years. They have been described else- 
where.®:7 

The dysprosium used was obtained from the Re- 
search Chemicals Division of the Nuclear Corporation 
of America. The supplier stated that its purity was in 
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Fic. 1. Magnetization-temperature curve for DyCo; at 7100 oe. 


excess of 99%, the principal impurities being O-0.2%, 
Ta-0.2% and Ca-0.1%. The cobalt was obtained from 
Johnson Matthey and Company, Ltd. Metallic im- 
purities in it were present only in spectroscopic traces. 
The DyCos was prepared using the technique which has 
been employed in this Laboratory for several years.! 
This consists in using levitation melting to fuse together 
stoichiometric quantities of the component metals. 
Prior to use a piece of dysprosium of appropriate size 
(3-4 g) was cut from the stock supply, which was being 
kept under oil. It was then filed to remove any oxide 
film and then washed with CCl. The cobalt was cut, 
cleaned with emery cloth, and washed with CCl. The 


SR. S. Craig, C. A. Krier, L. W. Coffer, E. A. Bates, and 
W. E. Wallace, J. Am. Chem. Soc. 76, 238 (1954). 

7™W. G. Saba, K. F. Sterrett, R. S. Craig, and W. E. Wallace, 
J. Am. Chem. Soc. 79, 3637 (1957). 
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Tas_e I. Measured heat capacities of DyCos. 


Temperature C,* 
°K cal/deg 


Series I 


Series II 


11.49 
13.22 
15.00 
16.67 
18.52 
20.40 
22.34 
24.13 
26.06 
28.29 
31.87 
36.94 220 
42.67 369 
48.66 .622 
54.46 see 
59.67 5.567 
64.28 .142 
68.96 3.454 


;315 
.632 
.920 
.212 
535 
944 
454 
896 
479 
161 
395 


Cnr WH NK KK OCS 


® Based on sample containing one gram formula weight of DyCos. 


sample used was made in 18 batches, each weighing 
about 8 g. Diffraction patterns were taken for every 
third sample. In every instance the pattern indicated 
a pure material with the appropriate (CaCus) structure.' 

The mass of the calorimetric sample was 143.268 or 
0.31335 g formula weight. Eight series of determina- 
tions were made. The refrigerants used in series I-IV, 
which were carried out in the low-temperature calo- 
rimeter, were liquid nitrogen, liquid helium, dry ice 
acetone and ice-water, respectively. 

The results obtained are summarized in Table I. 








Temperature 
cal/deg 





Series IIT 


Series IV 


Series V 


Series VI 


Series VII 


Series VIII 


The data obtained in the low-temperature calorimeter 
lay almost without exception within 0.05% of a smooth 
curve at temperatures above 40°K. Below this tempera- 
ture the scatter steadily increased to 1 to 2% at the 
lowest temperatures for which data were obtained. The 
results obtained with the high-temperature calorimeter 
in most cases deviated from the smooth curve produced 
from the measured data by less than 0.1% for tempera- 
tures up to about 450°K. Above this the scatter 
increased somewhat but even then the points lay 
within 0.2% of the smooth curve. In the region of over- 





HEAT CAPACITIES OF DyCo; 


TABLE II. Smoothed heat capacities* and related thermal data* for DyCos. 


Cp H-H (H—H,°)/T S —(F—H,°)/T 
cal/deg cal cal/deg cal/deg cal/deg 


0. : 0.103 
10. a 0.719 
42.35 : 1.967 
107.54 ! 3.81 
209.9 a 6.08 
347. ; 8.60 
520. “ 11.2% 
722. s 13.96 
951.1 : 16.65 
1200.1 , 19.27 
1466.9 ae 21.81 
1749.3 = 24.27 
2045 3 26.63 
2353 : 28.91 
2670 - 31.10 
2996 re 33.20 
3330 < Ky? 
3670 5 37.16 
4015 : 39.03 
4366 ; 40.83 
210 8 4723 : 42.57 
220 ; 5083 : 44.25 
230 ; 5448 : 45.87 
240 r 5816 : 47.43 
250 37. 6187 My ke 48.95 
260 37. 6561 : 50.42 
270 ; 6937 : 51.84 
yk Poh 85 7057 , 52.28 
280 ate 7316 ; 53.23 
290 ; 7097 26.5 54.57 
298.15 . 8010 26.87 55.63 
300 38. 8081 , 55.87 
310 : 8470 a 57.14 
320 39.63 8864 1 58.40 
330 P 9262 ‘ 59.62 
340 : 9665 28. 60.82 
350 2 10070 sl 61.99 
360 : 10477 29. 63.14 
370 39.7 10876 ag 64.23 
380 z5 11273 .67 65.29 
390 65 11669 : 66.32 
400 12006 
450 14071 


onarWwnr KK OO 


dO NR bh 
—- Ww bd 


» we KH bw 
mn 


® Based on a sample containing one gram formula weight of DyCos. 
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Fic. 2. Heat capacity of DyCo; as a function of temperature. 
Measured results ——-; estimate of results without magnetic 
contribution ----. 


\ 
lap of results obtained with the two calorimeters the 
measured heat capacities agreed within 0.1 to 0.2%, 
suggesting that systematic errors were of this order or 
less. 
Smoothed heat capacities, third law entropies, and 
related thermochemical data are given in Table II. 


DISCUSSION OF RESULTS 


The heat capacity data, sketched as the full line in 
Fig. 2, show a bump between 275° and 400°K. This 
thermal anomaly coincides with the maximum in the 
magnetization-temperature curve, strongly suggesting 
that the two anomalies have a common origin. As 
noted earlier, the magnetic behavior seems to indicate 
an alteration in magnetic structure of DyCo; at about 
360°K. The thermal anomaly is, however, distinctly 
unusual in that it is much more gradual than those 
which are normally observed at Néel or Curie points. 
It seems likely, therefore, that the transformation at 
about 360°K is not simply the destruction of an 
ordinary ferromagnetic or antiferromagnetic coupling 
arrangement. Judging from the profile of the thermal 
anomaly one is inclined to conclude that the transforma- 
tion is more subtle in nature—perhaps an alteration in 
the coupling angle, destruction of a spiral configuration, 
or the like. The energy and entropy associated with the 
hump, i.e., the region between the full and dotted lines 
in Fig. 2, were computed to be 84+2 cal (g formula 
weight) and 0.25+0.01 cal deg™ (g formula weight)", 
respectively. 

There was no indication of a magnetic anomaly in 
the vicinity of the minimum in the magnetization- 
temperature curve. There is some indication, however, 
that there is an appreciable magnetic contribution to 
the heat capacity throughout the entire range of tem- 
perature covered. A rough estimate of C,,, the magnetic 


W. E. WALLACE 

heat capacity can be made as follows: C,, is taken to 
be the difference between the measured heat capacity 
and the sum of the vibrational heat capacity Cy, and 
C., the electronic contribution. Cyj, is assumed to be 
given by the Kopp-Neumann additivity rule using 
measured values for cobalt, corrected for C., and 
computed values for hypothetical nonmagnetic dys- 
prosium. The latter was estimated by first using the 
Debye theory, with characteristic temperature = 158°K° 
to evaluate C, and then employing compressibilities 
and expansivities given in the compilation of Gschneid- 
ner® to obtain values for C,. Further, assuming that 
C, for DyCos equals that for 5 g atoms of cobalt the 
results obtained for C, are (in cal/deg g formula 
weight) 3.9, 3.0, 2.9, 1.9, and 1.4 at 100, 200, 300, 400, 
and 500°K, respectively. The estimated heat capacity 
of hypothetical nonmagnetic DyCo; is sketched as the 
dashed curve in Fig. 2. 

Before attaching significance to the values cited for 
Cy it is, of course, necessary to attempt to assess their 
reliability, They may be too large due to improper 
allowance for C., the electronic heat capacity. On the 
other hand, the use of the additivity rule probably 
results in an underestimate of Cy. In the absence of 
magnetic effects one expects AC, to be negative for 
intermediate phases such as DyCo;, which possess 
highly close packed structures (average coordination 
number=13}), and, in fact, negative AC,’s have been 
observed in earlier studies of the highly close packed 
Laves phases NazK and MgNiz in this Laboratory.’?:!! 
The use of the Debye theory for Dy introduces some 
additional uncertainty. In all, however, it is believed 
the results cited are significant, at least to the extent 
of indicating an appreciable magnetic heat capacity at 
all temperatures, and that more reliable estimates” will 
lead to larger values of C,,. On this basis it appears that 
gradual destruction of the magnetic structure existing 
at low temperatures is occurring all along and the 
phenomena observed near 350°K are merely the culmi- 
nation of this process. Hence, the hump energy and 
entropy, which seemed too small to be meaningful, 
represent portions of a total effect and are in themselves 
of little significance. 


§ M. Griffel, R. E. Skochdopole and F. H. Spedding, J. Chem. 
Phys. 25, 75 (1956). 

: 9K. Gschneidner, Jr., A Critical Review of the Alloy Systems 
of the Rare Earth, Scandium and Yttrium Metals (to be ecagy ely 


C. A. Krier, R. S. Craig, and W. E. Wallace, J. I 
61, 522 (1957). 

J. S. Wollam and W. E. Wallace, J. Phys. Chem. Solids 13, 
212 (1960). 

2 A better estimate should be provided by studies of the non- 
magnetic analog of DyCo;, DyCus, which is currently under 
investigation in this Laboratory. 


ys. Chem. 





THE JOURNAL OF CHEMICAL PHYSICS 


VOLUME 35, NUMBER 2 AUGUST, 1961 


Molecular Vibrations and Structures of High Polymers. I. General Method of Normal 
Coordinate Treatment by Internal Coordinates and Infrared Frequencies and 
Conformations of (—CH.— 
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The normal coordinate treatment of the (—A—), chain was 
made in terms of internal symmetry coordinates and optically 
active frequencies of (—CH2—), were calculated for various 
chain conformations. The calculated frequencies of polyethylene 
and cyclopentane agreed with the observed values. The low infra- 
red frequency was found to be structure sensitive. The infrared 
band of polytetrafluoroethylene at approx 100 cm™ may be pri- 
marily due to this mode. The low infrared frequencies of polyoxy- 
methylene were compared with the corresponding frequencies of 
(—A—), calculated for various conformations and were found 
to be in accord with Huggins’ model but not with the planar 
zigzag structure. The normal coordinate treatment of 
(—A—B—)» was made taking into account the torsional poten- 
tial as well as the stretching and bending potentials, and vibra- 
tional assignments of polyoxymethylene were made. For poly- 
(ethylene glycol) a structure model was proposed. This model is 


NFRARED spectra of a number of high polymers 
have been.studied in relation to their structures. 
Certain high polymers have been known to take various 
conformations depending upon the environment. For 
example, polyglycine, the simplest polypeptide, has 
two crystalline forms'; polyglycine I is in the extended 
conformation with a twofold screw axis, whereas 
polyglycine II is in a helical conformation with a three- 
fold screw axis.? Poly-L-alanine’ may form either the a 
helixt or the extended conformation. The infrared 
spectra of these polypeptides depend upon their helical 
conformations, and the amide I and II bands have 
been used for conformation diagnoses since Elliott and 
Ambrose pointed out certain frequency-conformation 
correlations.® Recently the nature of the amide I and II 
vibrations has been elucidated by a normal coordinate 
treatment® and these characteristic frequencies of 
polypeptide chains have been discussed in terms of the 
vibrational interactions between adjacent peptide 
groups in the chain as well as those between adjacent 
groups across intrachain or interchain hydrogen bonds.’ 
Thus the amide I and II frequencies of various con- 


+ The main part of this investigation was presented at the 
Annual Meeting of the Chemical a, of Japan (April, 1960). 
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made up of only the gauche configuration throughout the helical 
chain and contains seven chemical units and five turns of the 
helix per fiber period. The polarized infrared spectra of this 
polymer were measured in the region 800-400 cm™ and the 
observed skeletal frequencies were compared with the corre- 
sponding frequencies of (—A—)n» calculated for various con- 
formations. The infrared spectra were found to be in accord with 
the model proposed here. The infrared spectra in the rocksalt 
region were also reasonably assigned. Finally a general method of 
treating any infinite helical chain belonging to dihedral group is 
presented in terms of real internal symmetry coordinates. The G 
or F matrix of an infinite order is factored into the set of matrices 
G(5) or F(5) associated with the phase difference 6. The method 
is explained for the cases of polyoxymethylene and poly- (ethylene 
glycol). 


formations* have been systematically explained and also 
certain new frequency-conformation correlations have 
been found. These correlations, although useful for 
conformation diagnoses of polypeptides and some 
fibrous proteins, may not serve well if a number of 
different conformations coexist. Infrared bands more 
sensitive to chain conformations should then be 
studied. In view of these considerations, the infrared 
spectra of polyglycine I and II have been measured 
and the lowest characteristic frequency (amide VII 
band) primarily due to the torsional mode around the 
CO—NH bond" has been found to be most sensitive 
to the chain conformations." These results suggest 
that the infrared spectra in the low-frequency region 
will be useful for spectroscopic determinations of 
chain conformations provided that the frequency- 
conformation correlations are known in advance. 
Therefore the conformation dependence of the skeletal 
frequencies of infinite helical chains, (—CH:—),, 
(—CH,—O—) ,, and (—CH;—O—CH,—),, were calcu- 
lated taking into account the torsional potential as 
well as the stretching and bending potentials. The low 
frequencies, due mainly to the torsional modes and the 
angle bending modes, were found to be sensitive to 
conformational changes whereas the high frequencies 
primarily due to the stretching modes did not change 
much with conformations.” The detailed account of 


8 The random coil, the a helix, the parallel-chain or antiparallel- 
chain pleated sheets EL. Pauling and R. B. Corey, Proc. Natl. 
Acad. Sci. U. S. 37, 729 (1951) ] and also Nylon 66. 

—_ and E. R. Blout, J. Am. Chem. Soc. 83, 712 
(1961). 

0 Polyglycine I: 217 cm™, polyglycine II: 365 cm™. 

1 T. Miyizawa, Bull. Chem. Soc. Japan 34, 691 (1961). 

2 T, Miyazawa, Spectrochim. Acta 16, 1231, 1233 (1960). 
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Fic. 1. The angle y referred to the 
A helix axis which separates the corre- 
sponding atoms of adjacent units. 


these calculations will now be given in the present 
paper. The skeletal frequencies of (—CH,—O—),, have 
also been calculated by Tadokoro; however, in his 
treatment the torsional coordinates have been neg- 
lected,“ although the contributions of the torsional 
potentials are appreciable for low skeletal vibrations. 
The normal vibrations of polyethylene’ and poly- 
tetrafluoroethylene® have been calculated.’* These 
polymers have the planar zigzag chains” and may be 
regarded as the special case of helical polymers. A 
general method of treating the normal vibrations of 
infinite helical molecules by the GF matrix method," 
however, has been developed by Higgs.” The inverse 
kinetic energy matrix (G) or the potential energy 
matrix (/) of an infinite order may be factored into the 
set of matrix G(6) or F(4) of a finite order” corre- 
sponding to the phase difference 6 between adjacent 
units in the chain. Let R,, denote the ath internal 
coordinate of the mth unit and G,,° or F,,* the element 
of the G or F matrix associated both with R,, and 
Rs ,n+s. Then as derived by Higgs the elements of the 
G(6) and F(5) matrices for the phase difference 6 are 


Guv(5) = >>Gar* exp (isd) (1) 


Fu»(5) = 0 Fas* exp(isd), 


where the ath internal symmetry coordinate pertaining 
to these elements is 


Sa(6) =N-+>> Ran exp(ind). (3) 


Higgs’ method applies generally to any kind of helical 
polymer chain although the elements become complex. 
However, the speed or storage required for digital 
electronic computors may be reduced considerably if 
real G(6) and F(6) matrices are derived in terms of an 


18H. Tadokoro, J. Chem. Phys. 33, 1558 (1960). 

44 T. Shimanouchi and S. Mizushima, J. Chem. Phys. 17, 1102 
(1949); L. Kellner, Proc. Phys. Soc. (London) A64, 521 (1951). 

4 T. Shimanouchi, J. Chem. Phys. 17, 734 (1949); C. Y. Liang 
and S. Krimm, ibid. 25, 563 (1956). 

6 Polyvinyl chloride and bromide and polyvinyl alcohol have 
also been treated [M. Tasumi and T. Shimanouchi (private 
communication) ]. 

“The backbone chain of polytetrafluoroethylene is only 
slightly twisted from the planar structure and the normal vibra- 
tions have been calculated for the planar zigzag model.” 

°F. B. Wilson, Jr., J. Chem. Phys. 7, 1047 (1939) ; 9, 76 (1941). 

 P. Higgs, Proc. Roy. Soc. (London) A220, 472 (1953). 

*° The order is equal to the number of internal coordinates per 
chemical unit. 


appropriate set of real symmetry coordinates for any 
given phase difference 6. In the present study such 
internal symmetry coordinates were found for any 
helical chains provided that they belong to dihedral 
groups and have twofold axes intersecting the helix 
axis at a right angle. Thus the normal vibrations of 
polytetrafluoroethylene, | polyoxymethylene, _ poly- 
(ethylene glycol), or syndiotactic polypropylene! may 
now be treated by ordinary computers. In the present 
paper a general method of normal coordinate analyses 
of infinite helical chains will be described in terms of 
real internal symmetry coordinates. 


SELECTION RULE AND NUMBER OF NORMAL 
VIBRATIONS 


An infinite helical molecule has an infinite number of 
vibrations; however, these vibrations may be classified 
into groups of finite number of vibrations and each 
group is specified as regards with the phase difference 
(6). The selection rule” has been expressed in terms of 
the phase difference and the angle y referred to the 
helix axis which separates adjacent chemical units in 
the chain (Fig. 1). Thus the infrared absorption arises 
either from the A vibrations with the phase difference 
5=0 (the transition moment being parallel to the helix 
axis) or from the E(w) vibrations with the phase differ- 
ence 6=y (the transition moment being perpendicular 
to the axis), whereas the Raman effect arises from the 
vibrations with the phase differences 6=0, y, or 2y. 
Helical polymer chains belonging to dihedral groups 
have twofold axes perpendicular to the helix axis.” 
In this case, the A vibrations may be classified into the 
A, vibrations (symmetric with respect to the twofold 


4Tn-/2 Fic. 2. The helical param- 


eters d and @ and the internal 
coordinates (Ar, Ad, and Ar) 
for the helical (-A-), chain. 


21G. Natta, Makromol. Chem. 35, 94 (1960). 
2 For example, polyethylene and polytetrafluoroethylene.* 
°C, Y. Liang and S. Krimm, J. Chem. Phys. 25, 563 (1956). 
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axes) and the A, vibrations (antisymmetric). The A; 
vibrations are Raman active whereas the A, vibrations 
are infrared active.” 

The number of normal] vibrations may be expressed 
in terms of the number of atoms per chemical unit. 
The p’ atoms lying on the twofold axes give rise to p’ 
A, modes, 2p’ Ay modes, and 3p’ degenerate vibrations. 
The p” atoms not lying on the twofold axes give rise 
to 3p’’/2 A; modes, 3p’’/2 A» modes, and 3p” degenerate 
modes. Noting that the translation along the helix 
axis (7,) and the rotation about the helix axis (R,) 
belong to the Ay: class and that the translation perpen- 
dicular to the axis (7, or T,) belongs to the degenerate 
class with the phase difference of 6=y, we have 
p’'+3p’’/2 Ay vibrations, 2p’+3p’"/2—2 Ay vibrations, 
and 3p’+3p”—1 E(w) vibrations, and the number 
of the degenerate vibrations with the phase difference 
64y will be equal to 3p’+3p”. 

HELICAL CHAIN CONFORMATION AND MOLECULAR 
PARAMETERS 


The vibrational frequencies of a helical polymer 
depend upon its chain conformation as well as upon 
the phase difference. The hélical conformation of an 
infinite (—A—), polymer may be described by the 
translation (d) along the helix axis and the angle of 
rotation (@) about the axis on passing from the mth 
atom to the (m+1)st atom (Fig. 2). These helical 
parameters have been derived by Shimanouchi and 
Mizushima” in terms of the bond length (r), the bond 
angle (@) and the internal rotation angle (7), 


cos = ( —cos@+ cost — cos cost — 1) /2 (4) 
d?=r?(1—cosr) (1—cos@) /(3-+-cos@—cost+cos@ cost). 
(S) 


These equations may also be expressed as follows” in 
terms of 6/2, @/2, and 7/2, 


d sin(@/2) =r sin(¢/2) sin(7/2) (6) 
cos(@/2) =sin(@/2) cos(7/2). (7) 


For the angle of r=180° (trans), the angle @ is equal to 
180°, and we have the planar zigzag chain; for the angle 
t= 60° (gauche) we have a helical chain with a fourfold 
screw axis for the tetrahedral angle of ¢; and we have 
the planar five-membered ring for the angle r= 0° (cis) 
and the angle ¢= 108°. 


CHANGES IN THE INTERNAL COORDINATES OF THE 
(—A—) , CHAIN FOR THE PHASE DIFFERENCE 6 


Prior to the normal coordinate treatment of the 
(—A—), chain, relative changes in the internal co- 


* T, Shimanouchi and S. Mizushima, J. Chem. Phys. 23, 707 
(1955). 

% The equations for (-A-B-)n, (-A-B-C-—),, (-A-B-C-D-),, 
etc., may also be expressed in terms of rap, rac, ***, 64/2, oB/2, 
eos, tap/2, TBc/2, °° °% 


% T. Miyazawa, J. Polymer Sci. (to be published). 
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ordinates accompanying the Cartesian displacements 
with a phase difference 6 will be derived from the B 
matrix.8 For a helical (—A—), chain there are three 
displacement modes for any given phase difference, 
namely one displacement mode being parallel to the 
helix axis and the other two modes being perpendicular 
to the axis.” In the present paper only the relative 
changes accompanying the first mode will be described. 

The B matrix elements for the stretching of the bond 
between the nth atom and the (m+1)st atom (here- 
after denoted as Ar,41/2) are 


B(Atny12, Sn41) = — B(Arnyij, Zn) =COSa, (8) 
where 2, is the Cartesian displacement of the nth atom 
parallel to the axis and a is the angle between the axis 
and the bond. It follows from Eq. (6) that 

cosa=sin(@/2) sin(r/2) /sin(6/2). (9) 
The B matrix elements for the bending of the angle 
formed by the (w—1)st, mth, and (m+1)st atoms 


(hereafter denoted as A¢,) are the z components of the 
S vectors!’ and are found to be 


B(rAdn, Zn41) = —B(rAdn, Zn-1) = (1+ cose) cosa/sing 
(10) 
(11) 


where 79 is the equilibrium bond length. The B matrix 
elements for the torsional coordinate formed by the 
(n—1)th, nth, (n+1)th, and (n+2)th atoms (here- 
after denoted as Arn 41,2) are derived to be 


B(nAdn, Zn) =(), 


B(roAtn412 Zn42) 7 — B(rAr,, 1/2) 5-4) = —cosB/sing 
(12) 
B(rAtn41/2, Zn+1) = B(roAtn+1/2; Zn) 


=(1—2 cos) cosB/sing, (13) 


where 6 is the angle between the helix axis and the 
normal of the plane formed by three successive atoms 
and cos is found to be 


cos8=cos(¢/2) cos(r/2) /sin(6/2). (14) 


The z displacement of the nth atom associated with 
the phase difference 4 is given as 
Zn=23 sinnd. (15) 
Accordingly from the B matrix elements given in Eqs. 
(8)-(14) the changes in the internal coordinates are 
derived to be 
Arnsin= {2 cosa sin(6/2)}zs cos(n+4)5 (16) 
rAd, = {2(1+cos@) cosa sind/sing}zs3 cosnd (17) 
rATni1/2 
= (2 cos8/sin@) { (1—2 cos@) sin(6/2) —sin(36/2) } 
X25 cos(n+4)6. (18) 


27 The three modes have been described for the case of poly- 
tetrafluoroethylene.* 
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Thus the amplitude of the (m+3)th stretching or 
torsional coordinate is proportional to cos(m+4)é6. 
This result indicates that the stretching (or torsional) 
symmetry coordinate for a given phase difference 6 is 
to be expressed as Dp ahrasvin cos(n+4)6. On the other 
hand, the amplitude of the mth bending coordinate is 
proportional to cosmé and the bending symmetry co- 
ordinate is to be expressed as }>»roAd, cosmd. There is 
also the other z displacement of the mth atom associated 
with the phase difference 6 
Zn=23' cosnd. 


(19) 


Then Arnsi2 (or roATn412) is proportional to sin(m+ 4) 4, 
whereas A@, is proportional to sinné. Therefore the 
other stretching and bending symmetry coordinates are 
to be expressed as 


Aras sin(n+ 3)6 


and 


Y rAd, sinnd, 
n 
respectively. 


NORMAL COORDINATE TREATMENT OF AN INFINITE 
HELICAL CHAIN (—A—), 


The helical chains of polyoxymethylene and poly- 
(ethylene glycol) have only methylene groups and 
oxygen atoms and since their masses are nearly the 
same the vibrational frequencies calculated for the 
(—A—), chain are useful approximate values in 
discussing the infrared spectra and chain conforma- 
tions of these polymers. 

The G matrix of an infinite helical (—A—),, chain is 
of an infinite order; however, the elements are arranged 


Poa Ee Ag= {2-+2(1—cos¢) }u 
A,=—{2(1—cos@) cosr}u 
A,=—{1—(1—cos¢) cos*r}u 





By,=p cos@ 
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in such a periodic manner that 
G(roAdnys+t, roAdn+t) =G(rAdn+s; roAdn) 
G(r Adnis+t, Arnyt+i2) =G(rmAdnis; Arniip) 


(20) 
(21) 
(22) 
Therefore only the elements in the columns associated 
with mAdgn, Arnyi, and roATny12 are given below. 
roAdn 
roATn—5/2 Es) 0 Cs 
roAdn_2 Ao 0 


Arn—sie 


G(Arngs+t412, Atng eqs) =G(Arnye412, Atay) « 


Arnsi/e roATn41/2 


Es 
Ds). 0 Fy 

roATn-3/2 Es F, Cy 
rAdna A, 


Arn-1/2 


E32 
Dip B, Fi 
Ein Fy CQ 
roAdn Ao Ein 
Din Bo 0 
Ex2 0 Co 
roAdnst Ay Dy js 

Dsp2 B, Fy, 
roATn43/2 E3/2 Fy C 
ro Adn+2 As 


roATn—-1/2 


Arnyis2 


roATn41/2 


Arnss/2 


Arn4s/2 0 Fy 
ro ATn45/2 Es - C2 
rAdnis 0 

Arnyti2 0 0 
roAtn47/2 0 Cs 


The G matrix elements are derived to be as follows: 


Co=4yu{1—(1—cos@) (1+cosr) cosd} /sin’ 

Ci =pu{1—2(1—cos@)?(1-+cosr) +cos’6(1—cosd) (1—cos?r) } /sin®p 
Co=2u{ —1+(1—cos¢) (1+cosr) +cosd(1—cosd) (1—cos?z) } /sin’p 
C3=n{—1+(1—cos@) (1—cos?r) } /sin’p 


Dip=—p sing 
D32=p sing cost 


2 


E,p2=u sinr(1—cos¢)?/sing 


E3.= —p sint(1—cos@) (2—cos¢ cosr) /sing 


Es2=p sint(1—cos@) cosr/sing 
F,=u sint cos 
F.=p sinz, 
where y is the reciprocal mass. 
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In order to factor the infinite G matrix into the set of 
matrices of the third order, the internal symmetry 
coordinates for the pier E(6) modes may be set 


S4(6) = N)LiroAds cosné 
$,(6) =(2/N) tS Arcsin cos(n+3)6 


S,(8) =(2/N)! >} oroArng1e cos(n+3)5, (24) 


'(6) =(2/N)! >} rAd, sinnd 
§,/(8) = (2/N)8 > Arnyie sin(n+4) 6 


S,(8) =(2/N)# >} roArnyi sin(n+3)6, (25) 


where (2/N)! is the normalization factor. It should be 
pointed out that the symmetry coordinates S(4)’s are 
symmetric with respect to the twofold axis passing 
through the zeroth atom, whereas the coordinates 
S’(5)’s are antisymmetric with respect to this axis. 
Provided that the symmetry coordinates are con- 
structed in this manner, the G matrix for any given 
phase difference 6 may be factored into the one as- 
sociated with S(6)’s and the other identical one as- 
sociated with S’(8)’s. 

The elements of the G(é6) matrix for the phase 
difference 6 are 


Gys(6) = Ao +2 A, cosd+2 A» cos26 
G,,(6) = Bo+2B, cosé 
G,1(6) =Co+2C; cos6+2Ce2 cos26+2C; cos35 
Gor(6) =2Dy4/2 cos(6/2) +2D3,2 cos(35/2) 
Gor(6) =2 Fi cos(6/2) +2 F3, cos(36/2) 
+25, cos(56/2) 


G,,(6) = (26) 


2F; cos6+2F 2 cos26. 


The internal symmetry coordinates for the A; vibra- 


tions are 
S4(0) = N IS ro Adn 


n 


S,(0) =NAY Arnie 
S(O) = NAVY Aras; 


and the G(0) matrix elements are found to be 
Gog (O) =4y sin?(@/2) (1—cosr)? 
G,,(0) =4p cos?(/2) 
G,,(0) =4y cos?(¢/2) sin?r 
Gor(O) = —4y sin(¢/2) cos(¢/2) (1—cosr) 
Gor(0) = —4y sin(¢/2) cos(¢/2) (1—cosr) sinr 


G,+(0) =4y cos?(p/2) sinr. (28) 
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Fic. 3. The A; vibration of the 
helical (-A—), chain. 


The potential energy matrix (F) for the present 
study was derived from the torsional potential hinder- 
ing internal rotation as well as from the Urey-Bradley 
potential® since the low skeletal frequencies are ex- 
pected to depend also upon the torsional potential. 
The Urey-Bradley potential function consists of the 
bond stretching terms, the angle bending terms, and 
the terms associated with the repulsion potential 
between nonbonded atoms. The nonzero elements of 
the F matrix thus derived are 


Ay=Ky-+K, cos(4/2) 
Bo=K,+2K, sin?($/2) 
B,=K, sin?(¢/2) 

Co=K, 
D,p,= K, sin(¢/2) cos(¢/2), (29) 


where K,, Ky, K,, and K, are the stretching, bending, 
repulsion, and torsional potential constants, respec- 
tively. Then the elements of the F(5) matrix are 


F4g(6) =Ks+K, cos*($/2) 

F,,(8) =K,+2K,(1+ cos) sin?(¢/2) 
F,,(6) =K 

F4,(6) 
F4,(6) 


=2K, sin(¢/2) cos(¢/2) cos(6/2) 
= F,,(6) =0. 
For the infinite helical (—A—), chain there is only 


one genuine A, vibration as shown in Fig. 3. Its fre- 


quency v may readily be calculated from the following 
equation, 


(30) 


=Gos(0) Fog (0) +2Go,(0) For (0) 
+G,,(0) F,-(0) +G,,(0) F,-(0) 
=4u{K4(1—cosr)? sin?(¢/2) + K, cos?(o/2) 
+K, sin’r cos?(/2) 
+K,(1+cosr)? sin?(¢/2) cos?(¢/2)}. (31) 


OPTICALLY ACTIVE VIBRATIONS OF HELICAL 
(—CH,—), CHAIN 


The polyethylene chain is in the planar zigzag struc- 


ture’? with the internal rotation angle of 7=180° 


8 T, Shimanouchi, J. Chem. Phys. 17, 245, 734, 848 (1949). 
2 C. W. Bunn, Trans. Faraday Soc. 35, 482 (1939). 
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Fic. 4. The A; and E(y) 
frequencies calculated for 
various internal rotation 
angles of the helical (—A-)» 
chain (A being the methyl- 
ene group). 


fo) 
°o 
° 


WAVE NUMBER 
oo 
° 
° 


La) 
° 
°o 











°° 60° 120° 180° 
INTERNAL ROTATION ANGLE 


(trans), whereas the backbone carbon chains of poly- 
tetrafluoroethylene (—-CF:—),*° and polyisobutylene 
[—CH2—C(CH3)2— ],.°! are known to be in the slightly 
twisted structures with the internal rotation angle of 
approx 163° and 150°, respectively. The cyclopentane 
molecule (—CH2—)s is actually puckered*®; however, 
so far as the skeletal frequencies as high as 900 cm™ 
are concerned, the molecule may be assumed to take 
the planar five-membered ring, and this ring may be 
considered to be a special case of the helical (—CH2—) » 
molecule with the internal rotation angle of r=0° (cis). 
The optically active frequencies of helical chains 
(—CH:—), were calculated for various internal rota- 
tion angles in studying the dependence of skeletal 
frequencies upon the chain conformations. 

For the calculation of skeletal frequencies the 
methylene groups were treated as single dynamic units 
with the mass of 14 a.u. Then the number of atoms 
(per chemical unit) on the twofold axis is p’=1 and 
the number of atoms not lying on the twofold axis 
is p’’=0 and there are: one A, vibration, no A» vi- 
bration, two E(w) vibrations, and three E(2y) vibra- 
tions. For the special case of r=0° or 180° there is 
only one E(w) vibration. 

The Urey-Bradley potential constants (in 10° d/cm) 
of K,=4.0, K,=0.4, and K,=0.35 were chosen from 
the values calculated by Shimanouchi e/ al. for many 
aliphatic molecules. The interbond angle was assumed 
to be tetrahedral except for cyclopentane. The A, 
and E(y) vibrations for the internal rotation angle 
7=180° (trans) correspond to the Ay, and B,, vibra- 
tions of polyethylene and the calculated frequencies of 
1078 and 1138 cm™ agreed well with the Raman 
frequencies, 1058 and 1135 cm, observed for solid 
N-cetane.* On the other hand, the A; and E(w) vibra- 
tions for the internal rotation angle r=0° (cis) corre- 
spond to the A; and E, vibrations of the five-membered 


” C. W. Bunn and E. R. Howells, Nature 174, 549 (1954). 

31M. L. Huggins, J. Chem. Phys. 13, 37 (1945). 

® J. E. Kilpatrick, K. S. Pitzer, and R. Spitzer, J. Am. Chem. 
Soc. 69, 2483 (1947). 

%S. Mizushima and T. Shimanouchi, J. Am. Chem. Soc. 71, 
1320 (1949). 
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ring and the calculated frequencies of 892 and 1005 
cm again agreed well with the observed values” of 
888 and 950 cm~. Accordingly the Urey-Bradley po- 
tential constant chosen here was considered to be ap- 
propriate for the frequency calculations of other chain 
conformations. The torsional potential constant was 
chosen to be K,=0.045 corresponding to the potential 
barrier of 3 kcal/mole as established for the internal 
rotation about the C—C single bond of many ethane 
derivatives.™ 

By the use of these potential constants, the A; and 
two E(w) frequencies were also calculated for each of 
the internal rotation angles of 30°, 60°, 90°, 120°, and 
150° as shown in Fig. 4. The calculated A, frequency 
is approx 900 cm for r=0-90° and then incrasese 
up to approx 1080 cm for r=180° (trans) and the 
higher E(y) frequency increases steadily from approx 
1000 cm™ to approx 1140 cm™ as the angle 7 is in- 
creased from 0° to 180°. On the other hand, it is inter- 
esting to note that the lower E(y) frequency is very 
sensitive to the change in the internal rotation angle, 
in other words, to the change in chain conformations. 
Thus the frequency is zero for r=0° (cis), increases 
with the angle 7, reaches its maximum value of approx 
630 cm™! for r=90°, and then decreases to zero for the 
angle r=180°. It may be recalled that the skeletal 
bending frequencies of ethane derivatives are also 
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Fic. 5. The approximate skeletal frequencies of~polyoxy- 
methylene calculated for various internal rotation angles. 


4S. Mizushima, Structure of Molecules and Internal Rotation 
(Academic Press Inc., New York, 1954). 





VIBRATIONS AND STRUCTURES OF HIGH POLYMERS. I 


sensitive to the internal rotation angles. The fre- 
quency changes are, however, much more pronounced 
for helical polymer chains than for short-chain mole- 
cules and the low skeletal frequencies will be useful for 
spectroscopic studies of the chain conformations. 

The internal rotation angle about the C—C bond 
is usually either about 180° (érans) or about 60° 
(gauche) .** The lower E(y) frequency for the gauche 
configuration is about 500 cm™', whereas the frequency 
is very low for the ‘rans configuration. Therefore the 
presence near 500 cm™ of a perpendicular band as- 
signable to this degenerate skeletal mode is an indica- 
tion of the gauche conformation although this mode 
may not necessarily give rise to strong infrared bands 
for the backbone consisting only of carbon atoms. On 
the other hand, for the twisted zigzag chain (nearly 
trans) the lower E(y) frequency is very low and it 
changes almost linearly with the angle r. The backbone 
chain of polytetrafluoroethylene is slightly twisted 
from the planar zigzag structure to form a helix with 
d=16.8/13 A and @=147/13.% From these helical 
parameters the internal rotation angle is calculated 
by Eqs. (6) and (7) to be r=163.5-163.3° (the C—C 
bond length being assumed to be 1.54-1.56 A). The 
lower E(y) frequency for this conformation is calcu- 
lated to be about 100 cm™ and in fact weak bands have 
been observed” near 100 cm~'. The interaction between 
this skeletal mode and the CF, rocking mode may not 
be neglected*; nevertheless, it is interesting to observe 
infrared bands possibly associated with the E(p) 
skeletal mode.” 


APPROXIMATE SKELETAL FREQUENCIES AND 
HELICAL CONFORMATION OF 
POLYOXYMETHYLENE CHAIN 


For the helical chain of polyoxymethylene a reason- 
able model has been proposed by Huggins* and his 
model has been confirmed by a recent x-ray diffraction 
study. Huggins’ model of polyoxymethylene contains 
nine chemical units and five turns per fiber period and 
the molecular parameters have been calculated** to be 
o=111° and r=77°. 

The skeletal vibrations of polyoxymethylene may be 
calculated by treating the methylene groups as single 
dynamic units. Then the number of atoms on the two- 
fold axes is p’=2 and the number of atoms not lying 
on the twofold axes is p’’=0. Accordingly, we have two 
A;, two As, and five E(w) skeletal vibrations. These 
skeletal vibrations of polyoxymethylene (—CH,—O—) , 
may be approximated by the vibrations of the (—A—) , 


8S, Mizushima, T. Shimanouchi, I. Nakagawa, and A. Miyake, 
J. Chem. Phys. 21, 215 (1953). 

% This interaction tends to lower the skeletal frequency in 
question; however, the internal rotation potential for this polymer 
may well be higher than 3 kcal/mole, and we may still expect the 
band at about 100 cm™. 

37 The infrared bands around 100 cm™ have been considered to 
arise from lattice vibrations or from difference bands.¥ 

388 H. Tadokoro, T. Yasumoto, S. Murahashi, and I. Nitta, 
J. Polymer Sci. 44, 266 (1960). 
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Taste I. Observed infrared frequencies and calculated skeletal 
frequencies of polyoxymethylene. 
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CH, twisting 


V3 
V4 
CHe wagging 
CH rocking 


YS 

VG 

v7 

vg 

V9 

CH: bending 

1436 

1295 
938 


CH wagging 
CH, twisting 
CHe rocking 





® Reference 41. 


chain with the reciprocal mass of (1/mcen,+1/mp) /2 
since the masses of the oxygen atom and the methylene 
group are not much different from each other. 

The two A, vibrations of polyoxymethylene may be 
approximated by the A; vibration (denoted as » in 
this section) given by Eq. (31) and by the vibration 
vo of the (—A—), chain associated with the internal 
symmetry coordinate (6=7) shown below, 


S(m) =N7>° (—1) "Aen. (32) 


The inverse kinetic energy matrix and the potential 
energy matrix expressed in terms of this symmetry 
coordinate are 


Gog (a) = Ap —2A1 +2 A2=4uy sin®(/2) (1+cosr)? 
F 5g (3) = Aop=K5+K, cos?(¢/2), 


(33) 
(34) 


and the frequency v2 may be calculated from the equa- 
tion, 


*c*vn? = Goo (7) Foo (mr). (35) 


The v2 vibration is a “pure” bending vibration and its 
frequency is proportional to (1—cosr). The » and v2 
frequencies were calculated using the potential con- 
stants (10° d/cm) of K,=4.5, K,=0.4, K,=0.35, and 
K,=0.045 and are plotted against the internal rotation 
angle in Fig. 5(a). 
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Fic. 6. A schematic representation of the internal coordinates 
of the helical (-A—B-), chain. 


The two A: vibrations of polyoxymethylene corre- 
spond to the two vibrations (v3 and v4) of the (—A—) » 
chain associated with the internal symmetry co- 


ordinates (6=7), 


Si! (mw) =NADS (=1) "Arnie 


S,! (9) =NADY (—1) "Atay. (36) 


It may be noted that the phase angle 6=m for the 
(—A—.), chain corresponds to the phase angle 6=27 
(equivalent to the phase angle 6=0) for the 
(—A—B—), chain. The elements of G(r) and F(r) 
matrices expressed in terms of these symmetry co- 
ordinates are 


G,,(a4) = By —2B,=2u(1—cosd) 
G-(4) =Co—2C1+2C,—2C; 
1+cosr) +2(1-+cos¢) } 
X (1+ cosr) (1—cos@) /(1+cos¢d) 
G(r) = —2F\+2F,=2u(1—cos¢) sinz, (37) 


and 


= 2} (1—cos@) ( 


F,,(2) = B)—2B,\=K, 
F,,(1) =(C)=K, 
F,,(r) =0. (38) 


The Ay frequencies »; and » calculated for polyoxy- 
methylene are plotted against the internal rotation 
angle in Fig. 5(b).** The »; vibration is essentially the 
antisymmetric CH,—O stretching vibration and its 
frequency of approx 1170 cm™ does not change with 
the angle r. The » vibration, on the other hand, is 
essentially the CH:—O torsional vibration and its 
frequency is practically proportional to cos(r/2). 

The five E(y) vibrations of polyoxymethylene may 
be approximated with the two E(@) vibrations (vs and 
v7) and the three E(6+-7) vibrations (v6, vg, and v9) of 
the (—A—.), chain, where y=20. It may be remarked 
that the phase angles of 6=@ and 6=6+7m for the 
(—A—), chain correspond to the phase angles of 

=26=y and 6=20+2r=y+27 (being equivalent to 
6=y) for the (—A—B—), chain. The calculated fre- 
quencies are plotted against the internal rotation angle” 
in Figs. 5(c) and 5(d). For the special case of s=60° 


® Actually the five-membered planar ring does not have the A» 
vibrations and the v; and » frequencies calculated for the angle 
7=0° are trivial ones. 

The E(@+2) frequencies calculated for the angle r=0° are 
trivial ones. 
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the vg frequency reduces to zero and the E(@+7) 
vibrations are identical with the E(@) vibrations since 
the helical (—A—), chain now has the fourfold screw 
axis and the angle @ is equal to 2/2. As in the case of 
the E(@) vibrations, the lower E(@+7) frequencies of 
vg and vg are sensitive to the change in the internal 
rotation angle and both of them reduce to zero for the 
angle of r=180° (trans). 

The infrared frequencies of polyoxymethylene will 
now be discussed in connection with the chain con- 
formation. The internal rotation angle around the 
ether C—O bond is either in the region 60-80° (gauche) 
or in the region 150-180° (trans). The vz and vg fre- 
quencies for the gauche configuration are expected in 
the region of 500-600 cm™, whereas for the trans con- 
figuration the frequencies are expected in the region 
below 250 cm. The infrared spectra of polyoxy- 
methylene have been studied by Novak and Whalley“ 
and two perpendicular bands have been observed at 
633 and 458 cm. The present calculation of the ap- 
proximate skeletal frequencies does indicate that the 
polyoxymethylene chain is in the’ helical conformation 
with the internal rotation angle of 60-80°. This con- 
clusion is in accord with the model proposed by Hug- 
gins.*! 

The approximate frequencies calculated for the 
internal rotation angle of r=75° are shown in the first 
column (a) of Table I. The calculated frequencies of 
v>=580 and vg=527 cm agree fairly well with the 
observed values of 633 and 458 cm notwithstand- 
ing the approximate nature of the present calculation. 
The », and vg frequencies were calculated to be 253 
and 18 cm™, respectively; however, the corresponding 
bands have not been measured. The Raman active A; 
frequency of v2 is expected to be sensitive to the internal 
rotation angle as shown in Fig. 5(a), although the 
Raman effect of polyoxymethylene has not been meas- 
ured as yet. In the present section, the approximate 
skeletal frequencies of the (—A—), chain have been 
shown to be useful for discussing the chain conforma- 
tion of polyoxymethylene. In the next section, a more 
refined normal coordinate treatment as well as the 
vibrational assignment of polyoxymethylene will be 
presented. 


NORMAL COORDINATE TREATMENT OF AN INFINITE 
HELICAL CHAIN (—A—B—), BY INTERNAL 
SYMMETRY COORDINATES 


In a previous section a method of the normal co- 
ordinate treatment of an infinite helical chain (—A—) n 
was described. The internal symmetry coordinates 
given in Eqs. (24) and (25) were constructed so that 
the matrix for any given phase difference 6 may be 
factored into the one expressed in terms of S(6)’s and 
into the other identical one expressed in terms of 
S’(6)’s and that for the phase angle of 6=0 the S and 


41 A, Novak and E. Whalley, Trans. Faraday Soc. 55, 1485 
(1959) ; see also reference 13. 
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S’ coordinates become the symmetry coordinates for 
the A; and Ag» species, respectively. In the present 
section a method of the normal coordinate treatment 
of an infinite (—A—-B—), chain will be presented by 
the internal symmetry coordinates as analogous to the 
ones given in Eqs. (24) and (25). 

The stretching (Ar), bending (A¢), and torsional 
(Ar) coordinates of a helical chain (—A—B—), are 
schematically shown in Fig. 6. In deriving the G matrix 
elements the bond lengths A—B and B—A were taken 
to be the same and the internal rotation angles about 
the A—B bond and the B—A bond were also assumed 
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to be the same. The (—A—B—), chain, then, belongs 
to the dihedral group and has twofold axes passing 
through the atoms A and through the atoms B too, 
and we have a general relation between the G matrix 
elements as shown below, 


oe Rasa) =G(R' ster Riya); (39) 


where R’ and R are the internal coordinates. Therefore 
only the diagonal G matrix elements and the elements 
in the lower half columns (referring to the diagonal 
elements) associated with roAdn, Anyi, ToATr+1/4, 
roAdnsi, Atny34, and roATn434 are Shown below: 


roATn+41/4 


Arnyiys 


roATn41/4 


rAd n+1/2 


Arn+3/4 


TAT n+3/4 


r oAdns 1 


Arn4s/4 


roATn +5/4 


rAdn4 3/2 


Arnsz/4 


roATn+47/4 


roAdn+2 


Arnis 


roATn49/4 


rAdn +1/2 


ro ATn43/4 


C3” 


The G matrix elements have been derived by assuming the same values of the A—B—A and B—A—B interbond 
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‘angles. The elements are 
Ao*=2(1—cos@) wa t2y, 
Ajjo= — (Matus) (1—cos@) cosr 
A\*=—pa{ 1—(1—cos@) cos?r} 
Bo=batwuo 
By 2" = Ua COS 
Co=2 (Matus) {1—(1+¢cos7) (1—cosd) cos} /sin’o 
C12" = pal (1—casr) (1—cos) cosp{ (1-+-cosr) cosp—2} — (1—2 cos)? ]/sin’d+2us{cosp— (1—cos@) cosr} /sin’p 
C1= (uatus)[1—2 cosp—(1—cosr) (1—cosd) {1—(1+cos7) cosd} ]/sin’¢ 
C3" = —ual 1—(1—cos@) sin?r} /sin’¢d 
Dy jx? = — pa Sind 
D3)42 = Wa Sind COST 
£147 = (—Ma COSO+ py) (1—cosd) sinr/sing 
E342 = — (uat+be— a COS Cost) (1—cosd) sinr/sind 
F5/4°=wa(1—cos@) sinz cosr/sing 
F \o* = Wa COS SINT 
F\?=p, sinr, (40) 


and the elements with the superscript 6 may be obtained from the corresponding elements with the superscript @ 
by the interchange of wa and me, where a and yp are the reciprocal masses of the atoms A and B, respectively. 
The infinite G matrix may now be factored into the set of G(6) matrices expressed in terms of the symmetry 
coordinates $,(6) —.S¢(6) 
S(6) = N-+)> {roAdn cosn6+rpAdny12 cos(n+3) 5} 


n 


S2(5) =N AD" {Arn 14 COS(N+4) 6+Arns3/4 cos(n+2) 5} 


n 


53(8) =NAD { rAtnyi4 cos(n+4) 6+roAtn434 cos(n-+3) 5} 


S4(6) =NAD {roAdn cosn(5+27) +rpAdnyi2 cos(n+3) (6+4+27) } 


n 


S5(6) =N- >3 { Arnyiys COS(+4) (6422) +Arnsy34 cos(n+ 3) (6+2r) } 


S,(6) =NAV frArasin cos(n+4) (6422) +rAtn4s4 cos(n+3) (6+2r) }, 


or in terms of the symmetry coordinates S,/(6) — S¢’ (4), 


Sy’ (8) =N+A> {rAd sinn6+rAdn4ij2 sin(n+3) 5} 


So'(6) = NAD Arngin sin(a+ 4) 6+Arns34 sin(2+ 2) 6} 
n 

S3'(6) =N VS { roArng3/4 sin(n+4) 6+roATn434 sin(a+2) 6} 

S4' (6) =NAYD {rAd,, sinn (6-+22) +rAdniip sin(n+4) (64+27) } 
n 


S,/(5) =N- US {Araya sin(n+4) (6422) +Arnss/4 sin(n+3) (6+27) } 


Se (5) =N >> {roATnsiya Sin(m+4) (642) +roAtn43/4 sin(n+?) (6427) }. 
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The elements of the G(6) matrix are 

Gy (6) = Aot+2 Ai. cos(6/2) +2A;* cosd 

G44(6) = Aot —2 Ap cos(6/2) +2A)4* cosd 

Gx (6) = Bo +2B, + cos(6/2) 

G5 (6) = Bo—2By2+ cos(6/2 

G33(6) = Co+2C12+ cos(6/2) +2C, cosd-+2C32+ cos(35/2) 

Ge6(6) =Co—2Ci 2+ cos(6/2) +2C; cosd—2C32+ cos(36/2) 

Gy2(6) =2D,,4+ cos (6/4) +2D34+ cos(36/4) 

G45(6) = —2D,4,4* sin(6/4) +2D3,4* sin( 36/4) 

Gy3(6) =2 Fy yt cos(6/4) +2 F3)4+ cos( 36/4) +2 E5)4+ cos(55/4) 

G46 (6) = —2 4 ,4+ sin(6/4) +23,4* sin (36/4) —2 E5,4+ sin(56/4) 

Go3(6) =2F 1+ cos(6/2) +2F;t cosé 

Gse(6) = —2F 12+ cos(6/2) +2Fy* cosd 

Gi4(6) =z Ay cosé 

Gos (6) = sin (6/2) 

G36(5) = ‘yo sin(6/2) +2C3,.~ sin(36/2) 

G45(6) = —2Dy,4~ sin(6/4) —2D3,4>- sin( 36/4) 

Go(6) =2Dy4~ cos(6/4) —2D3,4~ cos(36/4) 

Gi6(6) = —2 Fy ,¢- sin(6/4) —2 3,47 sin(36/4) +2 F547 sin(56/4) 

Gy(6) =2 Fy cos(6/4) —2 F3)47 cos(36/4) —2 5,47 cos(56/4) 

Gog (5) = —2 Fy 7 sin(6/2) +2F > sind 

G35(6) = —2 Fy 7 sin(6/2) —2Fy sind, (43) 
where the elements with the superscript + or — are with the symmetry coordinates S;’(0) and S¢’(0), 
pike gt mar hog elements with the superscripts 5,(0) = (2N) Dinddrtnddsel 


Gt = (G*+G?) /2 S2(0) =(2N)ADYS {Araya Arnis} 
G- = (G*—G?) /2, (44) . 


S3(0) = ( 2N ) > | KATrAtATr42/4} 


and accordingly the elements with the superscript + are 
expressed in terms of (ua+yo)/2=yu* and the elements 
with the superscript — are expressed in terms of 
(Ma— Mo) /2=y. J r\ 3 
For the phase angle 6=0, the elements Gis, Gis, Gos, Ss'(0) = (2) Dy Arnsia—Arngss} 

Gog, G35, G3g, Gys, and Gyg become zero and the matrix ri 

G(0) is factored into the matrix (A; species) associated S¢’ (0) =(2N) TS {roArng1a—roAtns3/3} - (45) 
with the symmetry coordinates, 51(0), S2(0), S3(0), : 

and §,(0) and into the matrix (A2 species) associated The G matrix elements for the A; and A, vibrations 


S4(0) = (2N) VS {roAdn—roAdnsip} 


n 
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may be obtained by substituting 6=0 into the Eq. (43). 
For the A, species the elements Gy, Goo, G33, Gas, Gis, 
G3, and Gos are expressed in terms of y+ and the ele- 
ments Gy, Go, and Gy are expressed in terms of yo. 
On the other hand, for the Ag species all the elements, 
Gss, Ges, and Gs, are expressed in terms of ut only. 

The potential energy matrix F of the helical 
(—A—B—), chain may also be derived from the Urey- 
Bradley potential function and the torsional potential 
function as analogous to the ones previously used for 
the (—A—), chain. The nonzero elements are 


Ap’ =K4°+ K,¢ cos?(¢/2) 
Ay’=K,°+K,? cos?(¢/2) 
Bo=K,+(K°+K,?) sin?(¢/2) 
Bypo* = Kf sin?(¢/2) 
Bip’ =K,? sin? (¢/2) 
Co=K, 
Dy = 
Diy? =K,? sin(¢/2) cos(¢/2), 


rg’ sin(d/2) cos(¢/2) 

(46) 
where K,4* and K,° are the bending constants for the 
B—A—B and A—B—A angles, respectively, and 
K,* and K,° are the repulsion constants for the non- 
bonded atom pairs B--(A)-++B and A--(B)--A, re- 
spectively. The elements of the F(6) matrix” for the 
phase difference 6 are 


Fy, (6) = Fyu(6) =Kyt+K,* cos*(¢/2) 
F(6) =K,+2K,*{1+c0s(6/2) } sin?(¢/2) 
F55(6) = K,+2K,*{1—cos(6/2) } sin?(¢/2) 
F33(5) = Fo6(5) =K, 

Fy.(6) =2K,* sin(¢/2) cos(¢/2) cos(6/4) 
F43(6) = —2K,* sin(¢/2) cos(¢/2) sin(6/4) 
Fy(8) =K4-+2K,~ cos*($/2) 

Fo5(6) = —2K,_~ sin?(¢/2) sin(6/2) 

Fy5(6) = —2K_ sin(¢/2) cos($/2) sin(6/4) 
F4(5) =2K_— sin(¢/2) cos(¢/2) cos(6/4) 


Fyg= Fag = Fo3= Fe = Fs6= Fis= Fus= Foe= F5=0. (47) 


The elements of the F(0) matrix for the A; species may 
be obtained by substituting the value of 6=0 into the 
elements associated with the S;, S2, S3, and S4 co- 
ordinates. It will be seen that the elements for the Ay 
species are related to all the potential constants. The 
elements for the Ag vibrations, F'55(0) =K, and F’g¢(0) = 


“The potential constants with the superscript + or — are 
expressed in terms of the corresponding constants with the super- 
scripts a and b as shown in Eq. (44). 


TATSUO MIYAZAWA 


K,, are equal to the stretching or torsional potential 
constants. It may be noted that for the A» vibrations, 
the changes either in the interbond angles or in the 
nonbonded atom pair distances do not take place. 

The symmetry coordinates $,(6), S2(5), and S3(6) 
used in the present treatment correspond to the sym- 
metry coordinates $,(5/2), S,(6/2), and S,(6/2) of the 
(—A—), chain and the $4(6), S5(6), and S¢(6) co- 
ordinates correspond to the S,(6/2+7), S,(6/2+7), 
and §,(6/2+7) coordinates. If all the elements of 
(—A—B—), with the superscript — are neglected 
each of the G(6) and F(6) matrices given in Eqs. (43) 
and (47) are factored into the one associated with the 
Si, S2, and S3; coordinates and into the other one as- 
sociated with the Sy, Ss, and S¢ coordinates. 


VIBRATIONAL ASSIGNMENT OF 
POLYOXYMETHYLENE 


The two A;, two Ag, and five E(w) skeletal fre- 
quencies of the polyoxymethylene chain were calculated 
by the use of the G(6) and F(6) matrices derived in the 
preceeding section. The CH2 groups were treated as sin- 
gle dynamic units. The interbond angles were assumed 
to be tetrahedral and the internal rotation angle was 
taken to be r=75° in accordance with Huggins’ model. 
The potential constants of K,=4.5, Ks+=0.40, K,7= 
0.35, and K,=0.045 were used. The skeletal frequencies 
were calculated in three different ways: (a) Kg~, Ky, 
and yw~ were neglected and the calculated frequencies are 
identical with the values obtained in a previous section 
[being approximated by the vibrations of the (—A—) » 
chain |; (b) u~ was taken into account, AK,~ was neg- 
lected since this is expected to be small as compared 
with K,* and the value of Ky~ was taken to be —0.15X 
10° d/cm; (c) Kg~ was neglected and the value of Kg~ 
was taken to be +0.15X 10°. The calculated frequencies 
are shown in Table I. Comparing the frequencies »(a) 
and p(6) it may be seen that most of the calculated fre- 
quencies do not change much by taking »~ and K,~ into 
account, however, the degenerate frequencies, v7 and vg, 
change appreciably. The v7 and vg frequencies calculated 
either by (b) or by (c) agree well with the observed 
values of 633 and 458 cm~'. Other frequencies calculated 
by (b) do not differ much from the corresponding fre- 
quencies calculated by (c) since the contribution of the 
bending potential is not appreciable in these cases. 

The vibrational assignments of the infrared spectra 
of polyoxymethylene in the region 1500-900 cm~' may 
not be made conclusively since the CH2 wagging, twist- 
ing, or rocking modes are expected to interact with the 
skeletal modes. Nevertheless a vibrational assignment 
will be made by referring to the calculated skeletal 
frequencies and by comparing the spectra in question 
with the spectra of related molecules, especially of 
trioxane. The trioxane molecule has the cyclic struc- 
ture (—CH:—O—); and its CH: bending, wagging, 
twisting, or rocking frequencies are expected to be 
similar to those of polyoxymethylene. The CH: bending, 
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twisting, wagging, and rocking modes of polyoxymethyl- 
ene are listed in Table I along with the skeletal modes. 

In the region 1500-900 cm™ three strong parallel 
bands due to the Ay CH: wagging and rocking modes 
and one Ag skeletal mode are expected. Novak and 
Whalley" have observed strong parallel bands at 1388, 
1105, and 910 cm™ and have reasonably assigned the 
first two bands to the CH: wagging and C—O stretching 
modes, respectively. The CH: wagging frequency of 
trioxane has also been reported to be as high as 1408 
cm by Stair and Neilsen.“ The calculated Ae fre- 
quency of vy3=1173 cm™ agrees well with the observed 
value of 1105 cm. The strong band at 910 cm™ is 
considered to be primarily due to the Ay rocking mode. 
The corresponding CHe rocking frequency of trioxane 
is observed at 943 cm™ (or 975 cm). Perpendicular 
bands due to the E(w) vibrations have been observed"! 
at 1472 cm™!(m), 1436 cm™!(w), 1295 cm™ (vw), 1238 
cm™!(s), 1098 cm=!(vs), and at 938 cm™(vs). Novak 
and Whalley have reasonably assigned the first three 
bands to the CH» bending, wagging, and twisting 
modes. The corresponding CH2 bending and twisting 
frequencies of trioxane have been observed at 1477 and 
1305 cm“, respectively. The very strong band at 938 
cm and the strong band at 1238 cm™ have been 
assigned by Novak and Whalley to the C—O stretching 
and the CH: rocking vibrations, respectively. These 
assignments, however, are reversed in the present 
study since the CH: rocking frequency of the A» species 
is observed at 910 cm~!. The agreement between the 
calculated frequency of v5= 1099 cm™ and the observed 
value of v5=1238 cm™ is not quite satisfactory, prob- 
ably due to the vibrational interactions actually taking 
place between this mode and the CH, rocking mode. 
The band at 1098 cm™ is assigned to the vg vibration. 
In the case of trioxane the infrared bands corresponding 
to the vs and vg bands of polyoxymethylene have been 
observed at 1175 and 1072 cm“. 

The skeletal frequencies of deuterated polyoxy- 
methylene (—-CD,—O—), were also calculated as 
shown in Table II. The mass of the CD2 group was 
taken to be 16 a.u. and thus y~=0 in this case. The 
frequencies calculated by (b) are equal to those calcu- 
lated by (c) in the present case of u~=0. The infrared 
spectra of deuterated polyoxymethylene have also 
been reported by Novak and Whalley. The calculated 
v7’ frequency of 599 cm™ agrees well with the observed 
value of 617 cm™. The reported frequency shift of the 
vg band on deuteration is as large as —95 cm™. The fre- 
quency shift of this band calculated by (b) is —28 
cm™', whereas the shift calculated by (c) is only —2 
cm™!. It appears to be preferable to take the value of 
Ks-=—0A15 rather than the value of +0.15. The 
observed shift as large as —95 cm™, however, is not 
explicable by the approximation of the skeletal vibra- 
tions, and may possibly be due to the interaction 


"A. T, Stair, Jr., and J. R. Nielsen, J. Chem. Phys. 27, 402 
(1957). 
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TABLE II. Observed infrared frequencies and calculated skeletal 
frequencies of deuterated polyoxymethylene. 








Yeale 


(a) 





870 








® Reference 41. 


actually taking place between the CD» rocking mode 
and the vs skeletal mode. In the region above 800 cm~ 
strong vibrational interactions are expected between 
the skeletal modes and the CD, bending, wagging, and 
twisting modes as well as the rocking mode. In view of 
the absence of dichroic measurements on deuterated 
samples, vibrational assignments of the bands above 
800 cm~! were not attempted in the present study. 


APPROXIMATE SKELETAL FREQUENCIES 
AND HELICAL CONFORMATION OF 
POLY-(ETHYLENE GLYCOL) 


The x-ray diffraction of poly-(ethylene glycol) has 
been studied by Sauter“ and by Walter and Redding® 
and the fiber period has been determined to be 19.5 A. 
Davison has measured the polarized infrared spectra of 
oriented crystalline samples of poly-(ethylene glycol) 
and proposed a model containing nine chemical units 
per fiber period in accordance with Sauter’s conclusion. 
His model was constructed on the basis of his assign- 
ments of the 960 cm~ (strong, parallel dichroism) and 
844 cm™! (medium, perpendicular dichroism) bands 
to the symmetric CH rocking mode and to the antisym- 
metric CH, rocking mode, respectively, of the 
O—CH:;—CH:—O group in the gauche configuration. 
Davison’s assignment does not appear to be valid, 
since the spacing between the symmetric and anti- 
symmetric rocking frequencies was later established to 
be only about 20 cm™ by Miyake.” Furthermore, the 
model proposed by Davison has a threefold screw axis 
and its fiber period would actually be one-third of the 
observed period; thus this model does not appear to be 
a reasonable one. 


“ E. Sauter, Z. physik. Chem. B21, 161 (1933). 

4 FE. R. Walter and F. Redding, 133rd American Chemical 
Society Meeting Abstracts (American Chemical Society News 
Service, Washington, D. C., 1958), p. 14R. 

“ W.H. T. Davison, J. Chem. Soc. 1955, 3270. 

47 A, Miyake, J. Am, Chem. Soc. 82, 3040 (1960). 
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TABLE III. Selected structure models of poly-(ethylene glycol). 


Angles 
No. of 
chemical 
units 


No. of (b) 
revolutions 


of helix o* 


Model 


100° 
118° 
115° 
104° 
YE 


I 7 
Il 3 ] 
Ill 3 
IV 6 
V 5 


106° 
118° 


® The mean bond length value of 1.46 A was used in calculating the angles 
b The mean bond length value of 1.51 A was used. 


If we assume the same interbond angles and the same 
internal rotation angles throughout the helical chain of 
poly-(ethylene glycol) we may make use of Eqs. (6) 
and (7) in deriving structure models for this polymer, 
where the mean value of the bond lengths, 


{r(CH:—CH2) +2r(CH:—O) } /3, 


is substituted in Eq. (6).% The interbond angle of 
120°>¢>100° and the internal rotation angle of 
180°>7>130° or 90°>7r>40° were accepted in se- 
lecting structure models. For the calculation of the 
angles @ and 7 (a) the bond lengths were taken to be 
r(CH2—CHbp) = 1.54 A and r(CH,—O) =1.42 A, that is, 
the mean value was taken to be 1.46 A or (b) the value 
was taken to be 1.51 A. The structure parameters of 
the models thus selected are shown in Table III. It 
should be noted that structure models having the 
interbond angle of 120°>@¢>100° could not be con- 
structed for the ‘rans configuration (180°>7> 130°) 
and all the structure models listed in Table III have 
the gauche configuration with the internal rotation 
angle of approx. 45—85°. Of the five models listed there, 
the model II does not appear to be likely in view of 
the values of ¢ and 7. The model I has nine chemical 
units per fiber period and is in accord with Sauter’s 
conclusion; however, in view of the calculated values of 
¢ and +r the model III is considered to be the most likely 
one. This conclusion is in accord with the result of 
x-ray work by Hughes.* 

The helical chain of poly-(ethylene glycol) may be 
expected to have twofold axes passing through the 
oxygen atoms and the other twofold axes intersecting 
the CH.—CHp: bonds at a right angle. If we treat 
the methylene groups as single dynamic units and con- 
sider only the skeletal vibrations, the number of atoms 
(per chemical unit) on the twofold axes is p’=1 and 
the number of atoms not lying on the twofold axes is 
p’’=2 and we have four Aj, three Ag, eight E(w), and 
nine E(2y) vibrations. The A; and E(2y) vibrations 


‘Ss After reviewing the present paper, the referee has kindly 
informed the author of the unpublished x-ray work by R. E. 
Hughes. 
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are active only in the Raman effect and since the 
Raman spectra of poly-(ethylene glycol) have not been 
reported as yet these vibrations will not be discussed 
in the present paper. 

The CH:—O and CH,—CH: bond lengths of poly- 
(ethylene glycol) are not much different from each 
other, and as long as we are concerned with the fre- 
quency calculation of skeletal vibrations we may 
assume that they are equal. Furthermore, since the 
masses of the oxygen atom and the methylene group 
are nearly the same, the skeletal vibrations of poly- 
(ethylene glycol) may well be approximated by the 
corresponding vibrations of the helical (—A—), chain. 

The three Ay vibrations (1, v2, and »;) of poly- 
ethylene glycol) correspond to the three E(22/3) 
vibrations of the (—A—), chain associated with the 
internal coordinates, S,’, S,’, and S,’, given in Eq. (25). 
The three E(22/3) frequencies of the (—A—), chain 
with the mass of 15 a.u. were calculated using the 
same potential constants as were used for polyoxy- 
methylene. The frequencies thus calculated are plotted 
against the internal rotation angle® in Fig. 7(a). The 
v; frequency does not change much with the angle 7, 
whereas the v2 frequency is sensitive to the change in 
the angle 7 and will be useful for studying the chain 
conformation from the parallel band frequency. The 
v3 frequency lies in the region below 200 cm~. For the 


m 
° 
.) 


WAVE NUMBER 


fo) 
° 
° 


120° 60° 
INTERNAL ROTATION ANGLE 


Fic. 7. The approximate skeletal frequencies of poly- (ethylene 
glycol) calculated for various internal rotation angles. Note: 
6:0 in Fig. 7(a) should read 6:27/3. 


The E(2x/3) frequencies calculated for the angle r=0° are 
trivial ones. 
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special case of r=2 cos~!($)!=approx 104.5° the vs fre- 
quency reduces to zero and the E(3m/3) vibrations are 
identical with the E(@) vibrations since the helical 
chain now has the threefold screw axis and the angle 
6 is equal to 27/3. 

The eight degenerate E(y) skeletal vibrations of 
poly-(ethylene glycol) correspond to the two E(é) 
vibrations, three E(@+22/3) vibrations, and three 
E(@—22/3) vibrations of the helical (—A—), chain, 
where y=30. It may be noted that the phase angles 
5=0, 0+22/3, and 0—22/3 of the (—A—), chain 
correspond to the phase angles 6=30=y, y+2m and 
y—2n of the (—A—B—-A—), chain (the phase angles 
¥+2n and y—2zx being equivalent to the phase angle 
y). The calculated frequencies are plotted against the 
internal rotation angle” in Fig. 7(b)—(d). The v, 5, 
and ve frequencies primarily due to the CH,—O or 
CH,—CHz stretching modes lie in the region 800- 
1200 cm™. In contrast with the vg and v9 frequencies, 
the »; frequency is practically constant for the angle 
60-180°. The vi and », frequencies lie in the region 
below 250 cm™ for the angles of r=60-180°. For the 
special case of the angle r=approx 104.5° the helical 
(—A—), chain has a threefold axis (@ being equal to 
2r/3) and the vg, vio, and vy, frequencies reduce to zero. 
The E(@+22/3) vibrations, v4 and v7, are identical with 
the E(@) vibrations, vs and ys, respectively, and the 
E(@—22/3) vs vibration is identical with the A, 
vibration as shown in Fig. 4. 

The infrared skeletal frequencies of poly-(ethylene 
glycol) will now be discussed in connection with the 
chain conformation. The internal rotation angle is 
expected either in the region 150-180° (¢rans) or in the 
region 60-80° (gauche). In the region of 500-600 cm! 
two perpendicular infrared bands are expected for 
either the ‘rans configuration (due to the v7 and vg 
vibrations) or for the gauche configuration (due to the 
vz and vg vibrations) and the chain conformation may 
not be discussed referring to the perpendicular infrared 
bands in this region. On the other hand the parallel 
band due to the v2 skeletal vibration is expected at 
about approx 300 cm™ for the /rans configuration and 
at approx 600 cm~ for the gauche conformation. 

The infrared spectra of crystalline poly-(ethylene 
glycol) (the molecular weight being approx 6000) were 
measured in the present study as a thin oriented film 
or as potassium bromide disk (see Fig. 8). In the region 
800-400 cm~! two parallel bands were observed at 529 
and at 508 cm™ for the oriented film and a weak band 
was observed at 580 cm™ for the disk. The infrared 
measurements were made with the Nippon Bunko 
DS301 spectrophotometer equipped with a potassium 


5% Based on this assignment, Miyake has concluded that the 
O—CH:;—CH:2—0 groups in crystalline poly-(ethylene glycol) 
exist in two forms, trans and gauche. However, as shown in the 
present section, the infrared spectra of poly-(ethylene glycol) 
are explicable with the O—CH:;—CH:—O groups only in the 
gauche configuration. 
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100 





Fic. 8. Infrared absorption spec- 
trum of poly-(ethylene glycol) (po- 
tassium bromide disk). 


TRANSMIT TANCE 


529 








° 4 1 
600 550 500 450 
WAVE NUMBER 





bromide prism. The frequency calibration was made 
with reference to water-vapor bands. 

The frequency 529 or 508 cm of the parallel bands 
observed in the present study agrees with the value 
expected for the gauche configuration, but not with the 
value expected for the ‘rans configuration. Thus the 
infrared spectra in the potassium bromide region and 
the skeletal frequency calculations indicate that the 
helical chain of poly-(ethylene glycol) is made up of the 
gauche configuration. This result is in accord with the 
structure model III derived from the observed fiber 
period. The presence of the two parallel bands may be 
due either to vibrational interactions between adjacent 
helical chains or to Fermi resonance with a combination 
band of low-lying vibrations associated with appro- 
priate phase differences. The weak band at 580 cm! 
may be assigned to the »; vibration. A perpendicular 
band due to the vg vibration has not been detected in 
the present measurement. In Table IV are shown the 
approximate skeletal frequencies calculated for the 
internal rotation angle of r=60° and also the observed 
frequencies assigned to the skeletal vibrations of poly- 
(ethylene glycol). 

It remains to be seen whether the infrared bands 
observed in the region above 800 cm™ may be ex- 
plicable with the gauche configuration. The perpen- 
dicular band at 844 cm™ has been assigned to the anti- 
symmetric CH: rocking mode of the O—CH,—CH:—O 
group in the gauche configuration® or to the antisym- 
metric (A,,) CH: rocking mode of the O—CH,—CH:—O 
group in the frans configuration.” In the present 
study this band is more reasonably assigned to the vg 
vibration since the frequency agreement between the 
observed and calculated values is considered to be 
satisfactory in view of the approximate nature of the 
present calculation. For the poly-(ethylene glycol) 
chain belonging to the dihedral group, the CH,.—CH2 
symmetric rocking mode gives rise only to a perpen- 
dicular band whereas the antisymmetric rocking mode 
may give rise both to a parallel band and to a per- 
pendicular band. The strong parallel band at 960 cm™ 
is therefore assigned to the A, CH,—CHy: antisym- 
metric rocking vibration. In the region 800-1000 cm 
a perpendicular band has also been observed at 947 
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TaBLe IV. Observed skeletal frequencies of poly-(ethylene 
glycol) and the approximate skeletal frequencies calculated for 
the internal rotation angle r=60°. 


Vobs” 
1100(vs) 


529) , 
soe m) 


1145(m) 
1110(s) 


1160 
1078 


844(m) 915 


580(w) 614 


489 
209 
206 


59 


® Intensities are shown as very strong (vs), strong (s), medium (m), or weak 
(w). 


cm and this may be assigned either to the symmetric 
CH, rocking mode or to the antisymmetric rocking 
mode. 

Polarized infrared spectra of crystalline poly- 
(ethylene glycol) in the region 1200-1000 cm™ were 
remeasured in the present study using oriented films 
which were apparently thinner than the ones measured 
by Davison. A very strong parallel band was then 
located at 1100 cm™. This band is undoubtedly as- 
signed to the » vibration. The frequency agreement 
between the calculated and observed values is quite 
satisfactory. In the same region a strong perpendicular 
band was observed at 1110 cm™ and two medium 
intensity perpendicular bands were observed at 1060 
and 1145 cm”. The strongest band at 1110 cm™ may 
be assigned to the vs vibration and then the band at 
1145 cm to the » vibration. The intensity of the 
1060 cm™ band is not too strong and this band is 
possibly due to Fermi resonance between the vs funda- 
mental and some combination band of low-lying vibra- 
tions with appropriate phase differences.’ Thus the 
infrared spectra of poly-(ethylene glycol) in the region 
1200-400 cm™ are explicable with the structure model 
made up of the gauche conformation.*'* The vibrational 


5tThe other vibrational assignment may not be discarded 
though; that is, 1110 cm™!:14, 1060 cm™!:»5, 1145 cm™!:a combina- 
tion band. 

51a Note added in proof. Recently the helical structure of poly- 
(ethylene glycol) has been studied more extensively and another 
likely model has been derived. This model also contains seven 
chemical units and two helical turns per fiber period. Assuming 
the bond angle of 111°, the internal rotation angles are calculated 
to be 7r(CH:—CH2) =60° (gauche) and 7(OQ—CHp2) = —168° 
(nearly érans) .% The infrared spectra of this polymer may also be 
explicable with this model. 
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assignment given by Davison“ is considerably different 
from the present assignment. ; 
In conclusion it may be remarked that low fre- 
quencies of infinite helical polymers are generally 
sensitive to the chain conformation (whether gauche or 
trans) and the approximate chain conformations may 
be studied by infrared measurements and normal co- 
ordinate treatments in the lower frequency region. 
The approximation of skeletal vibrations is considered 
to be quite useful in these cases. In the higher frequency 
region around 1000 cm™ the skeletal frequencies pri- 
marily due to the stretching of the bonds in the helical 
chain do not change much with the internal rotation 
angle and further the interactions with the CH;, CHp, 
or CH deformation modes may not be neglected. It 
should be pointed out that for the calculation of low 
skeletal frequencies the torsional coordinates may not 
be neglected. For example, the Ay vs vibration of poly- 
oxymethylene primarily due to the torsional mode 
about the CH2—O bonds is calculated as high as 250 
cm for Huggins’ model. The calculated frequency 
would reduce to zero if the torsional potential is 
neglected. A similar situation arises for the low-fre- 
quency vibrations of nonplanar cyclic molecules.” 


GENERAL METHOD OF FACTORING G AND F 
MATRICES OF INFINITE HELICAL CHAINS 
BELONGING TO DIHEDRAL GROUPS. 


In a previous section the matrix of the (—A—B—),, 
chain was factored by the use of the symmetry co- 
ordinates [given in Eqs. (41) and (42) ] analogous to 
the coordinates appropriate for the (—A—), chain 
[given in Eqs. (24) and (25) ]. The matrix of the 
(—A—B—), chain may also be factored by the use of 
the symmetry coordinates, S;, Si, Si’, and Sj’, as 
shown below, 


S1(6) =(2/N) IS rAd, cosn6 

S4(8) =(2/N)# > rAdnyse cos(n+4) 6 

Sy’ (5) =(2/N)! }-rAdn sinnd 

Sy (5) =(2/N)*!DoroAdnyia sin(n+4)6, (48) 


instead of the corresponding ones given in Eqs. (41) 
and (42). The G(é) matrix elements associated with 


Hiei His: 


Onn net 





a 
WZ 


Fic. 9. A schematic representation of the numbering of the 
atoms of the polyoxymethylene“chain. 


— Oma 


8 T, Miyazawa (to be published). 
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the internal symmetry coordinates given here are 
Gu(5) = Ac?+2A4," cosd 
G44(6) = Ao?+2Aj* cosd 
Gi4(6) =2 Ap cos(5/2) 
Gy2(6) =23{ Dya* cos (6/4) + D3? cos(36/4) } 
Go4(5) =24{ Dyjs’ cos( 6/4) +D3)4 cos (36/4) } 
Gy5(6) = 2*{ — Dit sin (6/4) +Ds,4° sin(35/4) } 
Gys(6) =25{ Dya® sin (6/4) — Ds? sin( 36/4) } 
Gy3(8) =25{ Ey4* cos(6/4) + E3,4° cos (36/4) 
+ Fs )4° cos(56/4) } 
Gs(5) = 23{ Ei? cos(5/4) + E347 cos (35/4) 
+ Es? cos(56/4) } 
Gie(5) = 28{ — Eya* sin(5/4) + Es? sin (38/4) 
— E54" sin(56/4) } 
Gie(5) =24{ Ey4? sin(5/4) — Ey/<* sin (38/4) 
+ F5,4% sin(55/4) }, 
and the corresponding /'(4) matrix elements are 
Fy (6) =Ke°+K,* cos*(¢/2) 
Fy(6) =K4°+K,? cos?(¢/2) 
Fy4(6) =0 
F\2(6) =2'K,? sin(¢/2) cos(¢/2) cos(6/4) 


(49) 


F4(5) =2'K,° sin(@/2) cos(¢/2) cos(6/4) 
F5(6) = —25K,* sin(¢/2) cos(/2) sin(5/4) 
F45(5) =2'K,° sin(@/2) cos(¢/2) sin(6/4) 


Fi3= Fy = Fi = Fg =(), (50) 

Reviewing the more general set of symmetry co- 
ordinates of the (—A—B—), chain® the following four 
principles may be remarked: (a) The symmetry co- 
ordinates S(5)’s are symmetric with respect to the 
twofold axis passing through the zeroth atom, whereas 
the symmetry coordinates 5’(5)’s are antisymmetric 
with respect to this axis. (b) There is only one Ad, 
coordinate and no other equivalent ones per chemical 
unit and its coefficients in the symmetry coordinates 
S; and S$,’ [see Eq. (48) ] are cosvé and sinné, re- 
spectively. The angle for these trigonometric co- 
efficients is the subscript times the phase difference 6. 
(c) There is only one Ad¢,412 coordinate and no other 
equivalent ones per chemical unit. Its coefficient in the 
symmetry coordinates S; and Sj’ are cos(n+4)é6 and 
sin(n+4)6, respectively. (d) For the case of the 

8 The $1, Si, Si’, and S,’ coordinates given in Eq. (48), the 


Se, S3, Ss, and S¢ coordinates given in Eq. (41), and the S»’, 
S;3', Ss’, and Se’ coordinates given in Eq. (42). 
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Hysivs Hy.2/3 


Ona O57 


Fic. 10. A schematic representation of the numbering of the 
atoms of the poly- (ethylene glycol) chain. 





new/3 


stretching (or torsional) coordinates there are two 
equivalent coordinates per chemical unit, namely, 
Arnyiy and Arn434. In constructing the appropriate 
symmetry coordinates S:; or S2’ both of these co- 
ordinates should be included with the coefficients 
cos(u+3)5 and cos(m+%)6 or sin(m+})6 and 
sin(m+ 4) 6, respectively. The other set of symmetry 
coordinates S; and S;’ are constructed by the use of 
the phase difference of 6+-27 instead of 6 as used in the 
S» and S»’ coordinates. In a general case of an infinite 
helical chain belonging to the dihedral group, the 
appropriate set of internal symmetry coordinates may 
also be constructed with the principles as given here. 

Prior to the construction of the appropriate set of 
internal symmetry coordinates, the internal co- 
ordinates, or the “‘local” internal symmetry coordi- 
nates™ are grouped into six internal coordinate vectors, 
Ke yp Rigi, Ray’, Ri4zip?*; and Rn43/4- The internal 
coordinates, Adn, Afni, Adniip, and Arnis, of the 
(—A—B—), chain belong to Ry’, Rnyia, Rays’, and 
Riis Vectors, respectively. For example, the internal 
coordinates of polyoxymethylene (schematically shown 
in Fig. 9) will be grouped as shown below: 


Rx? : Adn12,n,n412, O—C—O bending 
Adgx.n,1, CH bending 
24 ( Arn. t+Arn,.), CH2 sym stretching 
(Adx.n.n1ptAdennsiztAdinnpietAdgi.nn—ip) /2 
(Adi. nn—12— Aden. nti2+Agi,nnp12— Adina) /2, 
CH, twisting 
R,2:274(Arn.—Arn,1), CH antisym stretching 
(Ad n,n—12+ Ade n.ng12— Adi,n,n¢1/2— AGi.n,n—12) /2, 
CH: rocking 
(Agi n.n—12— Adi. n.n412— Adt.n.n412+ Adin x12) /2, 


CH: wagging 
Rn41a: Afn ng, C—O stretching 


Arn,n412, C—O torsion 
Rng": Agn,n41/2,n41, C—O—C bending 
Rugs? Atngip nt O—C stretching 
Atn41/2,n41, O—C torsion. 
5 For example the CHz symmetric stretching coordinates, CH 


rocking coordinates, etc., of a methylene group will be called 
“local symmetry coordinates.” 
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It may be seen that the coordinates of the R,,° vector are 
symmetric with respect to the twofold axis passing 
through the mth atom and the coordinates of the R,* 
vector are antisymmetric with respect to this axis. 

For a more general example the internal coordinates 
of poly-(ethylene glycol) schematically presented in 
Fig. 10 are grouped as shown below: 


R,°: A@n—1/3,n,n41/3, C—O—C bending 
R,, 41/4: ATs ws 41/3, O—C stretching 
Atn,n41/3, O—C torsion 
Adn.n41/3.n42/33 O—C—C bending 
Age41/3,n41/3,141/3, CH, bending 
24 (Arnstys.s ypptArns 1/3,141/3) ; 
CH: sym stretching 
273 (Arngsys,441/3— Atn41/3,141/3) 5 
CH, antisym stretching 
(Adx4t/3,n41/3,n + AGi41/3,n41/3,n42/3 
+ Ad i41/3,n-41/3,n42/3F- AG141/3,n41/3,n) /2 
(Agy41/3,n4:1/3,n— AGe41/3,n41/3,n42/3 
+Adi41/3,n41/3,n4-2/3— Abi41/3,n41/3,n) /2, 
CH) twisting 
(Agx41/3,n41/3,n + AGe41/3,n41/3,n42/3 
— Adi4i/3,n41/3,n42/3— Abiy13,n413,n) /2, 
CH rocking 
(A@g41/3,n41/3,n — AGr41/3,n41/3,n42/3 
—Aoi413,n41/3,n42/3AG141/3,n41/3,n) /2, 
CH» wagging 
Ryzip?: Arn $1/3 ,n4+2/3y C—C st retching 
AtTn+1/3,242/3) C—C torsion 
Rns34? Atn42/3,n41 
ATn42/3,n41 
Adn41/3,n42/3,n41 
Adi42/3,n42/3,442/3 
274 (Arnse3,423+Atn42/3,442/3) 


| 
273 ( Arn+2/3,142/3— ATn42/3,k42/3) 


(Adi42/3,n4-2/3,n41 Ft AG142/3,n42/3,n41/3 
+ Adi+2/3,n42/3,n41t+Adny23,n42/3,n41) /2 
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(Adi42/3,n42/3,n¢1 — AGL 2/3,n4-2/3,n-41/3 
+ Adi+2/3,n42/3,n41/3— Anse/3.n42/3,n41) /2 

(Adi42/3,n4-2/3,n¢-1 + AG142/3,n42/3,n41/3 
— Adi-+2/3,n4-2/3,n41/3— AGr42/3,n42/3,n41) /2 

(Agd142/3,n42/3,n41 — AG142/3,n42/3,n41/3 
— Adr42/3,n42/3,n41/3 TF AGi+2/3,n42/3,n41) /2. 


It may be seen that the symmetric stretching, anti- 
symmetric stretching, bending, twisting, rocking, and 
wagging coordinates of the (n+3)th CH» group and 
the (n+2)th CHe group are classified into the Rnsijs 
and R,+34 vectors, respectively. Instead we may also 
denote the (CHe)n41—(CHe)n42 group as_ the 
(n+3)th (CHe)2 group. Then we may construct the 
“local” internal symmetric coordinates of this group 
and classify them into the Rny41j* and Ry41/2* vectors as 
shown below: 


Riyip*:sym sym—stretching 
sym antisym—stretching 
sym bending 
sym twisting 
sym rocking 
sym wagging 

Risyip*:antisym sym—stretching 
antisym antisym—stretching 

antisym bending 
antisym twisting 
antisym rocking 

antisym wagging. 

It may be noted that the coordinates of the Rn4ip° 

vector are symmetric with respect to the twofold axis 

intersecting the (n+ 3)th bond and the coordinates of 
the Rn4ie* vector are antisymmetric with respect to 
this axis. 

The infinite G or F matrix of an infinite helical 
chain may be expressed in terms of the internal co- 
ordinate vectors. The nonzero submatrices in the lower 


half columns associated with Ry’, Rx®, Razin, Rosin’; 
Rnyip*, and Rn434 [of polyoxymethylene or poly- 
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(ethylene glycol) | are shown below: 
R,*t n t Rizip** Rasip"' Rissa’ 

R,° Ay" 

R,t 0 

Risin 

Rati’ 

Rnsr* 

Rats 

Rn’ 

Rass” 

Rissa 

Ratan" 

Riz32* 

Razz 

Rayo" 

Ri42* 

Riso 
where the matrices with ' are the transposed matrices 


The infinite G matrix partly shown above may be factored into the set of G(6) matrices expressed in terms of 
the symmetry coordinate vectors, 


S1(6) = (2/N)!>°R,8 cosné 
S2(6) = (2/N)*>°R,@ sinnd 
S3(5) =(2/N)#}° Ruyip* cos(n+4) 6 


Ss(8) = (2/N) D0 Ranga? sin(n+4) 5 


S5(6) = (1/N)# 30 { Rusa cos(n+4) b+ Rasa cos(n+2) 5} 


S6(5) = (1/N)# D5 { Rngays Cos(n+4) (+2) + Rays cos(n-+3) (5+2n) }, 
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Sy'(6) =—(2/N)*}°R,¢ sinnd 


n 


So! (6) = (2/N)# > R,? cosné 


n 


S;'(6) =—(2 N)§>5 Rosi’ sin(n+3)6 

S4/ (8) =(2/N)! > Raga? cos(n+4) 5 

Ss (6) =—(1/N) #0 { Raga sin(n+43) 8+ Rays sin(n+3) 5} 

Sol (6) =—(A/N) EDO f Rogan sin(n+4) (6+2m) + Rags Sin(n+3) (6+2n) }. (52) 


The internal symmetry coordinates, S(6)’s, are symmetric with respect to the twofold axis passing through the 
zeroth atom, whereas the coordinates S’(6)’s are antisymmetric with respect to this axis. The submatrices of the 
G(6) matrix expressed in terms of these internal symmetry coordinate vectors are 


G(R, Rit) = Ao*+24A)? cosd 

G(R3, R3') = Ao’ +2A;* cosé 

G(R, R3t) =2A1, cos(6/2) 

G(Re, Rot) = Bo? +2B,® cos 

G(R, Ry*) = Bo’+2B,* cos 

G( Ro, Ry!) =2Bi,2. cos(6/2) 

G(Rs, Rst) =Cot(Cie*+Cip’) cos(6/2) +2C; cosd+ (C322-+C32”) cos(36/2) 

G(Rg, Ret) =Co— (Cin +Cyp®) cos(8/2)+2C, cosd—(Cap°+Cy”) cos (38/2) 
’ G(Rs, Ret) =—(Cip2—Cip”) sin(6/2) + (C32*— C32”) sin(36/2) 

G(R, Rot) =2D,° sind 

G(R3, R,t) =2D,* sind 

G(R, Rt) =2D,,2 sin(6/2) 

G(R2, R3t) = —2 Ep sin(6/2) 

G(R, Rs*t) =23{ Fy cos(6/4) + F 34° cos(36/4) + F5)4° cos(56/4) } 

G(R3, Rs*t) =23{ Fi cos(6/4) + Psy? cos(36/4) + F5)4% cos(55/4) } 

G(R, Ret) =23{ — Fit sin(6/4) + F 34° sin (36/4) — Fs,4° sin(56/4) } 

G(R3, Ret) =23{ Fys° sin(6/4) — P37 sin (36/4) + Fs54% sin(56/4) } 

G(R, Rst) = —2 {Git sin(6/4) +Gs,4° sin(35/4) +G5,4° sin(56/4) } 

G( Rs, Rs!) = —2BAGiy? sin(6/4) +Gs4% sin (36/4) +G5,4% sin(56/4) } 

G(Ro, Ret) =2'{ —Gy4* cos(6/4) +Gs34° cos( 36/4) —Gsya® cos (56/4) } 

G(R, Ret) =23{Gy4" cos(6/4) —G34* cos (36/4) +G54* cos (55/4) }. 


The corresponding F matrix may also be factored just as the G matrix is factored. 
For the A; vibrations we have the internal symmetry coordinate vectors 


S1(0) = (1/N)# OR," 


n 


S3(0) = ( 1/N)*>> Resin" 


S(O) =(1/2N)# > (Raga Rnssys) 
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and for the A: vibrations we have the internal sym- 
metry coordinate vectors, 


Ss! (0) =(1/N)!>° Ra 


Sa (0) = (1/N) 9 D> Ragas 
Sol (0) =(1/2N)§ > (—Ragrut Rasa). (55) 


The submatrices expressed in terms of these internal 
symmetry coordinate vectors may be obtained by 
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substituting the value of 6=0 into the corresponding 


submatrices given in Eq. (53). 
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A general scheme is outlined for the calculation of the anisotropy of the polarizability and the depolar- 
ization ratio for alkane chains. Computed results are given for these quantities and also for the mean-square 
end-end distance and the mean-square radius, for chains of up to 10 carbon atoms. The effects of various 
weighting-factor approximations, of excluded volume, of temperature, and of trans-gauche energy difference 
are discussed. The theoretical and experimental depolarization ratios are compared and discussed. 


INTRODUCTION 


E are concerned with methods for, and results of, 

calculations of some expectation properties of n- 
alkanes. We assume that only configurations having 
staggered arrangements of bonds throughout need be 
considered; these are the configurations for which the 
carbon skeleton fits on a diamond lattice. Mizushima! 
has discussed this model at length. Some inaccuracy 
arising from the ignoring of intermediate nonstaggered 
configurations might be expected. However, balanced 
against this is the fact that nearly correct weighting 
factors may easily be employed, including symmetry 
numbers and moments of inertia—refinements which 
are neglected when formulas are obtained by integra- 
tion over internal rotation angles, using smooth rota- 
tional barriers. In addition, it is easy to take excluded 
volume effects into account; the geometrically im- 
possible configurations simply are omitted. 

We are concerned with expectation values of L’, 
the square of the distance from the first carbon atom to 
the last; of R?, the mean-square distance of the carbon 
atoms from the center of mass; of y? the square of the 
anisotropy of the polarizability, and of p the depolariza- 
tion ratio. For any configuration, calculations of the 
first two properties are so straightforward that no 
explanation need be given. The other two properties are 
defined by the equations 


y’=4[(A—B)?+ (B—C)?+(C—A)?] (1) 
p= 6y"/(45a+7y7"). (2) 


Here A, B, and C are the principal molecular polariza- 
bilities, and @ is their average. 

Stein and co-workers? have made theoretical calcula- 
tions of the depolarization ratio for n-alkanes through 
n-heptane. The C—C and C—H bond polarizabilities 
* Supported in part by the Standard Oil Company of California 
through a Predoctoral Reseearch Fellowship held by E. M. M., 
1957-1959. 

+ Present address: Department of Chemistry, University of 
California, Berkeley 4, California. 

1 Mizushima, Structure of Molecules and Internal Rotation 
(Academic Press, Inc., New York, 1954). 

2 (a) R.S. Stein, J. Chem. Phys. 21, 1193 (1953) ; (b) J. Powers, 
D. A. Keedy, and R. S. Stein, Office of Naval Research Tech. 
Rept. No. 11 (July 23, 1959). 


given by Denbigh,’ which are of doubtful validity,‘ 
were used. These bond polarizabilities entered the cal- 
culations at the beginning, and the principal polariza- 
bilities of the configurations were explicitly calculated. 
One of our purposes is to show that values for both 
polarizabilities need be introduced only at a later stage, 
and then in a linear combination such that there really 
is only one parameter. We will also show that the 
principal molecular polarizabilities need not be cal- 
culated. Thus it was very easy for us to extend the 
calculations to n-decane, which has 159 “allowed 
standard configurations” (see below), and vary the 
temperature, weighting factors, trans-stabilization, and 
polarizability parameter. 

The quantity 7’ is directly related to the Kerr con- 
stant. The following section will show that this quan- 
tity, and its expectation value, may be computed with 
surprising ease, 


ANISOTROPY OF A STAGGERED n-ALKANE 
CONFIGURATION 


In an earlier paper we showed (cf. Part I, Eqs. (19), 
(22), and the equation just below Eq. (22) ] that for a 
tetrahedral alkane 


y= 8 orre?(r, S=X, 9, z), (3) 


where 


Y= 4 oc( DF ;) re (4) 
cc 


lcc= st 0 laa 2ycu.- 


Here F; (summed over C—C bonds only) is 


transformed from the principal coordinate system for 
bond j to the reference Cartesian coordinate system 
3K. G. Denbigh, Trans. Faraday Soc. 36, 936 (1940). 
‘R. P. Smith and E. M. Mortensen, J. Chem. Phys. 32, 502, 
508 (1960). 
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employed; yoo and ycu are the C—C and C—H bond 
anisotropies. Since the carbon skeleton is assumed to 
fit on a diamond lattice, the cubic unit cell of the dia- 
mond lattice forms a convenient basis for the reference 
Cartesian coordinate system. In this sytem, every bond 
projects on every axis as 1 or —1 (written 1 for 
convenience), taking the C—C length to be v3. The 
vectors pointing along the C—C bonds, serially num- 
bered for simple identification, are 

O: 111 4: 

1: 111 

2: 111 6: 

3: 111 rf 

Referring every C—C bond directly to our chosen 
coordinate system, we find F; components as shown in 
Table I, using Eqs. (3), (4), and (15) of Part I of our 
previous work.‘ Note that the tensor components are 
the same for bonds having vectors pointing in opposite 
directions; i.e., the sense has no bearing on the polariza- 
bility. 
Now suppose there are m bonds of direction 0 or 4, 


n, bonds of direction 1 or 5, etc. Then we find, with the 


help of Table I and Eq. (4) 
Yx2= Yw = Y22=9 
Vey= Yy2= $l oc (Mo— m1 — N+ Ns) 
Ya2= Yex= 3100 (Mo— m+ M2— Ns) 
Yy2= Yey= 30 cc (Mot m— M2— Ns). 
On substituting into Eq. (3) and using the relation 


Not + Net n3=n— 1, 
where n is the number of carbon atoms, we find 


(5) 


y= AT cc’, 
where 


A= 3(ne+ne+ne+nz;") —4(n—1)*. (6) 


For any given configuration, the calculation of A is a 
trivial one; then y? may be calculated once a value of 
lec is decided upon. In calculating an expectation value 
of y?, one may first calculate the expectation value of 


TABLE I. F; components for the diamond lattice directions. 


Direction Fre= Fyy= Fee Foy =Fyz 


0,4 0 
L5 0 
2,6 0 
3,7 0 
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ALKANES 


butanes pentanes hexanes 


” 


f 21 


Fic 1. The configura- 
tions of butane, pentane, 


and hexane. propane 4 22 


Les 





32 





Ls 


A, a problem which does not require knowledge of bond 
polarizabilities, and then multiply by the selected value 
of Tec’. 

For any given configuration, Eq. (2) may be used 
for the calculation of p, once y? is determined. We 
obtained our values of & from the molar refractions 
given by Vickery and Denbigh.® 


THE CONFIGURATIONAL PROBLEM 


There is only one propane configuration. Imagining 
a third C—C bond to be added to form n-butane, this 
bond may point in any of three directions relative to 
the other two, consistent with the requirement of 
staggering of all bonds. Mizushima! has represented the 
isomer having a frans arrangement of C—C bonds by 7, 
and the two gauche forms, which are nonsuperimposable 
mirror images, by G and G’. We employ the equivalent 
numerical notation G’=1, T=2, G=3. When a fourth 
C—C bond is added, making n-pentane, the fourth 
bond forms, together with the two before it, a 1, 2, or 3 
configuration, so that nine configurations result, which 
may be denoted 11, 12, «++, 33 (Fig. 1); n-hexanes 
may be considered in the same way (Fig. 1), and so on 
for longer chains. 

It would be inefficient to make up lists in this way 
and to calculate properties of every configuration so 
listed, as there would be so many duplications as well as 
nonsuperimposable mirror ‘mages having the same 
dimensions, anisotropies, etc. For example, the pentanes 


5B. C. Vickery and K. G. Denbigh, Trans. Faraday Soc. 45, 
61 (1949). 
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TABLE II. Configurational information, m-butane through 
n-hexane. 


Standard 
configuration 
code 


Type Disallowed Weight 


11 
01 


11 
22 
01 


— he 
Wwnrnhdr Ne 
— hoe bd tm hM 
Neem Rh 


ee oe on ee al 
coe ee er ee 


may be grouped as follows: 


Type O01: 22 


type 11: 11, 33* 


type 02: 
type 22: 


Configurations 13 and 31 are identical, as are 12 and 
21. An asterisk indicates that the isomer is a nonsuper- 
imposable mirror image of the first isomer listed with 
the group. The type designations (01, 11, 02, 22) 
consist of a digit giving the number of asterisked 
(mirror image) isomers in the group, followed by a digit 
giving the number of nonasterisked configurations. It 
will be shown below that the same four type designa- 
tions are applicable to all configurations for longer 
chains also. When calculating most physical properties, 
it will suffice to calculate properties of one isomer from 
each group, if weighting factors 1, 2, 2, and 4, respec- 
tively, are used for types 01, 11, 02, and 22, respectively. 
The coding system used enables us to see immediately 
that the symmetry numbers o for the four types 
are 2, 2, 1, and 1, respectively, as an isomer with o=2 
will have a code which reads the same from right to left 
as from left to right. In general, the code for a mirror 
image isomer is found by subtraction of each digit of 
the original code from 4. We are now prepared to make 
some observations which hold for all staggered n- 
paraffin chains of four or more carbon atoms. These 
rules may best be seen by careful examination of Fig. 1 
and consideration of its extension to longer chains. 

(i) Type 01: There will always be one 2-++2 isomer 
with o=2 and weight 1, with no nonsuperimposable 
mirror images. 

(ii) Type 11: All other isomers with o=2 (11, 33, 
111, 333, 121, 323, etc.) occur in pairs of nonsuperim- 
posable mirror images, each pair occurring only once. 


E. 
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(ii) Type 02: Certain unsymmetrical (o=1) isomers 
have the property that mirror images are superim- 
posable. There is one such pair for pentanes (13, 31) 
and one for hexanes (123, 321). 

(iv) Type 22: The remaining o=1 isomers occur in 
sets of four, each set consisting of two subsets of two 
identical isomers, with isomers from different subsets 
being nonsuperimposable mirror images, as in the il- 
lustration for m-pentane above. 

With the above rules it is easy to construct a table of 
isomers with symmetry numbers and weights. Table II 
gives configurational information for butane through 
hexane. The “standard configuration codes” in the 
second column of the table are determined by grouping 
the configurations as we have done above for pentane, 
and then recording the smallest number from each 
group; for example, 12 is smaller than 21, 32, or 23. 
This means that the standard configuration codes are 
sequences of the digits 1, 2, 3 which are smaller when 
read forward than when read backward, and which are 
also smaller than the “reflected” (subtracted from 
4-++4) code read either forward or backward. The 
Burroughs 205 computer was programmed to generate 
the standard configuration codes sequentially on this 
basis, and Table II was thus extended through the 
n-decane configurations; the extended table has 881 
lines. The column in Table II headed “Disallowed” 
is explained in the following section. 


EXCLUDED VOLUME CONSIDERATIONS 


Assuming all C—C bond lengths equal and all bond 
angles tetrahedral, the carbon skeleton of any stag- 
gered alkane configuration may be superimposed on a 
diamond lattice. If we temproarily take the C—H 
and C—C bond lengths to be the same, the hydrogen 
atoms also fit on points of the diamond lattice. Then 
if two atoms have the same coordinates, the configura- 
tion will be physically impossible, or “disallowed.” 
Actually, the C—H bonds are shorter than the C—C 
bonds, but the atoms have finite sizes represented 
roughly by their van der Waals radii. Examination of a 
diamond lattice model makes it obvious that if two 
atoms have the same coordinates on the equal-length 
C—C and C—H model, then in the actual case there will 
be large overlapping of the van der Waals radii for any 
reasonable assignment of values to these radii. Therefore 
we have used the very convenient criterion that an 
isomer is disallowed if any two atoms have the same 
coordinates, assuming equal C—H and C—C iengths. 
Disallowed isomers in Table II are identified by 1 in 
the fifth column. 

The following equivalent criterion becomes apparent 
upon inspection of a diamond lattice model, and is 
easier to use, as it obviates the necessity of determining 
hydrogen coordinates. An isomer is disallowed if the 
square of the distance between any two carbon atoms 
separated by more than two C—C links is less than or 
equal to 8 in diamond lattice units where the edge of 
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the unit cell is 4 and the C—C bond length is v3. When 
the square distance is 8, hydrogens attached to the two 
carbons interfere. 

For 10 or fewer carbon atoms an equivalent criterion 
is that the disallowed isomers are those for which the 
standard configuration code shows a sequence of 13 
(or 31). For the end carbon atoms in this sequence of 
five atoms have bonds to interfering hydrogens, and 
chains with fewer than 11 carbon atoms cannot bend 
around enough to become disallowed without the 13 
sequence. Longer chains with this sequence are dis- 
allowed, but in addition other isomers are disallowed. 

In computing average properties, the disallowed 
isomers should be omitted. This is all that is necessary 
for handling the problem of “excluded volume”’ in this 
model. We have made calculations both including and 
omitting disallowed configurations in order to get an 
estimate of the error which will occur when the excluded 
volume problem is ignored. 


Fic. 2. The 11 pentane configuration fitted to the points of a 
diamond lattice, taking C—C and C—H distances to be equal. 


CALCULATION OF AVERAGE PROPERTIES 


For every standard configuration code represented 
in Table II (extended through n-decane) coordinates 
in the diamond lattice system were assigned to every 
atom, using 1.54 and 1.09 A for the C—C and C—H 
distances, respectively. This was an easy task, once 
vectors were assigned to the bonds. For example, 
Fig. 2 shows the 11 pentane configuration superimposed 
on a diamond lattice; here the C—C and C—H distances 
are temporarily taken to be equal. Starting from the 
left, the first two C—C vectors have arbitrarily been 
taken as 2 and 0, respectively, as may be done for any 
configuration. The following vectors are then deter- 
mined from the standard configuration code by table 
look-up operations. The complete vector sequence for 
the configuration shown in Fig. 2 is 2035. 

Using correct hydrogen coordinates, the center of 
mass was located, and J,J2/3, the product of the principal 
moments of inertia, was calculated in the usual way.® A 


6G. Herzberg, Infrared and Raman Spectra of Polyatomic 
Molecules (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1945), p. 509. 


POLARIZABILITY OF 


ALKANES 717 
TABLE III. Average square lengths (for various weighting fac- 


tors) as a function of temperature for a trans-gauche energy dif- 
ference of 0.8 kcal/mole. 








(1?) my (A®) 
T (°K) Eq. (8b) 


173.16 





13.98 
47.59 
100.08 


12.86 
20.68 
17 
.56 
5.66 
2a 


_ 
one 


298.16 


— —_ 
“uP ON COKNAUS 





is immediately determinable from the vector sequence. 
We have assumed that every frans arrangement of three 
C—C bonds stabilizes a configuration by a constant 
energy AE. The number of trans arrangements n; is 
simply the number of 2’s in the standard configuration 
code. For the ith configuration let w,; represent the 
factors in the partition function which are not the same 
for all configurations, and let W; represent the weight. 
Then the expectation value of a property P; is 


p_LuiPW wlexp(AE/RT) Pi 


: > W wexp(AE/RT) J f (7) 





Rotation will make the largest contribution to w,;; the 
smaller vibrational contribution was assumed the same 


TABLE IV. Mean-square radii (for various weighting factors) as 


a function of temperature for a trans-gauche energy difference of 
0.8 kcal/mole. 


( R?) ay (A?) 
Eq. (8b) Eq: (8c) 


T (°K) 





173.16 


— 


11 2.11 
84 .00 
38 64 


04 04 
98 05 
13 22 
46 58 
93 04 


-oo 65 


& 


— 
— 
—= oO 


af COmMNAUS ONE 
Oo 


DAUEPNNHM KUT 


_ 
CMON wnr 


= 


573.16 


ou CrHAWUPEPNN HPUNY 
one 


ou 


-— 
= 
—) 

© 


_ 
one 

Che 

ore 
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TasLe V. Comparison of A values for various weighting factors 
and temperatures for AE=0.8 kcal/mole. 


298.16 


TABLE VI. Depolarization ratio as a function of temperature and 
I'cc for AE=0.8 kcal/mole. 


100p 
as K 321.0 l'cc=1.7 Toc 
173.16 .63 
LY 4 
.56 


.79 
.62 
.59 


ww 


w< 


298.16 .53 
45 
.44 
44 
43 
41 
.39 


NNN NHN DW W 


45 
35 
.29 


37 
.26 
.20 


mr bd 
1 


— ee tO 


‘ABLE VII. Comparison of theoretical and experimental values for 
the depolarization ratio. 
100p 


Substance Theory Exptl, ref. 7 Exptl, ref. 


Ethane 8 .5-1.3 
Propane .28 .7-1.5 
Butane . .9-1.5 
Pentane 
Hexane 
Heptane 
Octane 
Nonane 


Decane 


E. 


M. MORTENSEN 





T= 298.16 °K 


allowed 
--------- disallowed 
——-— all configurations 











8 9 10 


; 
Bn? 


Fic. 3. Mean-square length as a function of number of carbon 
atoms for various trans-gauche energy differences at 25°C. 





AE =0.8 kcal 








J 


10 





Fic. 4. Mean-square length as a function of number of carbon 


atoms at various temperatures for a trans-gauche energy difference 
of 0.8 kcal/mole. 
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T= 298.16 °K Ac =12/ 
/ T= 298.16 °K Z 
/ AE=1.2 hcal-] 


allowed a —— allowed 
--- disallowed / /8/ --------~- disallowed 
———all configurations e. ——— all configurations 














1 1 i 1 


er < 9 10 


Fic. 5. Mean-square radius as a function of number of carbon 
atoms for various frans-gauche energy differences at 25°C. Fic. 7. A as a function of number of carbon atoms for various 
trans-gauche energy differences at 25°C 














AE =0.8 kcal i AE 


= 0.8 kcal 
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Fic. 6. Mean-square radius as a function of number of carbon Fic. 8. A as a function of number of carbon atoms at various 
atoms at various temperatures for a frans-gauche energy difference temperatures for a frans-gauche energy difference of 0.8 kcal/mole; 
of 0.8 kcal/mole. allowed configurations only. 
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"4 T= 298.16 °K AE = 0.8 kcal 


allowed 
-- disallowed 


/ oa ie configurations 


NA 











Fic. 9. Depolarization ratio vs number of carbon atoms for 
various I'cc values at 25°C and AE=0.8 kcal/mole. 


Then 


= (1Tels) t/o; 


for all configurations. 
(8a) 


It is of interest to determine how large an effect the 
moments of inertia and symmetry numbers have on the 
results. Therefore, we have also calculated average 
values using 

wi=1/0; (8b) 
and 
=1, 


W 


(8c) 
RESULTS 


Selected results for the three weighting factors, Eqs. 
[(8a)-(8c) ], are given in Tables III, IV, and V, 
respectively, for expectation values of L’, R’, and A, 
respectively. It will be observed that Eqs. (8a) and 
(8b) yield results in very close agreement, so that the 
lengthy calculations of J;J2J3 values could well have 
been omitted. At lower temperatures, Eq. (8c) gives 
somewhat worse results than Eq. (8b), so that the easily 
calculated: symmetry numbers influence the average 
results more than do the moments of inertia. At higher 
temperatures, all three weighting factors yield results 
in close agreement. ‘‘Disallowed” configurations have 
been omitted in obtaining the results given in these and 
the following tables. The value AE=0.8 kcal/mole is 
reasonable.! 

For the more correct weighting factor Eq. (8a), 
various values of Tec were chosen and corresponding p 
values were calculated; selected results are presented 

1 Table VI. The intermediate value 1.7 A*® was ob- 
tained by us earlier as the best value in a best-fit 
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study of selected polarizability data. For this value, 
Table VII summarizes our theoretical depolarization 
results for 25°C; the experimental values selected by 
Stuart’ and the more recent data of Powers, Keedy, 
and Stein” are given for comparison. 

Figures 3-10 present a cross section of our computed 
results as functions of chain length, temperature, and 
AE. Also, some expectation values are given for allowed 
configurations only, for disallowed configurations only, 
and for all configurations averaged together. As would 
be expected, the mean-square lengths and radii are 
larger when disallowed configurations are omitted, since 
the disallowed configurations are the “curled up” 
ones. As a check on the calculations, the (1?) values 
for allowed and disallowed together have been verified 
to be in agreement with the general formula’ which may 
be derived if the excluded volume problem is ignored. 

The theoretical depolarizations agree well with the 
older experimental values and, except for ethane and 
heptane, with the newer values. For room temperature, 
theory ‘predicts little variation in depolarization with 
chain length from propane through decane; from Fig. 9, 
it is evident that theory will predict this constancy even 
for somewhat different values of Toc, though the actual 
values will be different. Table VII shows that this is in 
agreement with the older data, but the newer data of 





3.0 


Tec = 1.7 AE=0.8 kcal 








5 


v 


0. 





Fic. 10. Depolarization ratio vs number of carbon atoms for 
various temperatures with values of parameters as indicated. 
7H. A. Stuart, Die ed des Freien Molekuls (Springer- 
Verlag, Berlin, 1952), p. 3 

8R. P. Smith, 7: Chem. Phys, 33, 876 (1960). 
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Powers, Keedy, and Stein show an increase by a factor 
of about two through this series. It appears that more 
theoretical and experimental work is needed to resolve 
this problem. As pointed out by Keedy, Powers, and 
Stein,’ it may be that Toc is not constant through this 
series—in other words, bond-polarizability components 
may depart widely from following an additivity rule. 
As Stein? has pointed out, it would be of value to have 
measurements of the temperature dependency of the 


®D. A. Keedy, J. Powers, and R. S. Stein, J. Appl. Phys. 31, 
1911 (1960). 
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depolarization. This would make possible a test of the 
predictions of Fig. 10. 
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An investigation has been made of the major contributions which make up the relative chemical shifts 
in CH;X and CH;CH2X compounds. In order to obtain more detailed information, both the carbon and 
hydrogen chemical shifts were measured. The carbon shifts were obtained by measuring natural abun- 
dance C resonances in the pure liquids; the H' resonances were measured on gaseous samples to avoid 
solvent effects. The results reveal surprisingly large contributions to both C and HI! shifts arising from 
magnetic anisotropy effects of the X substituent. In CH;X compounds, the contribution to the proton 
shifts is negative while that to the C® shifts is positive. In CH;CH2X compounds, these effects contribute 
to the resonance shifts of carbon and hydrogen nuclei in both the methylene and methyl group. When such 
contributions are allowed for, an approximate correlation with the electronegativity of X can be obtained, 
indicating that inductive effects, together with anisotropy effects, account for the major part of the rela- 
tive chemical shifts in these molecules. The quantitative determination of inductive parameters of sub- 
stituents from chemical shift data is, however, somewhat limited. The presence of a large magnetic anisot- 
ropy within the molecule also affects the nuclear resonance shifts of neighboring molecules and gives rise 
to a “solvent dilution shift’’; for the C’ resonance of CHI this amounts to 7.3 ppm. 


I. INTRODUCTION 


ie simple alkyl-substituted compounds, the chemical 
shifts of the a carbon, as well as those of the protons 
bonded to it, may be expected to be directly related to 
the inductive effects of the substituent. A simple rela- 
tionship of this kind would be of great value in molecu- 
lar structure determinations by nuclear magnetic 
resonance methods. However, previous attempts’ to 
relate the measured chemical shifts in alkyl-X com- 
pounds with the electronegativity of the X substituent 
have been only partially successful, and a general sys- 
tematic correlation with electronegativity was not 
found possible. Thus, for example, in halogen-substi- 
tuted ‘compounds, the observed shifts frequently bear 
no apparent relationship to the inductive effects of the 
halogen substituents. In the methyl halides, the proton 
resonances appear to follow the expected trend with 
electronegativity, the protons in CH;Cl being less 
shielded than in CHs3I. However, this trend is completely 
reversed in the isopropyl halides.‘ Similar anomalies 
have been observed in F!’ and C® resonances of halogen- 
substituted compounds' *? and it is therefore apparent 
there are other major contributions to the chemical 
shift which completely obscure the inductive effects. 
These contributions have not been satisfactorily ex- 


* Issued as NRC No. 6364. 

+ National Research Council Postdoctorate Fellow 1959-61. 

1. H. Meyer and H. S. Gutowsky, J. Phys. Chem. 57, 481 
(1953). 

2B. P. Dailey and J. N. Shoolery, J. Am. Chem. Soc. 77, 3977 
(1955). 

3A. L. Allred and E. G. Rochow, J. Am. Chem. Soc. 79, 5361 
(1957). 

4A. A. Bothner-By and C. Naar-Colin, J. Am. Chem. Soc. 80, 
1728 (1958). 

5A. A. Bothner-By and C. Naar-Colin, Ann. N. Y. Acad. Sci. 
70, 833 (1958). 

6 P. C. Lauterbur, Ann. N. Y. Acad. Sci. 70, 841 (1958). 

7G. V. D. Tiers, J. Am. Chem. Soc. 78, 2914 (1956). 


plained; they have been variously attributed to partial 
double-bond character of the C—X_ bond,!* to diamag- 
netic anisotropy of the C—C bond and possibly also of 
the C—X bond,' and to repulsion effects.? The present 
work was undertaken in an attempt to obtain a better 
understanding of the chemical shifts in alkyl-substi- 
tuted compounds generally. The measurements were 
largely confined to CH;X and CH;CH2X compounds, 
and in order to obtain more detailed information, both 
C and HI! resonance shifts were measured. 


II. EXPERIMENTAL RESULTS 


1. Proton Resonances 


Since proton resonance shifts are peculiarly sensitive 
to solvent effects,* it was essential for the present pur- 


pose to obtain the “isolated molecule” shift for each 
compound. This can be achieved most directly by carry- 
ing out the measurements in the gaseous state. By the 
use of vacuum techniques, the samples were condensed 
into 5 mm o.d. Pyrex glass tubes. The amount of sample 
used in each case was measured so as to yield a pressure 
of 5 atm when completely vaporized. Methane gas was 
also added to each sample tube to a partial pressure of 
5 atm. This provided the internal reference signal for 
the chemical shift measurements. The latter were 
carried out in the usual way by superimposing the side- 
band of the signal being measured on that of the refer- 
ence methane, exact superposition having been deter- 
mined by maximizing the signal amplitude on the paper 
recorder on slow back-and-forth traversals of the signal. 
The sideband (modulating) frequency was measured 
by a frequency counter. While these procedures are 
generally capable of greater precision, the accuracy of 


8A. D. Buckingham, T. Schaefer, and W. G. Schneider, J. 
Chem. Phys. 32, 1227 (1960). 
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CHEMICAL SHIFTS IN CH;X AND CH;CH:X 


TABLE I. Proton chemical shifts of gaseous CH;X and CH;CH2X compounds referred to CH, gas* (in cps at 60 Mc/sec). 





CH;X 


Compound Temp (°C) Proton shift (cps) 


Compound 


CH3;CH2X 


Proton shift (cps) 


Temp (°C) CH. CH; 





CH,(CH3H) 
CHF 
CH;Cl 
CH;Br 
CHI 
(CH3)20 
(CH3)3N 
(CH3)4C 


CH;CHLF 40 
CH,CH,CI 

CH;CH.Br 

CH,CHiI 

(CH;CH2),0 

(CH;CH2);N 

(CHsCH2)«C 


(CH;CH2) H 


CH;CH3 

(CH3)2S 

CH;CN 

(CH3)2CO 

CH;CHO 122 

CH;NO2 166 

(CHs) 4Si 100 + 8. 
(CH) «Ge 120 0 
(CH) «Sn 100 + 6.0 
(CH3)4Pb 170 — 34.0 


CH;CHeCH2CHs; 
(CHsCH2)2S 
CH;CH2CN 


(CH;CHg) «Si 


(CH;CH2)4Pb 145 


® Positive shifts indicate higher proton screening than that of the reference proton; negative shifts, lower screening. 


the present chemical shift measurements was about 
+0.5 cps. The reason for this was that the reference 
methane signals were about four times as broad as those 
of most of the compounds measured, due to the smaller 
spin relaxation time of methane protons.’ This permit- 
ted unambiguous assignment of the signals, but it 
limited the ultimate precision of the chemical shift 
measurements. (Use of ethane® instead of methane as 
the reference gas would overcome this difficulty). 

The results of the chemical shift measurements are 
summarized in Table I. To bring about complete vapor- 
ization, the majority of the samples had to be heated 
above room temperature. The temperature at which the 
measurement was made in each case is shown. Heating 
of the samples in the spectrometer probe assembly was 
carried out as described previously.!° 


2. C'® Resonance Measurements 


The carbon chemical shifts were obtained by measur- 
ing natural abundance C™ resonances, using dispersion 
mode and rapid passage conditions as described previ- 


® The value of 7; for methane gas, recently measured by M. 
Lipsicas-Lipschitz [Ph.D. thesis, University of British Columbia, 
Vancouver (1960) ], is 0.02 sec, and that of ethane gas, 0.2 sec. 

0 W. G. Schneider, H. J. Bernstein, and J. A. Pople, J. Chem. 
Phys. 28, 601 (1958). 


ously by Lauterbur." A fixed measuring frequency of 
15.1 Mc/sec was used. The sample container, illustrated 
in Fig. 1, consisted of two concentric, thin-walled spher- 
ical bulbs. The small inner bulb, 0.2 cc in volume, 
contained the reference liquid dimethyl carbonate 
enriched to 50% C* in the carbonate group plus a small 
amount of Fe!!! acetylacetonate. The latter served to 
shorten 7, to yield a narrower line, making possible 
high-power audiomodulation for calibration purposes. 
The outer bulb, which contained the sample to be 
measured, had a volume of ~1.5 cc. The whole sample 
container assembly was aligned in a lathe and provided 
with a glass tip at its lower end to permit spinning of the 
sample within the rf coil. Because of the appearance of 
some “spinning noise”, sample spinning did not signifi- 
cantly improve the over-all signal-to-noise ratio, but 
some line narrowing, about 20-25%, was realized and 
provided an improved resolution of closely spaced lines. 

Since essentially rapid passage dispersion signals 
(with some saturation) are observed, the actual line 
position must be obtained from the mean of forward 
and reverse field sweeps. To minimize errors in line posi- 
tion caused by variations in sweep rate and saturation 
effects, the average of five forward and reverse sweeps 


4 P. C, Lauterbur, J. Chem. Phys. 26, 217 (1957). 
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Fic. 1. Sample holder assembly. A, 15 
mm rf coil insert; B, spherical sample con- 
tainer; C, inner sphere for reference liquid; 
D, small tangential blow-holes; E, 40 mil 
tungsten wire; G, Teflon ring; H, Bakelite 
bearing. 





was normally taken. On this basis, the reproducibility 
of the final chemical shift measurements is about +5 
cps or +0.3 ppm. 

The samples were ordinarily measured in the form of 
the neat liquids, a condition imposed by the low (1%) 
natural abundance of C™. This raises the question of 
possible influence of solvent effects on the chemical 
shifts so measured. Because the carbon shifts are gen- 
erally at least an order of magnitude larger than the 
proton shifts in the same compounds, such effects may 
be expected to be relatively less important in carbon 
resonance measurements. To check this point, solvent 
dilution shifts were measured for two compounds for 
which such shifts may be expected to be largest. For 
reasons which will become apparent in the following 
section, the compounds chosen were CH3I and CH3Br. 
Using samples enriched to 72% in C®, the neat liquid 
was placed in the inner sphere of the sample container, 
while the outer sphere contained a 5 mole-% solution in 
cyclohexane. The C" resonance of the solution was dis- 
placed to high field relative to that of the neat liquid by 
7.3 ppm for CH;I and by 3.6 ppm for CH;Br. (For 
comparison, the corresponding displacement of the pro- 
ton resonance of CH;I on dilution was found to be 
approx 0.5 ppm.) Figure 2 shows the C® spectrum ob- 
tained for the CHI experiment, each C™ resonance line 
being split into a quartet by the three protons of the 
methyl group. Since spherical samples were employed, 
these results are not influenced by bulk susceptibility 
effects. It appears, therefore, that for molecules contain- 
ing highly anisotropic groups local magnetic interactions 
may cause an appreciable shift of the C® resonances 
well in excess of the accuracy of the measurements. For 
the remaining compounds measured, such effects may 
be expected to be much smaller, generally not exceeding 
1 ppm and no corrections were attempted. The gaseous 
compounds, CH;F and CH,, which were isotopically 
enriched to 70% C®, were measured in the form of a 5 
mole-% solution in cyclohexane using the triplet C¥ 
resonance of the solvent as a secondary reference. 

The complete results of the C® resonance measure- 
ments are summarized in Tables II, III, and IV. Table 
V shows the measured carbon-hydrogen spin-coupling 
constants for the CH;X compounds. For comparison, 


AND 
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some previous values reported by Lauterbur'' are also 
listed, together with the values obtained by Muller and 
Pritchard” by measuring “C™ satellite lines” in the 
corresponding proton resonance spectra. 


III. INTERPRETATION OF RESULTS 


1. Magnetic Model for Alkyl-X Compounds 


The nuclear screening by electrons of carbon and 
hydrogen nuclei in alkyl-X compounds are most con- 
veniently considered as the sum of a number of local or 
“atomic” contributions, as discussed previously by 
Saika and Slichter,"* Pople,“* and McConnell": 

(i) Contributions arising from the electron charge 
distribution surrounding the nucleus being measured. 

(ii) Contributions arising from the electron charge 
distributions of neighbor atoms in the molecule. 

Both of these contributions may cause a diamagnetic 
or paramagnetic shift of the nuclear resonance. The 
diamagnetic part of contribution (i) arises from the 
total electronic charge distribution of the atom con- 
cerned, which depends in turn on the degree of hybridi- 
zation of bonding orbitals and on the inductive effects 
of neighbor atoms. For the series of compounds being 
considered here, the degree of hybridization of the car- 
bon orbitals may be regarded as approximately con- 
stant. Hence, there will be a diamagnetic contribution 
to the chemical shift related simply to the electronega- 
tivity of the X atom. In a CH;X compound this effect 
will of course be greatest at the C atom and considerably 
attenuated at the H atoms, which are one bond further 
removed from the X substituent. The paramagnetic 
part of contribution (i) is generally small for protons." 
For carbon atoms this contribution may be expected to 














+Ho 





c'?H3I neat 


Te Be er 
ee c'3H,I 5Mol.% in Cyclohexane 


Fic. 2. C resonance spectrum of CH;,I pure liquid, contained 
in inner sample bulb, and of C¥H,I diluted to 5 mole % in cyclo- 
hexane, which was contained in outer sample bulb. Forward- and 
reverse-sweep spectra are shown. 


%2N. Muller and D. E. Pritchard, J. Chem. Phys. 31, 1471 
(1959). 

18 A. Saika and C. P. Slichter, J. Chem. Phys. 22, 26 (1954). 

4 J. A. Pople, Proc. Roy. Soc. (London) A239, 541 (1957). 

18H. M. McConnell, J. Chem. Phys. 27, 226 (1957). 

16 N. F. Ramsey, Phys. Rev. 78, 699 (1950). 
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TABLE II. C chemical shifts of CH;X compounds. [Ay in cps referred to (CH;0)2C#O and 6 in ppm referred to benzene. ]* 








Compound Av 





2404 
1234 
1996 
2230 
2709 
1475 
1661 
1530 
1895 
2377 


CH, 

CH;F 

CH;Cl 

CH;Br 

CH;I 

(CH3)20 
(CHs3)3N 
(CH;).N*Br- > 
(CHs)4C 
(CHs) Si 








Compound 





(CH;) «Ge 
(CHs)4Sn 
(CH3)4Pb 
(CH3)2S 
(CH;)2SO 
CH;NO2 
(CH3)2CO 
CH;CN 
CH;CHO 


® C13 shift of benzene referred to (CHs0)2C'%0=28.4 ppm (benzene signal at high field). 


b Measured in aqueous solution. 


be much larger, although no quantitative estimate of 
its magnitude has been possible. 

Contribution (ii) will affect the chemical shifts of 
both the carbon and hydrogen nuclei because of the so- 
called “neighbor-anisotropy effect,’ previously dis- 
cussed by Pople’? and McConnell.” This effect has its 
origin in the field-induced diamagnetic or paramagnetic 
circulation of electrons on the X atom (or C—X bond). 
The secondary field so produced will have a component 
at a neighboring nucleus being measured. If the mag- 


TABLE ITI. C8 chemical shifts of CH;CH2X compounds. 
[Av in cps referred to (CH;0)2C¥%O and 6 in ppm referred to 
benzene.* ] 


CHz 


Compound 


2283 
2152 
2102 
2064 
2022 
2114 
2164 114.9 
2259 121.2 
2306 124.3 
2279 122.5 
2206 117.7 
2132 112.8 
2134 112.9 


CH;CH2F 
CH;CH2Cl 
CH;CH2Br 
CH;CH2I 
(CHsCHe2)20 
(CH;CH2)3N 
(CH;CH2)«N*Br> 
(CH;CH2)«C 
(CHsCH2),Si 
(CH;CH2) «Sn 
(CH;CH2)4Pb 
(CH;CH2)2S 


49.4 
89.3 
100.3 
126.7 
61.3 
80.5 
76.1 
103.6 
126.7 
128.8 
117.9 
102.2 


2342 
2374 
2209 
1972 








® C!8 shift of benzene referred to (CH:0)2C'"%O=28.4 ppm (benzene signal at 
high field). 
b Measured in aqueous solution. 


17 J. A. Pople, Proc. Roy. Soc. (London) A239, 550 (1957). 


netization of the X atom (or group) is highly aniso- 
tropic in character, the component of the secondary 
field at a neighboring nucleus will not be averaged to 
zero by molecular rotations and will make a contribu- 
tion to the measured chemical shift of this nucleus. The 
type of approximate molecular model, which is consist- 
ent with the experimental data, is schematically illu- 
strated in Fig. 3 for the case of CH;CH2I. Since the 
C—I bond has cylindrical symmetry, free diamagnetic 
circulation of electrons occurs when the bond axis is 
oriented in the direction of the applied field Ho [Fig. 
3(a) ]. Because of the large orbital radius of the iodine 
electrons, a large secondary field is generated which 
may be crudely represented by a magnetic point-dipole 
located in the C—I bond. The direction of the resulting 
local fields at each of the carbon and hydrogen nuclei, 
indicated in the figure, is such that the C® resonance of 
the a carbon will be displaced very much to higher field, 
while that of the a protons and 8 protons, as well as the 
8 carbon, will be displaced to lower field. 

When the applied field is directed at right angles to 
the C-I bond, free diamagnetic circulation is highly 
hindered, so that in this orientation the resulting local 
fields are small. Thus averaging over all orientations 
will result in net displacements of the resonances as 
above. The diamagnetic anisotropy, Ax=x\|—x1,; 
where x); and x, are the magnetic susceptibilities para- 


TABLE IV. C chemical shifts of methyl-substituted methanes. 
(6 in ppm relative to benzene) 








Methyl carbon 


Compound Center carbon 





CH, 
H;CCH; 
H2C (CHs)2 
HC(CHs)s 
C(CHs)« 


130.8 
122.8 
110.9 
103.9 
101.1 


130.8 
122.8 
111.3 
103.9 

97.1 
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TasBLeE V. C8—H spin coupling constants in CH;X compounds 
(in cps). 


Present 
Compound measurements 


Muller and 


Lauterbur! Pritchard” 


CH, 2 125 


CHF 

CH,;Cl 

CH;Br 

CHI 

(CH;)20 

(CH3)3N 

(CH3)4N* 

(CHs)4C 

(CH) 4Si 

(CH;) «Ge 

(CH) 4Sn 

(CH3)4Pb 

(CH3)2S 

CH;CH; 

(CH;)2SO 

CH;NO2 155 
(CHs)2CO 133 
CH;CN 134 
CH;CHO 128 127 


llel and perpendicular to the bond axis, has a large 
negative value. For a simple magnetic point-dipole 
approximation, the resulting contribution to the screen- 
ing constant o is given by © 


Ao = (Ax /3R*) (1—3c0s"6), (1) 


where R and @ define the position of the nucleus under 
consideration relative to the position of the point dipole 
and the bond axis, as indicated in Fig. 3. This simple 
approximation is only valid if R>>r, where r is the orbital 
radius of the anisotropic group. For the larger halogen 
atoms, this condition is not fulfilled and a detailed 
quantum mechanical description” is necessary, although 
at present a quantitative treatment is not possible for 
relatively complex molecules. It may be noted from (1) 
that Ac is zero when @ is 54°45’, and that it will be posi- 
tive or negative depending on whether @ is larger or 
smaller than this value. However, it is not possible to 
predict a priori the sign of Ao for the a protons and the 
8 carbon and 8 protons (the methyl group is assumed to 
be freely rotating) from the molecular geometry. Even 
assuming Eq. (1) to be approximately valid, the result 
depends on where the point dipole is to be located in 
the anisotropic group. However, the experimental data 
are consistent and leave little doubt that Ao is negative 
for all nuclei except the a-carbon atom. 


Re WS. 4G". 
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Thus far, only the contributions to Ax arising solely 
from diamagnetic electron circulation in the X sub- 
stituent have been considered. In many compounds a 
comparable, or even greater, contribution to Ax arises 
from paramagnetic electron circulation in the X sub- 
stituent due to field-induced mixing of excited states. 
In the present example, because the C—X bond is 
cylindrically symmetrical, there will be a zero con- 
tribution to x, but a large positive contribution to 
xi LFig. 3(b) ]. Thus Ay is very much enhanced. For 
substituents such as N, S, O, NOe, HCO, etc., the 
magnetic anisotropy of X may be expected to be domi- 
nated by the paramagnetic contributions. On the other 
hand, if the electron distribution about the X atom is 
symmetric, as for example in the tetrahedral com- 
pounds, CHy, C(CHs3)4, Si(CHs3)4, etc., Ay is zero and 
the neighbor anisotropy effect is absent. According to 
the present model, for molecules of this type a simple 
correlation of the screening constants (chemical shifts) 
of C® and H' nuclei with the electronegativity of the 
X substituent may be anticipated. 


III. Comparison with Experiment 


A. CH3X Compounds 


Figure 4 shows the proton chemical shifts of CH3X 
compounds plotted against the electronegativity of the 
X substituents.'* Compounds in which the neighbor 
anisotropy effect is appreciable will give rise to points 
in this plot which deviate from the simple electronega- 
tivity correlation line. This is particularly striking for 
the compounds CH;I, CH;Br, CH;Cl, and (CHs3).S, 
for which the deviations are negative, in agreement 
with the assumed model. The deviation of the points 
from the correlation line may be taken as a relative 
measure of the neighbor-anisotropy contribution. 

Figure 5 shows the corresponding plot of the C% 


Fic. 3. Magnetic fields in CH;CH2I induced by the applied 
field Ho. 


'8 Electronegativities used are so-called “best values” compiled 
by D. E. Pritchard and H. A. Skinner, Chem. Rev. 55, 745 (1955). 
They differ little from the original Pauling scale [L. Pauling, 
Nature of the Chemical Bond (Cornell University Press, Ithaca, 
New York, 1960) ]. 
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resonances.'® Here the neighbor-anisotropy effect causes 
positive deviations conforming with the model (Fig. 3). 
The anisotropy contributions to the carbon resonance 
is relatively much larger than to the protons in the same 
compound, which are 1 bond further removed from the 
anisotropic center. In the compounds (CHs)3N, 
(CH3)20, and CHF, for which no appreciable aniso- 
tropy contributions to the proton shifts were apparent, 
there is a considerable contribution to the C™ shift.”° 

As would be anticipated, the largest neighbor- 
anisotropy contribution, amounting to 54 ppm, occurs 
in CHglI. This satisfactorily accounts for previous obser- 
vations"! *! that the largest C“ screening constants tend 
to occur in compounds in which iodine atoms are 
bonded to carbon. This is further supported by the C” 
measurements of a series of methyl- and halogen-sub- 





c® SHIFTS (ppm from benzene) 








n 1 
25 3.0 


ELECTRONEGATIVITY 
+2.0 








Fic. 5. The C' chemical shifts of CH;X compounds plotted 
against the electronegativity of X. 


atom, it may be anticipated that, as the H atoms of 
methane are successively replaced by these substituents, 
the C™ resonance would be progressively displaced to 
lower field (lower screening). The measurements show 
this trend is approximately followed with methyl and Cl 
substitution, but the trend is reversed with increased 
Br substitution and is completely contrary with I sub- 
stitution. These results are satisfactorily interpreted in 
terms of an increasing neighbor-anisotropy contribution 
to the carbon shift as more halogen atoms are added to 
the molecule. As the size of the halogen atom increases 
and it electronegativity decreases, the anisotropy con- 
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Fic. 4. Proton chemical shifts of CH;X compounds vs the elec- 
tronegativity of X. (The X substituent is identified in each case.) QO LAUTERBUR 
© PRESENT 
stituted methanes shown in Fig. 6. In this plot some MEASUREMENTS 
measurements reported by Lauterbur® have been in- 
cluded. Since the methyl group and the halogen atoms, 
Cl, Br, and I, are each more electronegative than the H 


19 The electronegativity correlation line in this plot is obviously 
not as well established as in the corresponding proton plot. 
Lauterbur® has previously pointed out a nearly linear correlation 
of the C" resonances of tetramethyl compounds with the elec- 
tronegativity of the central atom. The inclusion of the (CH;),N* 
ion in such a correlation may be questioned. The fact that its 
C resonance falls near the correlation line is surprising in itself. 
The small positive deviation of the CH, point appears real. If 
the correlation line were made to pass through the CH, and 
C(CHs),4 points, the indicated anisotropy contribution for CH;F 
would then obviously be much too large. The correlation line 
shown in Fig. 5 gives the best overall consistency with the experi- 
mental data, but its approximate nature must be emphasized. 

2 The direction and relative magnitudes of the C™ shifts in $0 | Oo” ct 
these compounds parallel the corresponding proton shifts of the aoa. 
hydride molecules, NH;, HO, and HF, for which anisotropy Q i l L 


contributions have been calculated theoretically. (See reference CX4 CHX, CH,X— CH 5X CH, 


17.) 
21C. H. Holm, J. Chem. Phys. 26, 707 (1957). 
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I'1c. 6. The C® chemical shifts of some substituted methanes. 
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Fic. 7. The C8 chemical shifts of CH;CH2X compounds plotted 
against the electronegativity of X. 


tributions to the carbon screening constants dominate 
those arising from electronic inductive effects. 


B. CH;CH2X Compounds 


The C® and H' chemical shifts of both the methylene 
and methyl groups of a series of CH;CH2X compounds 
plotted against the X electronegativity are shown in 
Figs. 7 and 8. As may be expected, the results for the 
a carbon and the a protons are very similar to those of 
the CH;X compounds, and the slopes of the electro- 
negativity correlation lines are similar. However, the 
actual magnitudes of the shifts of the a carbon and a 
protons are somewhat less than those of the correspond- 
ing CH;X compounds. This is a result of the greater 
electronegativity of the CH; group as compared to an 
H atom, the CH;CH2X compound being regarded as 
resulting from the replacement of an H atom in the cor- 
responding CHsX compound by a CH; group. From 
Figs. 4 and 5, the resonance shift to be expected by this 
replacement is —0.67 ppm for protons and —8.0 ppm 
for C8, The measured results (cf. Tables I, I, and IIT) 
scatter considerably from these values, and to this ex- 
tent quantitative correlations of the present type break 
down. 

As in the results for the CH;X compounds, magnetic 
anisotropy contributions of the X substituent are 
evident in the plots shown in Figs. 7 and 8. These are 
particularly prominent in ethyl chloride, bromide, and 
iodide, for which the individual points have been joined 
by dotted lines. For the a carbon and a protons, the 
deviations from the correlation line are similar to those 
for the CHs;X compounds, being to high field for the C¥ 
resonances and to low field for protons. Of particular 
interest, however, is the definite indication of magnetic 
anisotropy contributions at both the 6 carbon and B 
protons (methyl group). Since the inductive effects of 
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the X substituent are largely absent at the methyl 
group, the dotted line joining the proton resonances for 
the 8 protons of ethyl chloride, bromide, and iodide has 
a negative slope, the anisotropy contribution decreasing 
in the order I>Br>Cl. This is also the case for the 
8-carbon resonances, and it is to be noted particularly 
that both the 8-carbon and §-proton resonances are dis- 
placed to low field, in agreement with the assumed 
model. Moreover, because the anisotropy contribution 
causes a high-field shift of the a-carbon resonance, and 
a low-field shift of the B-carbon resonance, the dotted 
lines in Fig. 7 joining the points for these resonance 
shifts actually cross; thus in CH;CH:I, the a-carbon 
resonance appears at higher field than that of the 6 
carbon. ' 

A further feature of the plots shown in Figs. 7 and 8 
is that the correlation lines for a and 8 protons, and for 
a and 8 carbons, cross at an electronegativity value 
near 2.0. Such a crossing may be expected if the induc- 
tive effects of the substituent influence the a nuclei, but 
not those of the methyl group. Actually the correlation 
line for the methy] resonances of both C® and H! shows 
a small residual slope. It is not possible to say whether 
this arises from residual inductive effects or magnetic 
anisotropy effects. As a result of the crossing-over of the 
two correlation lines, the proton and carbon resonances 
of the methyl group should lie at lower field than those 
of the methylene group when the effective electronega- 
tivity of the X substituent is less than 2.0. This was 
first observed experimentally in the proton resonance of 
tetraethyl lead and triethyl aluminum by Baker.” Simi- 
lar results were observed in the present measurements 
for the C¥ resonances of tetraethyl Si, Sn, and Pb. 





PROTON SHIFT (ppm relative to CH,) 











| 1 
25 3.0 
ELECTRONEGATIVITY 


Fic. 8. The H! chemical shifts of CH;CH2X compounds plotted 
against the electronegativity of X. 


2 FE. B. Baker, J. Chem. Phys. 26, 960 (1957). 
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The proton data for the ethyl compounds shown in 
Fig. 8 afford some insight into the empirical relation 
previously proposed by Dailey and Shoolery?: 


Electronegativity of X=0.695 (6cn,—48cn,)+1.71. (2) 


Here (écu,—4cn,) is the difference in chemical shift 
between the protons in the methyl and methylene 
groups. This formula, which also predicts a cross-over 
(at electronegativity 1.71), has been moderately suc- 
cessful for a variety of substituents, although its physi- 
cal basis has remained obscure. The constants of the 
equation were fitted using only the data of the four 
ethyl halides (X=F, Cl, Br, I.). However, it is evident 
from Fig. 8 that for these compounds there are large 
anisotropy contributions to the proton shifts which are 
not present in other ethyl compounds. It is also apparent 
that the anisotropy contributions to den, and dcr, in the 
ethyl halides are in the same direction and of compar- 
able magnitude. Thus, on taking the difference (6cn,— 
dcu,), these effects are largely cancelled. The approxi- 
mate validity of Eq. (2) would appear to rest on this 
fortuitous cancellation. 


C. Methyl and Ethyl Compounds 
of Group IV Elements 


The C® and H!' resonance shifts of the tetramethyl 
and tetraethyl compounds of C, Si, Ge, Sn, and Pb are 
listed in Tables I, II, and III. Since magnetic aniso- 
tropy contributions to the central atom should be absent 
in the C® and H! shifts, it was originally intended to 
employ the latter to establish the effective electronega- 
tivities of Si, Ge, Sn, and Pb relative to that of carbon. 
Attempts to employ proton resonances in this manner 
have been previously reported by Allred and by 
Brown and Webster.” However it was not found possi- 
ble to establish a wholly self-consistent set of values 
from both C® and proton resonances from correlation 
plots such as those shown in Figs. 4 and 5. The individ- 
ual results, together with those of previously reported 
values are listed in Table VI. The discrepancy is largest 
for the higher members in the series, Sn and Pb. In the 
alkyl compounds of these metals it would appear the 
proton and carbon shifts are altered in a different man- 
ner by the central atom. This is borne out by the fact 
that in tetraethyl lead the proton shifts in the methyl 
and methylene groups are equal (within experimental 
error), whereas the corresponding C™ shifts differ by 
5.1 ppm. Moreover, the spin-coupling constant of the 
protons in the CH; group with the lead nucleus (Pb””) 
is. considerably /arger than that of the protons in the 
CH: group,” indicative of rather unusual bonding 
orbitals. 


23 A. L. Allred and E. G. Rochow, J. Inorg. & Nuclear Chem. 5, 
269 (1958). 

*M. P. Brown and D. E. Webster, J. Phys. Chem. 64, 698 
(1960). 
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TABLE VI. Electronegativity data of group IV elements. 


From 7! 
resonances 


Pritchard 
and 
resonances Skinner 


Allred and From C% 
Rochow 


Present 


data Pauling* 





2.60 2.60 2.5 
2.03 1.90 29 
2.1 2.00 1.85 
2.05 1.93 72 
Pb 2.35 2.45 


2.5-2.6 2.6 
1.8-1.9 1.8 
1.8-1.9 1.8 
1.8-1.9 1.8 





1.82 1.8 1.8 


® L. Pauling, Nature of the Chemical Bond (Cornell University Press, Ithaca, 
New York, 1960). 


D. C® Resonances of Methyl-Substituted M ethanes 


Table IV shows the C® chemical shifts for a series of 
methyl-substituted methanes, both for the central car- 
bon atom and for the methyl groups. The latter results 
are shown plotted in Fig. 6. Replacement of an H atom 
by a CH; group causes the C™ resonance to be displaced 
to lower field by ~7-8 ppm. An exception to this occurs 
in C(CH3)4, for which the methyl C® resonance occurs 
at lower field (by 4 ppm) than that of the central carbon 
atom. This appears as yet another instance where 
quantitative electronegativity correlations break down. 


C. C3-H! Spin-Coupling Constants 
in CH3X Compounds 


The carbon-hydrogen spin coupling constants in the 
CH;X compounds (Table V) range from 119 to 155 eps. 
The values for the methyl halides are uniformly high 
(~150 cps). The reasons for these variations in cou- 
pling constants are not clear. Factors such as bond 
angle, bond length, and degree of ionicity of the C-H 
bond may each contribute to the spin-coupling con- 
stants.”.°6 


IV. CONCLUSION 


The experimental data for alkyl-X compounds pro- 
vide ample evidence that the major contributions to the 
C8 and H! chemical shifts in these compounds arise 
from the inductive and magnetic anisotropy effects of 
the X substituent. When the magnetic anisotropy 
contributions are allowed for, a reasonably good corre- 
lation with the electronegativity of the X substituent 
is possible. Except for series of closely related com- 
pounds, such correlations tend to be qualitative rather 
than quantitative, and appear inadequate for heavy 
metal atoms such as Sn and Pb. Effective group electro- 
negativities of substituents, such as NO., CN, CHO, 


25N. Muller and D. E. Pritchard, J. Chem. Phys. 31, 1471 
(1959). 

26M. Karplus and D. M. Grant, Proc. Natl. Acad. Sci. U.S. 
45, 1269 (1959). 
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CO, SO», etc., cannot be reliably determined by these 
methods without some knowledge of their magnetic 
anisotropy contributions. This imposes serious limita- 
tions on the nuclear resonance technique as a method 
of determining inductive parameters. 

The magnetic anisotropy contributions to the C’ and 
H' resonance shifts of the a carbon and hydrogens, as 
well as to the 6-carbon and hydrogen atoms, are rather 
large. Similar contributions are to be expected for the 
F' resonances of compounds in which the hydrogen 
atoms are replaced by fluorine atoms. The anomalous 
F' shifts observed by Meyer and Gutowsky! in the 
series of compounds of the type CH,Fy, and CC1,F4_,, 
as well as those observed by Tiers’ in compounds of the 
type CF;CF,CF;CH2X(X=Cl, Br, I), can be satis- 
factorily explained on this basis. 

In a recent study, Cavanaugh and Dailey”’ have com- 
pared the proton resonance shifts of methyl-X, ethyl-X 
and isopropyl-X compounds. In the ethyl-X compounds 
the difference between the a- and 8-proton shifts was 
found to give a good linear correlation with the electro- 
negativity of X, in agreement with the earlier Dailey- 
Shoolery relation. On this basis it was concluded that 
any large influence due to magnetic anisotropy of the 
C-X group could be ruled out, and in this respect their 
interpretation is at variance with the present results. 
The observed differences in the proton shifts between 
the CH;X compounds and that of the a protons in the 
corresponding CH;CH2X compounds was attributed 
by Cavanaugh and Dailey to a “C—C bond shift” 
arising in the latter compounds, the magnitude of which 
depends on X. The physical meaning of this shift is not 
clear. The difference in proton shifts in CH;X and the 
a protons of CH;CH2X may be expected to arise pri- 
marily from the difference in electronegativity between 
the H atom and a CH; group. The value of this shift, as 
given by the difference in the CH, and CH;CH; reso- 
nance shifts, is approximately 0.7 ppm. Appreciable 
deviations from this value are observed on comparing 
CH;X compounds with the corresponding ethyl and iso- 


27 J. R. Cavanaugh and B. P. Dailey, J. Chem. Phys. 34, 1099 
(1961). We are greatly indebted to the authors for communicating 
their results to us prior to publication. 
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propyl compounds. This may be taken as another indi- 
cation that quantitative correlations based solely on in- 
ductive and magnetic anisotropy contributions are 
inadequate and that smaller contributions of other 
origin also contribute. This aspect has also been empha- 
sized above in relation to the H' and C® shifts of lead 
and tin tetra-alkyls, the C™ shifts of methyl-substituted 
methanes, and the C'*-H! spin coupling constants. Some 
or all of these effects may be considered to reflect the 
limitations (from a quantitative standpoint) of the as- 
sumed model, which regards the observed chemical 
shifts to be made up of local atomic contributions. 

The magnetic interaction of neighboring molecules 
having large magnetic anisotropies gives rise to a 
“solvent dilution shift” in the nuclear resonance. This 
has been observed in both Ht and C® resonances. In 
CH;I the dilution shifts are, respectively, 7.3 ppm for 
the C® resonance and 0.5 ppm for the H' resonance. 
Thus the magnitude is considerably larger in the C¥ 
resonance than in the H' resonance. A similar difference 
is evident if one compares the intramolecular magnetic 
anisotropy shift contributions. For example, in 
CH;CHhiI the contribution to the a-proton resonance is 
about 1.5 ppm, while that of the 8 carbon atom (which 
is in a similar geometric position relative to the aniso- 
tropic group, although the C—C bond is longer than 
the C—H bond) is approximately 18 ppm. Thus, in its 
response to the inter- or intramolecular fields arising 
from the magnetic anisotropic group, it appears carbon 
behaves as though it had an effective “atomic” suscepti- 
bility about an order of magnitude greater than the 
hydrogen atoms in methyl iodide. This suggests the 
presence of an additional contribution which remains 
to be characterized. 
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The origin of the relative nuclear resonance shifts in mono- 
substituted benzenes has been investigated. In order to obtain 
more complete experimental information both C' and H! reso- 
nance shifts in a variety of aryl-X compounds were measured. 
The H! resonances were measured on 5 mole % solutions in cyclo- 
hexane to minimize solvent effects; the carbon shifts were ob- 
tained from natural abundance C' resonance measurements in 
the neat liquid. Unambiguous assignments of both H! and C™ 
resonance spectra were made possible with the aid of deuterated 
compounds. The largest resonance shifts were observed for the 
carbon atom directly bonded to X. As in the corresponding CH;X 
compounds, these shifts arise primarily from the inductive and 
magnetic anisotropy effects of X. Magnetic anisotropy effects 
of X are also observable in both the C' and H! resonances at the 
ortho position. A very close correspondence between C' and H! 


I. INTRODUCTION 


HE main factors which were found to contribute to 
the nuclear resonance shifts of carbon and hydrogen 

nuclei in simple aliphatic-X compounds have been dis- 
cussed in the preceding paper! (referred to hereafter as 
I). We report here a parallel investigation of monosub- 
stituted benzenes, representative of simple aryl-X com- 
pounds. In these compounds, which are of particular 
interest in theories of chemical reactivity, additional 
contributions to the chemical shift arise as a result of 
the characteristic polarization of the aromatic ring 
caused by the substituent. Several attempts?’ have 
been made to interpret proton chemical shifts of mono- 
substituted benzenes in terms of the inductive and 
resonance effects of the individual substituents. The 
basic assumption underlying correlations of this kind is 
that the chemical shifts of aromatic ring protons reflect 
the electron charge distribution of the carbon atoms to 
which they are bonded. The resonance effect caused by 
the substituent may be expected to alter primarily the 
m-electron density distribution. Since, however, the 
protons are bonded to the ring carbon atoms by ¢ bonds, 
this raises the question to what extent the proton reso- 

* Issued as NRC No. 6377. 

t National Research Council Postdoctorate Fellow 1959-61. 

1H. Spiesecke and W. G. Schneider, 35, 722 (1961) (preceding 
paper). 


P. L. Corio and B. P. Dailey, J. Am. Chem. Soc. 78, 3034 

(1956). 

3A. A. Bothner-By and R. FE. Glick, J. Am. Chem. Soc. 78, 
1071, (1956); A. A. Bothner-By and R. E. Glick, J. Chem. Phys. 
26, 1651 (1957). 

*R. W. Taft, Jr., S. Ehrenson, I. C. Leurs and R. E. Glick, J. 
Am. Chem. Soc. 81, 5352 (1959). 

5M. Charton-Koechlin and M. A. Leroy, J. chim. phys. 56, 
850 (1959). 

6T. Yamaguchi and N. Hayakawa, Bull. Chem. Soc. Japan 
33, 1128 (1960). 
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resonances is observed at the para position, where the primary 
contribution to the relative shifts arises from resonance effects 
of X. This implies that the proton resonance responds to the 
x-electron density on the carbon to which it is bonded, and that 
under favorable conditions, both H! and C' resonance shifts 
might be employed to obtain information about the z-electron 
density distribution in aromatic systems. At the meta position 
the C! resonance shifts are surprisingly small and uniform, 
indicating small or negligible inductive effects due to X, and there 
is no evident correlation with the mefa-proton shifts. Both the 
C3 and H! shifts at the para position show an approximate cor- 
relation with chemical reactivity parameters (Hammett o con- 
stants) but no such correlation exists for the meta-carbon or 
meta-hydrogen shifts. 


nance does in fact respond to the different a-electron 
density on individual carbon atoms. To investigate this 
question the C’, as well as the proton resonance shifts, 
in a number of monosubstituted benzenes have been 
examined. For the purpose of the following discussions 
the C™ resonance shifts may be regarded as a measure 
of the fotal electron density of individual carbon nuclei, 
and can then be compared with the corresponding pro- 
ton shifts. 

Previous measurements of the proton chemical shifts 
of ortho, meta, and para protons of monosubstituted 
benzenes are generally inadequate for the present pur- 
pose, either because solvent effects have not been taken 
into account, or, because a complete analysis of the 
spectra was not carried out to determine the true chem- 
ical shifts. Ideally what is required are the true chemical 
shifts of ortho, meta, and para protons for the “isolated 
molecules,” since it has been shown’ that in these com- 
pounds solvent effects may give rise to shifts of the order 
of magnitude of the relative shifts being measured. The 
“isolated molecule” shifts may be obtained by extra- 
polating the measurements to infinite dilution in an 
inert solvent, as has been done for some compounds by 
Bothner-By and Glick.’ Because of the very complicated 
nature of the spectra, however, there is a limit to the 
lowest concentration which can be satisfactorily meas- 
ured. In the present work all compounds were measured 
at a uniform concentration of 5 mole % in the inert 
solvent cyclohexane, which may be taken as providing 
a sufficient approximation to the “isolated molecule” 
shifts. Instead of attempting a complete analysis of the 
complicated spectra, which are generally of the A2BoC 
type, the individual proton signals were assigned and 
measured with the aid of deuterium substitution. 
ae and W. G, Schneider, J. Chem, Phys, 32, 1218 
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10 cycles/sec 





ortho meta para 


Fic. 1. Proton resonance spectrum of chlorobenzene, 3,5-d2- 
chlorobenzene, and 2,4,6-d;-chlorobenzene. 


Carbon chemicals shifts for the present series of com- 
pounds were obtained from natural abundance C" reso- 
nance measurements of the pure liquids. Because of the 
relatively much larger carbon shifts,? compared to pro- 
ton shifts, shifts arising from solvent effects are less 
important. The C™ signals in each spectrum were as- 
signed to individual carbon nuclei by making use, as for 
the proton spectra, of the corresponding spectra ob- 
tained for the deuterated compounds. One important 
additional source of information arising from the C™ 
spectra (and about which no information can be gained 
from the proton spectra) concerns the shielding of the 
carbon atom directly bonded to the substituent. This 
would be expected to show much greater substituent 
effects than the other carbon atoms in the ring. 


Il. EXPERIMENTAL RESULTS 


(a). Proton Resonance Measurements 


Solutions of the aromatic compounds in cyclohexane 
were made up to a uniform concentration of 5 mole % 
by weighting. These were introduced into 5-mm o.d. 
Pyrex glass tubes, which were then evacuated and 
sealed. All measurements were made at the fixed radio- 
frequency of 60 Mc/sec. The solvent cyclohexane proton 
signal was used as an internal reference in the chemical 
shift measurements. In most cases two deuterated com- 


9P. C. Lauterbur, Ann. N. Y. Acad. Sci. 70, 841 (1958). 
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pounds were employed; (i) deuterated in the 3,5 posi- 
tions (meta), and (ii) deuterated in the 2,4,6 positions 
(ortho and para). Where necessary to obtain an unam- 
biguous assignment, additional compounds were em- 
ployed deuterated in the 4 position only, or in the 2 and 
3 positions. The proton resonance spectra of the deu- 
terated compounds generally had somewhat broadened 
lines due to unresolved spin coupling of deuterium nuclei 
on neighboring carbon atoms and due to nuclear quad- 
rupole broadening. This unfortunately limited some- 
what the ultimate accuracy of the chemical shift meas- 
urements. It is estimated that in most cases the meas- 
urement error does not exceed +0.5 cps, although in a 
few cases the error may be as high as +1 cps. Figure 1 
shows a reproduction of the proton resonance spectrum 
of chlorobenzene as well as those of the 3,5- and 2,4,6- 
deuterated chlorobenzenes. Of all the compounds meas- 
ured this represents perhaps the least favorable case 
because of the small relative chemical shifts of the pro- 
tons in this compound. Nevertheless an unambiguous 
assignment is possible. 

To convert the individual chemical shifts, initially 
measured with respect to the cyclohexane solvent, 
relative to benzene as a reference, the shift between the 
benzene and cyclohexane as measured in a 5 mole % 
solution of benzene in cyclohexane was employed. The 
final results are shown summarized in Table I, and are 
plotted schematically for each substituent in Fig. 2. 


(b). C'’ Resonance Measurements 


The carbon resonance shifts for each compound were 
obtained by measuring the natural abundance C" reso- 
nances. The measurements were made at a fixed fre- 
quency of 15.1 Mc/sec. The procedures employed have 
been described previously (I). As before, dimethyl 
carbonate, enriched to 50% C" in the carbonate group, 
was employed as an external reference. In a few experi- 


Taste I. Proton chemical shifts of monosubstituted benzenes* 
(in cps at 60 Mc/sec relative to benzene and measured in 5 mole % 
concentration in cyclohexane). 


Proton shift relative to benzene 


Substituent ortho meta para 


F +18.5 +1.4 
Cl —1.2 +1.5 
Br —13. +5.1 
I — 24. 15. 
OCH; +26. +2. 
NH2 +45.: +12. 
N (CH3)2 +36. +6. 
CHO —34. —12. 
NO —56.9 —12.! 


+13.0 
+7.0 
+1.8 
+2.0 
+22.0 
+37.5 
+36.9 
—16.5 


—20.0 


® Positive shifts indicate greater proton screening than that in benzene, 
negative shifts indicate lower screening. 
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ments CHslI, enriched in C, was employed as a second- 
ary reference. The final chemical shift results, summa- 
rized in Table II and Fig. 3, have been expressed in 
ppm relative to benzene. The resonance signal of the 
latter is 28.4 ppm to high field of the C dimethyl car- 
bonate signal and 151.0 ppm to low field of the CHI 
signal. The reproducibility of the individual chemical 
shift measurements is within +0.3 ppm. 

Compared to the corresponding proton spectra, the 
C® resonance spectra of monosubstituted benzenes are 
relatively simple.’ Because of the low concentration of 
C*® nuclei, spin coupling between neighboring carbon 
nuclei is not observed, but each carbon resonance is 
split into a doublet by spin coupling of the proton to 
which the carbon is bonded (Jcn=160 cps). Except in 


Proton Resonance Shifts oO 
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Fic. 2. Proton chemical shifts of monosubstituted benzenes. 


the case of fluorobenzene, the resonance of the carbon 
carrying the substituent (hereafter indicated by C—X) 
consisted of but one line and was readily identified in 
the spectrum. The assignment of each of the remaining 
carbon signals was made possible by measuring the C™ 
resonance spectra of the deuterated monosubstituted 
benzenes employed in conjunction with the correspond- 
ing proton resonance measurements (see above). The 
C® resonance of a ring carbon atom directly bonded to 
a deuterium nucleus (spin S=1) may be expected to 
show triplet splitting. However, assuming a dipolar 
relaxation mechanism the substitution of a proton by 
deuterium will greatly increase the spin lattice relaxa- 
tion time 7; of the substituted carbon atom. Thus 
under the usual conditions of the experiment, which 
because of the low natural abundance of C® nuclei 
(1.1%) requires a relatively large H, field, saturation 


MONOSUBSTITUTED BENZENES 


TABLE II. C8 chemical shifts of monosubstituted benzenes* 
(in ppm relative to benzene). 


C8 chemical shift 


Substituent ortho mela 


para 


F 35. +14.3 +4. 
Cl , ‘ ‘ a: 
Br 

I +32.3 A —2.6 
CH; : m —0.3 
OCH; —30. +14.7 —0.9 
NH: —19. +12.4 —1.3 
N(CHs)2 —22. +15.7 —0.8 
CHO —9. —1.2 —1.2 
COCH; —9.3 —0.2 —0.2 
NO: —19.6 +5.3 —0.8 


+0. 


+8. 
+9.5 
+11. 
—6. 
—4. 
—@. 


® Positive shifts indicate greater nuclear screening than that of the carbon 
atoms in benzene, negative shifts indicate lower screening. 


occurs for all those carbon atoms directly bonded to a 
deuterium atom. Accordingly the signals of these car- 
bon atoms are usually not observed. The deuterium 
quadrupole coupling apparently is not strong enough to 
counter balance this increase in 7), as is the case in 
nitrogen or chlorine substituted carbon atoms, the reso- 
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Fic. 3. C8 chemical shifts of monosubstituted benzenes. 
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Fic. 4. C8 resonance spectra of nitrobenzene, 3,5-d2-nitroben- 
zene, 4-d)-nitrobenzene, and 2,4,6-d;-nitrobenzene. 


nance of which can be observed under the same experi- 
mental conditions. This provided a considerable simpli- 
fication of the spectrum and made possible unambiguous 
assignment of the C™ signals to the individual carbon 
atoms in each compound. Figure 4 shows representative 
C spectra for nitrobenzene and several deuterated 
nitrobenzenes. 

As mentioned above, the C' measurements were 
carried out on the pure liquid samples based on the 
supposition that the contributions to the carbon chem- 
ical shifts arising from solvent effects are proportion- 
ately much smaller than those encountered with the 
corresponding proton resonances. Moreover to obtain 
“isolated molecule”’ shifts by measuring each compound 
in dilute (5 mole %) solution in an inert solvent, as for 
the proton resonances, is not possible and would require 
C isotopic enrichment. To check the magnitude of 
possible solvent effects, the C’’ resonance of iodobenzene 
and nitrobenzene (in which compounds such effects may 
be expected to be greatest) diluted to 50 mole % in 
cyclohexane was measured. On comparing with the 
spectra of the pure compounds, a small high-field shift 
of the resonances was evident; for nitrobenzene this was 
of the order of the experimental error, while for iodoben- 
zene a shift of 0.9 ppm occurred for the C—X carbon 
and 0.6 ppm for the remaining carbon atoms in the ring. 
More serious deviations may be anticipated for aniline. 
In the pure liquid the protons in the NH» group are 
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strongly hydrogen-bonded and undergo rapid proton 
exchange.** Dilution to a 5 mole % solution in hexane 
causes a large displacement of the para-proton reso- 
nance, and corresponding shifts undoubtedly occur in 
the C® resonance. Thus the proton resonance shift of 
the “isolated aniline molecule’? cannot be correlated 
with the C' resonance measured in the aniline neat 
liquid. Effects of this kind are not encountered in the 
other compounds measured since hydrogen bonding 
interactions are absent. 

The C® resonance shifts of toluene and anisole have 
recently been reported by Lauterbur.*» The assignment 
of the spectra was obtained with the aid of measure- 
ments on a number of methyl derivatives. The carbon 
chemical shifts found for toluene and anisole are in good 
agreement with the present results. 


III. INTERPRETATION OF RESULTS 
(a). Carbon Chemical Shifts 


In general terms the effect of replacing a hydrogen 
atom on one of the carbon atoms in benzene by a substi- 
tuent X would be expected to cause the largest elec- 
tronic disturbance at this carbon atom, with lesser 
effects transmitted to other carbon atoms in the ring. 
In CH;X compounds it was found previously (I) that 
the major contributions to the relative C" chemical 
shifts in these compounds are the inductive and mag- 
netic anisotropy effects of the X substituent. Similar 
contributions are evident in the relative C shifts of the 
C—X group (i.e., the shift of the carbon atom in the 1 
position) in monosubstituted benzenes. To illustrate 
this the measured C® shifts, after applying a correction 
for the magnetic anisotropy contribution, are plotted 
in Fig. 5 against the electronegativity of the X substi- 
tuent. The anisotropy corrections were obtained from 
the deviations of the electronegativity correlation plot 
for the corresponding CH;X compounds (see Paper I, 
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Fic. 5. Plot of C8 resonance shifts of the C—X carbon atom 
(corrected for magnetic anisotropy effects of X) vs the electro- 
negativity of X. 


%8 Unpublished results. i 
% P, C. Lauterbur (private communication). 
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Fig. 5). The effective electronegativity of the group sub- 
stituents CHO, COCH;, NO», OCH;, N(CHs;)2 was 
assumed to be that of the first atom in the group, i.e., 
the atom directly bonded to carbon 1. This assumption 
may be rather poor for the NO» group but has approxi- 
mate validity for the remaining groups. Our purpose 
here is a qualitative understanding rather than a quanti- 
tative analysis. The largest anisotropy corrections are 
encountered in the four halogen substituents. On the 
basis of Fig. 5 it appears the magnitude and direction 
of the C—X shifts are largely accounted for by the 
inductive and magnetic anisotropy effects of X; possible 
further contributions arising from resonance effects or 
paramagnetic terms are evidently small in comparison. 

The C* resonance shifts of the carbon atoms in the 
ortho positions can be only partially accounted for. 
These positions bear a close analogy to the 8 carbon 
atoms in CH;CH2X compounds for which a contribu- 
tion to the carbon screening constant arising from the 
magnetic anisotropy of the X substituent was observed 
(1). A similar effect is evident in the C chemical shifts 
of the ortho carbons, particularly if we examine the 
halogen-substituted benzenes. The ortho carbon shifts 
are, respectively, +14.3, —0.16, —0.4, and —9.9 ppm, 
for the substituents F, Cl, Br, and I, i.e., a shift to lower 
field as the size of the halogen increases. Thus in these 
examples the magnetic anisotropy effects of the halogen 
substituents completely overshadow possible inductive 
effects at the ortho carbon, the latter evidently being 
rather small, as in the 8 carbon of CH;CH2X com- 
pounds. However, because of the somewhat altered 
geometry due to different bond angles, a quantitative 
comparison with the CH;CH2X compounds is not possi- 
ble. For the substituents NOs, HCO, OCH;, COCHs, 
N(CHs3)2, and NHg, in addition to possible magnetic 
anisotropy effects, appreciable contributions to the 
ortho carbon screening constants arise from resonance 
effects of the substituent. This results in a somewhat 
lower screening for the substituents HCO and COCHs, 
and a higher screening for OCH;, N(CHs3)2, and NH». 
An anomaly arises in nitrobenzene, for which the ortho 
carbon resonance appears at higher field relative to ben- 
zene. The explanation for this is not immediately 
obvious.” 

The C® resonance shifts of the meta carbon atoms are 
surprisingly small and uniform. Contributions arising 
from magnetic anisotropy of the substituent may be 
expected to be negligibly small at the meta carbon atom. 
There is clearly no correlation discernable with the 
electronegativity of the substituent, and it must be 
concluded that the inductive effect of the substituent, 
at least in the ground state of the molecule, does not 
extend as far as the meta carbon atom. This is also con- 
sistent with an apparently small inductive effect at the 


10 Tn this connection it may be significant that the bond angles 
at the 1, 2, and 6 carbon atoms in nitrobenzene as established by 
x-ray diffraction analysis [J. Trotter, Tetrahedron 8, 13 (1960] 
deviate appreciably from 120°. 


IN MONOSUBSTITUTED 


BENZENES 


ortho carbon in the halo-benzenes, mentioned above, 
and the absence of any appreciable shift attributable to 
inductive effect at the B carbon in CH;CH2X com- 
pounds. Whatever other small effects may contribute to 
the meta carbon shifts, there remains also the ‘‘field”’ 
effect of the substituent, recently discussed by Bucking- 
ham.!°* The magnitude of this effect is estimated to be a 
fraction of a part per million. Since in any case the total 
spread in the C™ resonance shifts of the meta carbon 
amounts to no more than 2.4 ppm, whereas the mean 
error of measurement is +0.3 ppm, a more detailed 
interpretation isn ot possible. 

At the para-carbon atoms it may be safely concluded 
that the inductive and magnetic anisotropy contribu- 
tions of the substituent to the carbon shift are absent, 
and the major contribution will arise from resonance 
effects. The general trend of the observed para-carbon 
shifts, in fact, is consistent with that to be expected due 
to the change in z-electron density at the para-carbon 
arising from the resonance effects of individual substi- 
tuents. Thus electron releasing substituents cause an 
increased shielding at the para carbon, electron with- 
drawing substituents a decreased shielding (relative to 
the carbon atoms in unsubstituted benzene). Of the 
compounds measured the largest difference is that be- 
tween nitrobenzene and N-dimethy] aniline, the para- 
carbon shifts differing by about 18 ppm. 


(b). Proton Chemical Shifts 


Many of the features of the C™ chemical shifts of 
ortho, meta, and para carbons are also observed in the 
corresponding proton chemical shifts (Table I and Fig. 
2). Thus, for example, the ortho protons in the halogen- 
substituted benzenes also exhibit characteristic snifts 
arising from magnetic anisotropy of the halogen sub- 
stituent. This is most pronounced in the bromo- and 
iodo-benzenes and it is clear these large shifts of the 
proton resonance to low field cannot be accounted for 
either on the basis of electronic inductive or resonance 
effects. They are, however, consistent with similar shifts 
to low field observed on the 8 protons (i.e., the methyl 
group) in the ethyl halides (1). For the nonhalogen 
substituents the ortho protons will also be affected to 
some extent by magnetic anisotropy contributions, but 
these are apparently overshadowed by the electronic 
effects arising from z-electron resonance of the substi- 
tuent. Thus for the substituents NO, and NHe, which 
may be regarded as the extremes of electron-withdraw- 
ing and electron-releasing substituents, the ortho-proton 
shifts are, respectively, —0.95 and +0.75 ppm. 

As in the case of the chemical shift of the para-carbon 
atom, contributions to the para-proton shift arising from 
inductive and magnetic anisotropy effects should be 
absent. It is apparent that the general trend of the para- 
proton shifts follows the corresponding para-carbon 
shifts rather closely. This is more strikingly demon- 


0a A. D. Buckingham, Can. J. Chem. 38, 300 (1960). 
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Fic. 6. Plot of the para-carbon resonance shift vs the para- 
proton shift in monosubstituted benzenes. 


strated by Fig. 6, which shows a plot of the para-carbon 
shifts vs the para-proton shifts, both referred to benzene. 
This excellent correlation must mean that both the 
carbon and proton resonances at the para position 
respond to the resonance effects of the substituents in 
a parallel or corresponding manner. In magnitude, how- 
ever, the carbon shifts are about twenty times as large 
as the corresponding proton shifts. If the shifts at the 
para-carbon atom are interpreted as arising from 
changes in the z-electron density brought about by the 
substituent, it must be concluded that the resonance 
shifts of the proton bonded to this carbon atom are 
altered proportionately. This result, which has a close 
analogy in the proton hyperfine interaction observed in 
electron spin resonance spectra of aromatic ions and free 
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radicals"*~*, must similarly be attributed to configura- 
tional interaction. An important implication of this is 
that, under favorable circumstances (for example, in the 
absence of neighbor magnetic anisotropy or other inter- 
fering effects), proton resonance shifts can be employed 
to obtain information about z-electron densities in 
aromatic compounds. Because of their relatively larger 
shifts, carbon nuclear resonances could, perhaps, be 
more effectively employed for this purpose. These possi- 
bilities are presently being investigated. 

The experimental results for the meta-proton shifts 
are somewhat puzzling and appear completely at vari- 
ance with the corresponding meta-carbon shifts. Where- 
as the meta-carbon shifts were uniformly small in the 
compounds measured, the corresponding proton shifts 
are larger (for example in comparison to the para shifts) 
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and show a wider variation. On the basis of the meta- 
carbon shifts one is led to the assumption that inductive 
and resonance effects as well as magnetic anisotropy 
effects of the substituent are absent at the meta position. 
There remains the “field” effect, whose contribution to 
the meta-carbon shifts is relatively unimportant. How- 
ever, since the proton shifts generally are some twenty 
times smaller in magnitude this contribution may be 
significant in the proton shifts. At the ortho and para 
positions it could be largely masked by other effects. At 
the meta position the magnitude of the field effect, for 
example for nitrobenzene as calculated by Bucking- 
ham,'*is —0.19 ppm relative to benzene, a value which 
is consistent with the measured proton shift. However, 
this is obviously not the complete story since it would 


| (a) H. M. McConnell, J. Chem. Phys. 24, 764 (1956); (b) 
R. Bersohn, ibid. 24, 1066 (1956); (c) S. I. Weissman, ibid. 25, 
890 (1956). 
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not account for the relatively large positive shifts in 
iodobenzene and bromobenzene. 


(c). Relationship of H' and C™ Resonance Shifts to 
Chemical Reactivity Parameters 


Chemical reactivity parameters, such as for example 
the Hammett o constants,” express the relative reac- 
tivity at the meta and para positions for various sub- 
stituents in the benzene ring. If both chemical reactivity 
and the nuclear screening constants can be related to 
the local electron charge density at meta and para posi- 
tions a simple correlation of the nuclear resonance shifts 
with Hammett o constants may be anticipated. Several 
attempts at such a correlation have, in fact, been 
made?*-*.*8.14 although generally the nuclear resonance 
data available has been fragmentary and a critical test 
was not possible. We propose here to examine the pres- 
ent experimental data along these lines. For this purpose 
it is important to consider the nature of the parameters 
being correlated as well as their origin. 

(i) The Hammett o constants, as well as the modified 
or and go; constants given by Taft,‘ are derived from 
kinetic data. The reactions generally employed have 
been the ionization of benzoic acid, the hydrolysis of 
benzoic acid esters, and others. The change in reactivity 
is then measured when various substituents are intro- 
duced at ortho, meta, or para positions relative to the 
reacting group already present. The results so obtained 
are therefore characteristic of a disubstituted benzene 
molecule and are not strictly applicable to monosubsti- 
tuted benzenes. Thus, for example, because of mutual 
interaction of the substituents, the electronic effects 
experienced by a carboxyl group having a nitro- group 


21. P. Hammett, J. Am. Chem. Soc. 59, 96 (1937); Trans. 
Faraday Soc. 34, 156 (1938). 

13H. S. Gutowsky, D. W. McCall, B. R. McGarvey, and L. H. 
Meyer, J. Am. Chem. Soc. 74, 4809 (1952). 

MR. W. Taft, Jr., J. Am. Chem. Soc. 79, 1045 (1957). 


2 O +2 44 +6 +8 +10 +12 +14 +16 +16 


35 (ppm) 


meta to it may be quite different from those experienced 
by a meta-hydrogen atom in nitro-benzene. 

(ii) Generally speaking the determining factor in 
reaction kinetics is related to the properties of the transi- 
tion-state complex. This may involve excited states of 
the reacting molecules as well as extensive polarization 
brought about by the reacting group (electromeric 
effects). The electron density distributions in such states 
could conceivably differ appreciably from those in the 
unperturbed ground state. 

(iii) The proton and carbon nuclear screening con- 
stants as measured are characteristic of monosubstituted 
benzenes in the ground state. In principle the nuclear 
screening will be affected directly by changes in the 
local electron density distribution. However, certain 
contributions to the nuclear screening, which are purely 
magnetic in origin may also occur, as for example 
magnetic anisotropy effects and paramagnetic contri- 
butions. These, of course, have no direct bearing on the 
chemical behavior of the molecule. 

In view of these considerations, there remains some 
doubt as to exactly what is being compared if one at- 
tempts to correlate the nuclear reasonance shifts with 
reactivity parameters. Where large effects are observed 
in both the magnetic and chemical properties, as for ex- 
ample at the para positions (where also a minimum of 
other perturbing effects are present), the two properties 
may well have a related origin. Accordingly, a partial 
(and not necessarily quantitative) correlation may be 
expected. Where the nuclear. resonance shifts are 
smaller, as at the meta positions, such correlations may 
be less meaningful. 

As far as the present results for the para-carbon and 
hydrogen-resonance shifts are concerned, both exhibit 
an over-all correlation with the corresponding Hammett 
o constants (Fig. 7). However, the scatter of the indi- 
vidual points is sufficiently great that its usefulness as 
a quantitative correlation is limited. No significant im- 
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provement is obtained with the modified constants or 
proposed by Taft.‘ 

Figure 8 shows a plot of the meta carbon and proton 
shifts against the corresponding meta o constants. As 
mentioned earlier the total variation in the meta carbon 
shifts is relatively small. It is evident that neither the 
carbon nor the proton shifts for the meta position exhibit 
a recognizable correlation. No noticeable improvement 
is obtained if the so-called inductive constants a7 con- 
sidered to be applicable at the meta positions, are 
employed. 

In summary, the present results on the monosubsti- 
tuted benzenes reveal an approximate correlation of the 
carbon and proton chemical shifts at the para positions 
with the corresponding reactivity parameters, but no 
apparent correlation for the meta positions. It is con- 
ceivable that a closer correlation with reactivity param- 
eters, as ordinarily measured, might be obtained by 
measuring the mefa-carbon shifts of suitable disubsti- 
tuted benzenes. Measurements of this kind are being 
undertaken. 

Finally, it is of some interest to compare the corre- 
sponding fluorine resonance shifts of a number of sub- 
stituted fluorobenzenes previously reported.4;8— In 


® R.W. Taft, Jr., R. E. Glick, I. C. Lewis, I. Fox, and S. Ehren- 
son, J. Am. Chem. Soc. 82, 756 (1960). 
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this case a relatively good correlation was obtained for 
the meta-fluorine shifts with the inductive parameter 
or, and for the para-fluorine shifts with the resonance 
parameter or. However, comparison of these fluorine 
shifts with the present carbon and proton shifts reveals 
that for the meta positions there is no correspondence. 
On the other hand, at the para position the resonances 
of the three nuclei exhibit parallel results. This is illus- 
trated in Fig. 9. It may be noted, however, that the 
parallelism between the carbon and proton results (see 
also Fig. 6) is somewhat better than that between either 
of these and the fluorine results. There is also a funda- 
mental difference respecting the fluorine resonances in 
that the substituted fluorobenzenes employed are in 
fact disubstituted benzenes. If the fluorine atom interacts 
significantly with the second substituent introduced 
into the ring, the fluorine resonances may not be strictly 
comparable with the corresponding carbon and proton 
resonances in monosubstituted benzenes. 
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A simple experimental assembly designed for use with a conventional Toronto-type source and capable 
of use at temperatures up to 700°C is described for the Raman technique. Application to the series of molten 
inorganic salts Li, Na, K, Cs, Rb, and Ag/NOs, and selected mixtures of these, is reported. The Raman fre- 
quencies, relative intensities, depolarization ratios, and vibrational force constants are discussed. A regular 
variation of the Raman frequencies and force constants which correlates with the change in the polarizing 
power of the cationic environment is noted. The results are examined in the light of current views on the 


structure of molten salts. 


I. INTRODUCTION 


HE wide variety of methods used for investigation 

of molten electrolytes may be divided into indirect 
and direct categories depending on whether the evi- 
dence for the species present and interactions are in- 
ferred or directly derived from the experimental results. 
The techniques of electrical conductance, emf, and 
transport are examples of the former, whereas the 
spectroscopic methods are examples of the latter. Ap- 
plication of the methods of vibrational spectroscopy to 
the structure of aqueous electrolytic solutions has been 
recently described,! and application to molten electro- 
lytes is similarly possible if one of the ionic species in 
the melt is polyatomic, or if the interactions are suffi- 
ciently intense to induce complex species or polymeric 
network systems with the formation of new covalent 
bonds. The inorganic nitrates form highly conducting 
liquids after fusion, i.e., molten electrolytes in which 
the anionic species are polyatomic. The salts melt at 
sufficiently low temperatures so that Pyrex glass and/or 
quartz Raman cells of suitable design may be used to 
contain the molten salts. 

Whereas some of the inorganic nitrates have been 
investigated sporadically by the Raman _ technique 
previously,” the results are insufficient to evaluate the 
nature of the ionic interactions in these melts. More 
recently applications of the techniques of infrared®7 
and ultraviolet spectroscopy®” for molten nitrates have 

* Presented in part at the 139th meeting of the American 
Chemical Society, St. Louis, March, 1961. This contribution is 
based in part on the Ph.D. Thesis of D. W. James, Rensselaer 
Polytechnic Institute, 1960. 

'T. F. Young, L. F. Maranville, and H. M. Smith, The Struc- 
ture of Electrolytic Solutions, edited by W. J. Hamer (John Wiley 
& Sons, Inc., New York, 1959), p. 35. 

2C. Vassas-Dubuisson, J. phys. radium 9, 91 (1948). 

8 P. Pattabhiramaya, Proc. Indian Acad. Sci. 7A, 229 (1938). 

4T. M. K. Nedungadi, Proc. Indian Acad. Sci. 8A, 397 (1938). 

5 W. Bues, Z. physik. Chem. (Frankfurt) 10, 1 (1957). 

6 J. Greenberg and L. J. Hallgreen, J. Chem. Phys. 33, 900 
(1960); Rev. Sci. Instr. 31, 444 (1960). 

7J. D. MacKenzie, General Electric Research Laboratory, 
Schenectady, New York (private communication, 1960). 

8D. M. Gruen, S. Fried, O. Graf, and R. L. McBeth, Proceed- 
ings of the Second United Nations Conference on the Peaceful Uses 
of . ao Energy (United Nationa, New York, 1959). 

R. Rhodes and A. R, Ubbelohde, Proc. Roy. Soc. (London) 
A251, 156 (1960). 


been reported. An interpretation of the interactions in 
these molten salts as contact ion pairs or “ionic com- 
plexes” has been advanced.*:'° The present communi- 
cation reports a study of the series of nitrates, LINOs, 
NaNO;:, KNO;3, CsNO3, RbNO;, AgNOs, and selected 
mixtures by the Raman technique to evaluate ionic 
interactions using the vibrational spectrum of the 
nitrate ion as “detector” in these molten electrolytes. 
An experimental assembly of simple design and suit- 
able for use in the conventional Toronto-type Raman 
source at temperatures up to 700°C was developed for 
this purpose and is briefly described. 


II. EXPERIMENTAL 


The spectrometer was a Hilger E612 instrument with 
an inverse dispersion of 16 A/mm photographically 
and 6.8 A/mm photoelectrically at 4358 A. Both 
photographic and photoelectric recording detection 
were used; Kodak 103a-O and 103a-J plates and 
D-20 fine grain developer were used in the photo- 
graphic measurements. The Toronto-type arc, designed 
in this laboratory for use with this spectrometer," 
operated at 14-amp 250-v dc. The cylindrical volume 
defined by the lamp coils for the Raman cell assembly 
was 3 in. diameterX5.5 in. deep. 

Details of the Raman cell filling assembly, and the 
high-temperature Raman cell assembly are illustrated 
in Fig. 1 (a) and (b), respectively. The expanded 
diameter in the region of the optically flat cell window 
of the cell permitted a firm seal without distortion of 
the flat surface. It was also found important that the 
curvature of the Raman cell wall was concave inwards 
in the region immediately above the window. This 
feature apparently transmitted the strains, developed 
in the process of fusion and crystallization of the in- 
organic salts, upward along the cell wall and min- 
imized the hazard of fracture in the region of the 
window during these operations. 

The cell-filling assembly [Fig. 


10 A. R. U Shbelohde, Proc. Chem. Soc. 1960, 332. See also T. R. 
Griffiths and M. C. R. Symons, Mol. Phys. 3, 90 (1960). 

1 Wilt Laboratory Glass Blowing, Inc., Colonie, New York. 
See also G. J. Janz, Y. Mikawa, and D. W. James, Appl. Spec- 
troscopy 15, 47 (1961). 
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Fic. 1. High-temperature Raman 
cell. (a) Assembly for drying, filter- 
ing, and filling the Raman cell; (b) 
Raman cell and auxiliary apparatus 
for measurements at high tempera- 
tures. 


























inorganic salt to be dried at high temperature under 
vacuum in the upper chamber A and filtered through 
a fine porosity fritted disk B directly into the Raman 
cell without exposure to atmospheric conditions. A 
slight positive stream of dry argon gas was passed 
through the sample in A intermittently before fusion 
to reduce the drying period; after fusion, the molten 
salt was forced through the filter B into the Raman 
tube C, whereupon the sample was sealed under 
vacuum. The heating unit was then adjusted to allow 
the specimen to cool slowly to room temperature be- 
fore transfer to the spectrometer. 

The three-part high-temperature Raman cell assem- 
bly, as shown in Fig. 1(b), was placed inside the 
cylindrical volume defined by the coils of the Toronto- 
type arc. The Raman tube was wound with resistance 
wire for electrical heating and placed in the second 
component, a close-fitting quartz jacket D. The side 
arm E connected to a source of heated air. The latter 
served to smooth out temperature gradients as well as 
decrease the power input to the resistance winding 
about the cell. The unsilvered vacuum jacket F, with a 
chamber for a filter solution, completed the assembly 
and served as thermal barrier to the Toronto arc 
which operates at ambient temperatures. The tem- 
perature variation over the length of the cell was 
+2°C in the region of 300°C and +5°C at 600°C with 
this arrangement. Depolarization ratios were deter- 
mined photographically by the use of two Polaroid 
sleeves in the conventional manner,”:* calibrated with 
the data for carbon tetrachloride. 

The nitrates, LiNO;, NaNO;, KNO:, and AgNOs, 
were reagent grade (Fisher) ; RbNO; and CsNO; were 
obtained as special samples of 99.5% purity. These 
salts and mixtures of these were used directly for the 
Raman measurements after the drying and filtration 
steps described earlier. 


2]. A. Rolfe and L. A. Woodward, Trans. Faraday Soc. 50, 
1030 (1954). 

3R, F. Stamm, D. F. Salzman, and T. Mariner, J. Opt. Soc. 
Am. 43, 110, 126 (1953). 

4 A.V. Rao, Z. Physik. 97, 154 (1935). 

Dr. J. D. MacKenzie, General Electric Company, Knolls 
Research Laboratory, Schenectady, New York, is thanked for 
preparing the anhydrous Ca(NO;)2-KNO; mixture used in this 
study. 
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The vibrational spectra observed for the pure molten 
nitrates, and the mixtures, are summarized in Tables I 
and II, respectively, together with the relative intensi- 
ties and the polarizations. The exposure times varied 
from 30 sec to 15 min depending on the nature of the 
sample. The reproducibility of the measurements was 
+2 cm™ and +1 cm" by the photographic and 
photoelectric recording techniques, respectively. Both 
methods of measurement were used where possible; 
the weakest lines were not registered photoelectrically. 
Bues® has recently reported the Raman shifts for 
LiNO;, NaNO;, KNO;, and AgNO; in the molten 
state using an ingenious high-temperature cell assem- 
bly in which the surface of the melt acts as the window 
for the exciting and scattered radiation. Inspection 
shows that the results are in agreement, within experi- 
mental error, except for LiNO;, for which a value of 
1061 cm™ was reported for the symmetrical stretching 
mode w;. The presently observed value, 1067 cm“, is 
preferred since it was independently observed for 
several samples by both the photographic and the 
photoelectric techniques. The vibrational assignments 
are discussed later. 


Vibrational Assignment and Normal Coordinate 
Analysis 


The vibrational frequencies (Table I) were assigned 
in accord with the most plausible model, namely, that 
the plane symmetrical form known for the crystalline 
state is the same in the salt after fusion. In accord with 
the selection rules for D3, point group symmetry, 
there would be four fundamentals, of species A,’+ 
A,!'+2E’, of which only the antisymmetric vibration 
(species A2’”) would be inactive in the Raman effect. 
This forbidden fundamental is allowed as its first over- 
tone in the Raman spectrum (Table I, 2w.). In molten 
LiNO; one of the degenerate modes is observed as a 
doublet (Table I, ws and w;’) ; a possible interpretation 
of this as due to the change in the nature of the en- 
vironment around the nitrate ions relative to that for 
the other molten nitrates is discussed later. The com- 
parison of the vibrational assignment for the molten 
nitrates with the previously reported assignments for 
the corresponding salts in the low-temperature crystal- 
line state®"*!7 and in dilute aqueous solution,'® Table 
III, is additional support for the D3, model assumed 
for the NO;~ in the molten salts. 

By use of the spectroscopic data summarized in 
Table III, and the Urey-Bradley field type of poten- 


tial function," the force constants in the crystalline 


16. Theimer, Montash. Chem. 81, 424 (1950). 

7 L. P. Mathieu and M. Lounsbury, Discussions Faraday Soc. 
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TABLE I. Raman frequencies, intensities and depolarization ratios of molten nitrates. 





LiNO; 
255 


260-500 


NaNO; 
306.8 


KNO; 
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RbNO; 


CsNO; 
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and molten states and for dilute aqueous solutions of 
the nitrate salts were calculated. The values for K, H, 
and F, the stretching, bending, and repulsion force 
constants, thus gained are also listed in Table III. For 
solid KNO; and molten LiNOs, where ws is split into a 
doublet, there is insufficient information for a similar 
vibrational analysis. In an earlier communication” it 
was shown that the repulsion force constant F for non- 
bonded nearest-neighbor atoms in a molecular system, 
is important in the vibrational problem and may be 
considered as a kind of van der Waals force. Inspection 
of these results in the light of current views on the 
structure of molten electrolytes follows. 


1 2 
(+1 cm) 
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NaNO;/5% LiNO; 
NaNO;/10% LiNO; 


NaNO;/30% LiNO; 
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10 ; 1 


NaNO;/60% LiNO; 
NaNO;/50% KNO; 


Ca(NO;)2/60% KNO; 


G2 
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Ill. DISCUSSION 

It is generally recognized that the crystal structure 
of the solid must be considered in order to understand 
its Raman spectrum. Two recent contributions in the 
field of molten salts indicate that rather similar con- 
siderations are important for ionic salts in the molten 
state. It is of interest to examine the present results 
relative to the nature of the environment about the 
nitrate ion in each of the melts. A review of the nature 
of melts formed by the fusion of ionic salts such as the 
alkali halides and nitrates has been recently given by 
Ubbelohde.’® It is sufficient to note that experimental 
evidence from the thermodynamic and nonthermo- 


TABLE II. Raman frequencies and intensities for some molten mixtures of nitrates. 
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TABLE III. Vibrational frequencies, force constants and repulsion constants for solid and liquid alkali metal nitrates. 


Raman frequencies (cm™!) Force constants (mdyne/A) 


. Salt 
"A. Solid 
LiNQO; 
NaNO; 
KNO; 


1086 
1069 
1050 


RbNOs 
CsNO; 


1056 
1050 


B. Liquid 


LiNO; 1067 


NaNO. 
KNO 
RbNO; 


1053 
1048 
1046 


CsNO; 1043 


Aqueous solution 


0.1 m 1050 1390 


dynamic methods of study supports the concept that 
ionic melts consist of a highly disordered but quasi- 
crystalline arrangement whose defects include holes, 
interstitial ions, paired holes and paired ions, as well as 
cooperative defects similar to dislocations extending 
over more than two ions. For nitrates, the results of 
ultraviolet absorption spectra, before and after the 
process of fusion, support the view that the cations 
move closer to the central atom of the nitrate group 
when the crystal melts. This local ion-association is 
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Fic, 2. The Nitrate ion. (a) Electron density map; (b) localized 


(nitrogen sp*-oxygen p) bonding orbitals; (c) delocalized (pz) 
bonding orbitals. 


attributed to the effects of decreased symmetry of 
crystal forces in the melt.*'® Recently a theoretical de- 
velopment of a model for uni-univalent molten salts, 
in which a basic assumption is that the ion-core inter- 
actions as well as the ion-Coulomb interactions are 
equally influential in determining the characteristics of 
the fused salt near the melting point, has been de- 
scribed by Stillinger, Kirkwood, and Wojtowicz.” A 
significant result is that the ion-core potential ef- 
fectively forces the ions into local close-packed lattice- 
like arrangements, and that these pair-interactions also 
drop to zero very rapidly. A local ordering of the ions 
which corresponds to a “smeared out’’ lattice-type 
structure similar to the lower temperature solid phase 
is suggested. Any account of the features of the Raman 
spectra for the molten nitrates should recognize that 
the cationic environment may affect the force field in 
the nitrate ion, and that some highly localized struc- 
tural aping of the crystalline lattice should not be 
ruled out. 

Current concepts of the bonding and the electron 
density distribution in the nitrate ion are schematically 
illustrated in Fig. 2. It is readily apparent that the 
delocalized (pr) binding orbitals of this planar ion 
may be sensitive to changes in the intensity of the 
force field in the immediate environment of the ion, if 
these changes are sufficiently pronounced. 

Inspection of the spectra for the molten nitrates 
(Table I) shows that each of the three Raman funda- 


2 FE. H. Stillinger, J. Kirkwood, and P. J. Wojtowicz, J. Chem. 
Phys. 32, 1837 (1960). 
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mentals decreases in frequency in a regular manner as 
the cationic species is changed from Lit to Cs* (e.g., 
w, for LINO; and CsNO;, 1067 and 1043 cm“, 


Fe- 


spectively). Silver nitrate seems an exception. For the 
mixtures of LiNO; and NaNO; (Table II), w: appears 
simply as an additive function, the exact value cor- 
responding to the fraction of each cationic species 
present. The variation of w; as a function of the cationic 
species in the molten salt is illustrated in Fig. 3. The 
polarizing power of the cationic species P is defined by 


P=(cation charge/cation radius) (5Z'27/rJ)}, 


in which, on the right-hand side, the first factor is the 
ionic potential** and the second factor, the shielding 
efficiency** for the cationic species. The symmetrical 
stretching frequency is clearly correlated with the 
polarizing power of the cationic species in the pure 
molten salt in a regular manner. 

It is seen that the conditions for degeneracy of the 
asymmetric bending mode w; (type E) are removed, 
causing the fundamental to split into a doublet for 
LiNO; and AgNO; (Table I) and some mixtures 
(Table II) in the molten states. There is little doubt’? 
that the two bands are to be assigned to the two com- 
ponents of w3; the variation of ws is similar to that 
noted for w; for change of cationic environment (cf. 
Table I and Fig. 3); it appears that for certain specific 
cationic species a splitting of the environment-sensitive 
degenerate mode w3, results. A possible explanation 
for this effect is realized through the ion-core interac- 
tion potentials of gegen-ion species, or alternatively 
the contact ion-pair concepts as advanced elsewhere.’ 

It appears that, in molten LiNO; and AgNOs, the 
packing in the highly localized latticelike structures 
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Fic. 3. Variation of « with polarizing power (P) of cation in 
fused salts. The relationship between the symmetrical stretching 
frequency w:, and polarizing power of the cation is shown for 
LiNO;, NaNO;, KNO;, RbNO;, CsNO;, and AgNOs. The salts 
are represented by the chemical symbol for the cationic species. 


3G. H. Cartledge, J. Am. Chem. Soc. 50, 2855 (1928). 
* 1. H. Ahrens, Nature 174, 644 (1954). 
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Fic. 4. Variation of stretching force constant with polarizing 
power of the cation in crystalline and molten alkali metal nitrates. 
—@—@— crystalline state; —O—O— molten state. 


may be similar to that of KNO; in the crystalline state 
where a splitting of the degeneracy of w3 into the 
doublet is also observed (cf. Table III). Crystalline 
KNO,; (aragonite structure) belongs to the orthorhom- 
bic system, space group V;,'? which does not contain, 
as a subgroup, the C; point group.™ For the Raman 
and infrared spectra in the solid state, the crystal 
structure has to be considered relative to the selection 
rules. In crystalline KNOs there is no threefold axis in 
the crystal even though the NO; ion belongs to the 
point group D3,. The loss of the symmetry of the en- 
vironment around the NO;- ion is the reason why the 
degeneracy of the mode, 3, is split into the two com- 
ponents. By contrast, crystalline NaNO; (and each of 
the alkali nitrates with the exception of KNO3;) has 
the rhombohedral (calcite-type) structure of the 
D34° space group. Here the NO;- and its environment 
are subject to the selection rules for Dsq rather than 
Dn; however, relative to the species A and E vibra- 
tions, the two point groups lead to the same conclu- 
sions. In rhombohedral calcite-type structures, the 
cations and NO; ions are arranged at the positions of 
hexagonal close packing; no extensive rearrangement 
occurs during the process of fusion for these nitrates if 
hexagonal close-packed is assumed for the highly 
localized “smeared out” lattice-type structure in the 
molten salts. However, for certain cationic species, i.e., 
Lit, Ag*, the interactions apparently lead to localized 
cubic close packing latticelike arrangement in the 
molten salts rather like the aragonite structure of solid 
KNO3. 

A comparison of the stretching force constant for 
nitrates in the crystalline and molten states is illus- 
trated in Fig. 4. The change in the force constant with 
the change of state is in accord with a decrease in the 
(r+)+(r-) distance in passing from solid to liquid. 
While no independent data are known for the nitrates, 


* R. W. G. Wycoff, Crystal Structure (Interscience Publishers, 
Inc., New York, 1957). 
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x-ray and neutron diffraction studies for the molten 
alkali chlorides have clearly shown” that the contact 
distance for nearest-neighbor gegen-ion species is less 
in the molten state than in the crystalline state for 
these ionic salts, and that the number of nearest neigh- 
bors is similarly smaller in the melts. This is under- 
stood with the reduction in the compensation of the 
primary electrostatic forces in the molten salt relative 
to the crystalline state. The marked increase in the 
force constants after fusion and the dependence on 
polarizability clearly illustrate that similar factors 
pertain for the series of molten alkali nitrates, ie., a 
decrease in the (7*+)+ (77) ion contact distance in the 
molten salt and a reduced internal electrostatic com- 
pensation relative to the crystalline state. Evidence for 
such interactions in molten nitrates has recently been 
noted by the method of ultraviolet absorption spec- 
troscopy.*’?? The present Raman results furnish 
additional confirmation of such ion-ion interactions 
and arrangements in highly ionic melts. 

The increase in stretching force constant (about 
10%) in both solid and molten nitrates as the cation 
is changed from cesium to lithium may be correlated 
with an increase of electron density in the region of 
the chemical bonds as the cation becomes more strongly 
polarizing.” Such a view is supported by recent work 
by Smith and Boston”’ on the absorption spectra of 
alkali metal nitrates. The absorption maxima show a 
“red shift” as the cation is changed from cesium to 
lithium. The spectra were analysed on the basis of the 
Frank-Condon and conservation-of-energy principles 
and the observed spectral shifts were attributed to a 
localized transition in the nitrate ion (n—2*). Such a 
transition would cause increase in electron density in 
the region of the bonds and a shift in ionic charge from 
the region of the oxygen atoms to the region of the 
nitrogen atom as the cation is changed from cesium to 
lithium. The splitting of the degenerate mode into its 
two components in lithium nitrate may be attributed 
to this change in charge distribution and consequent 
ion-gegen-ion interactions. 

The possibility of covalent species, such as M 
O—NOz must be considered. In aqueous nitric acid 
solutions (e.g., 10 molar), the Raman spectrum for 
molecular HNO; and the NO; are known.!:% Com- 
parison shows that molecular species, such as M— 
O—NOsz, in which the bonding is actually covalent, 
are not significant in the melts of the group I nitrates. 


2 A. H. Levy, P. A. Agron, M. A. Bredig, and M. D. Danford, 
Ann. N. Y. Acad. Sci. 79, 762 (1960). 

27G. P. Smith and C. R. Boston, J. Chem. Phys. 30, 1396 
(1961). 

% 0. Redlich and L. E. Nielsen, J. Am. Chem. Soc. 65, 654 
(1943). 
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The interactions do not lead to the formation of pairs 
or larger groups involving new covalent bonding. How- 
ever the results for AgNO; (Table I, Table II, and 
Fig. 3) require some comment. The shielding efficiency 
of the Ag* ion (0.6) differs markedly from the alkali 
metal cations (1.0); a low shielding efficiency favors 
interactions leading to ion pairs and possibly new 
covalently-bonded species. Comparison of the spectral 
changes (Table I, i.e., w; is 1035 cm™, ws; is split into 
its doublet, the intensity of 2w. has increased while 
that of ws; decreased) with aqueous solution of nitric 
acid’? shows that the concept of local ion pairs stabil- 
ized with incipient formation of covalent bonds in 
molten silver nitrate is not ruled out. Evidence from 
such physicochemical properties as viscosity, volume 
change on fusion, self-diffusion, gives some support for 
the latter in molten AgNO; but further studies are 
required to resolve this point. 

The linear variation of the symmetrical stretching 
frequency ; with composition for LiNO;-NaNOs; 
molten mixtures has already been mentioned. It is 
interesting to note that composition for which the loss 
of degeneracy for ws; is first noted (60% LiNOs) cor- 
responds to a value of 1.5 for the polarizing power of 
the cationic environment. This may indicate a limit 
for ion-ion interactions before the intensity of the 
interactions force structural changes in the localized 
quasi-crystalline elements or contact ion pairs in ac- 
cord with the selection rules discussed above. In the 
mixture, Ca(NOs3)2 (40%), KNO; (60%), the de- 
generacies of both ws and a, are resolved into the 
respective doublets. The cationic polarizing power in 
this molten salt mixture is about 1.3. The possibility 
that the divalent ion species (e.g., Cat +) introduce an 
element of asymmetry additional to that of the polariz- 
ing power of the cationic environment in molten in- 
organic salts is thus suggested. Further Raman studies 
of mixtures are important to investigate this factor. 
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Communications 


Stretching Vibration of Sulfate Ion in 
Potassium Chloride: Formation of 
M++SO,- Pairs* 

FE. Howarp Coker, J. C. Decrus,t ANp A. B. Scorr 
Department of Chemistry, Oregon State University, Corvallis, Oregon 


(Received June 12, 1961) 


INGLE crystals of KCl a few centimeters in length 
have been grown from a melt to which amounts of 
K.SO, of the order of milligrams per gram of KCI were 
added. A surprisingly large number of infrared absorp- 
tion peaks were observed in the region of the stretching 
fundamental, including 1092*, 1112, 1120, 1135, 1157*, 
1159, 1170, 1187*, and 1197 cm™. However, when the 
melt was doped with MgSO,, CaSO4, BaSO,, or PbSO,, 
all bands except those previously marked with an as- 
terisk either disappeared or were considerably weakened 
in relative intensity. 
A careful re-examination of the infrared spectra of the 
crystals doped with the divalent cations at about 1-cm™ 
spectral slitwidth using a Beckman IR-7 spectrometer 


TaBLe I. Observed SO,~ stretching frequencies (cm!) compared with calculated values for adjacent M** (C2). 


Calc 


CaSO, 


Obs Obs 


Calc 
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yielded the wave numbers given in Table I. It is to be 
noted that the totally symmetric fundamental is suffi- 
ciently perturbed to appear at about 975 to 985 cm™ in 
all cases and that several weak absorptions presumably 
due to the 4% of S* naturally present were observed, 
although they have not been included in the table. Since 
the crystals were clear, and on account of the narrow- 
ness of the bands, we believe that the sulfate is present 
in solid solution presumably substituting for chloride 
ion. We have estimated from the electrostatic energy 
of interaction of the ions that the equilibrium degree of 
dissociation of the ion-pair MSO,, at the concentration 
of sulfate present, at 600°K, will be in the neighborhood 
of 1%." If the SO, occupies a cube center, the effective 
symmetry of SO, would be C2, for M** on an adjacent 
face center or C3, for M** on a cube corner. The triply 
degenerate sulfate stretching mode should be split into 
three components in the former case, but only into two 
components in the latter. 

A perturbation calculation of the splittings has been 
worked out for various cases. For the C2, perturbation, 
the result obtained with \=42°y? is 


AY-A  — GAS 
=) (for \=A,, Az) 
—G,Af dA2"—Ar | 


de = Y— G,Af 
Ny a dY+G, Af, 


where the zero superscripts indicate unperturbed values, 
\,° is the totally symmetric mode, 2° is the triply de- 
generate mode, and G; and G: are the respective G 
matrix elements in symmetry coordinates. In these 
equations, Af is the change in force constant of an SO 
bond; it is assumed that the adjacent excess charge of 
M** in the lattice stabilized that one of the resonant 
electronic structures of sulfate in which the two oxygens 
carrying a negative charge, and consequently being 
more nearly singly than doubly bonded to the sulfur, 
are closest to M**+. We have made the assumption that 
such bonds suffer a decrease in their force constant by 
the amount Af and that the other two bonds incur an 


PbSO, 
Cale 


BaSQ, 


Obs Calc Obs 





978.5 
1083.5 
1149 
1188 


978.5 
1084 
1148 
1188 


982 


992 
1137 


Af (md/A) 0.6708 


982 
1093 
1151 
1188 

993 
1142 

0.6142 
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1197.5 


969 
1049 
1149 
1198 

995 
1126 


1087 
1149 
1188 
992 
1139 
0.6506 
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increase by the amount Af. Values of the four stretching 
frequencies calculated from the above equations are 
also reported in the table. 

The values of the unperturbed frequencies should be 
the same in all cases; this is seen to be approximately 
true except for Pbt*. The agreement between observed 
and calculated frequencies, and the constancy of the 
parameters w’ and w,", is certainly more than satis- 
factory in view of the simplicity of the potential energy 
model, which neglects the changes induced in the bond- 
bond coupling force constants by M**, and which, as 
noted above, assumes that the softening of the S—O 
bonds is equal to the stiffening of the S=O bonds. 
Using the unperturbed frequencies for the first theee 
salts and neglecting the coupling with the bending 
modes, one finds f=7.79 md/A and f’=coupling con- 
stant-0.50 md/A, the latter being of the same order 
as the observed changes in f. A more complete report 
is in preparation. 

* Supported in part by the Office of Naval Research; in part 
from the doctoral thesis of E. Howard Coker. 

+ Alfred P. Sloan Foundation Fellow. 

! Additional evidence for association between SO,” and divalent 
cations at lower temperatures is furnished by ionic conductivity 
measurements [P. M. Bruzensky and A. B. Scott, J. Phys. Chem. 
Solids (to be published) }. 


A Mass Spectrometer for Ionization 
Efficiency Studies Using an Electron 
Velocity Selector 


P. MARMET* AND J. D. Morrison 
Division of Chemical Physics, C.S.I.R.O. 
Chemical Research Laboratories, Melbourne, Australia 
(Received May 29, 1961) 


HE study of ionization efficiency (IE) curves with 

a mass spectrometer can lead to much information 
regarding the upper-energy states of atoms and mole- 
cules. This work requires a beam of ionizing particles 
which are homogeneous and continuously controllable 
in energy. Photon beams have been obtained with nar- 
row energy spread, and used successfully in a mass 
spectrometer,! but have the drawback at the present 
time that the available energy range is limited and the 
intensities are low. Numerous attempts have been made 
to build electron velocity selectors, notably that by 
Nottingham,” and to combine them with the ion source 
of a mass spectrometer,*® but the results of the latter 
experiments have been disappointing. The retarding 
potential difference method* of measuring IE curves, 
which gives an effective energy spread as low as 0.06 
ev, has been the most successful approach to the 
problem. This method at its best is capable of giving 
very good results, but in some cases doubts have been 
cast on the curves obtained, the shapes of which ap- 
peared to be distorted by instrumental effects.° 


THE EDITOR 


Recent work by Kerwin and Marmet® has resolved 
many of the difficulties associated with the design of an 
electron velocity selector, and has demonstrated that a 
simple apparatus is capable of providing an emergent 
beam of electrons suitable for the study of ionization 
efficiencies. It was clear that if this type of selector 
could be built into a mass spectrometer a very useful 
instrument for studying molecular energy states would 
result. 

Figure 1 shows the initial part of the IE curves for 
Net and Ar* measured using such a combined appara- 
tus, and it can be seen that the electron energy spread 
is small. It is possible to resolve the two ionization 
processes in Ne* when the energy separation is as little 
as 0.09 ev. It is interesting to note that some indication 
is found of a second slight change in slope in the argon 
curve at about 0.5 ev above the first threshold. This 
supports an earlier finding by Fineman and Bouffard,’ 
although there is no known spectroscopic level which 
could account for it. 

The selector used and its conditions of operation are 
similar to those already described,® and ‘electron 
velvet” is used for the walls of the ionization chamber. 
To avoid perturbation of the electron beam in the 
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Fic. 1. Direct IE curves for Net and Art, plotted as a function 
of energy above threshold. 


chamber, a very inefficient ion gun is used with a low 
drawing-out field. The mass analyzer is a 60°, 12-in. 
radius single-focusing type, with an electron multiplier 
as a detector. Special precautions are taken to reduce the 
stray magnetic field in the source region to less than 0.1 
gauss. The ionizing electron currents obtained in the 
source are in the range 3X 10~* to 5X 10-8 amp, and with 
gas pressures of 10° mm Hg, the ion currents at the 
collector range from 10-% to 10-” amp. Counting 
techniques are used for their measurement, the back- 
ground count for the curves shown being 2 per sec. 
From the sharpness of the breaks in the curves it ap- 
pears probable that the energy spread obtained is of 
the order of 0.03 ev half-width or less. 


A fuller description of this apparatus, and its appli- 
cation to the study of the IE curves of molecular parent 
and fragment ions, will be presented in a later paper. 
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Comments and Errata 


Mass Spectrometric Study of the Thermal 
Dissociation of N.F, 


Joun T. HERRON AND VERNON H. DIBELER 
National Bureau of Standards, Washington, D. C. 
(Received April 17, 1961) 


N a previous communication! we reported the results 

of an electron impact study of tetrafluorohydrazine 
in which a value of 53 kcal/mole for the FxN—NF» 
bond dissociation energy was calculated by means of 
estimated values for the N—F bonds in NF;.? More 
recently, this bond dissociation energy has been directly 
measured to be 19.2 kcal.’ These studies indicate that 
NoF, readily dissociates at relatively low temperatures 
and that this dissociation is almost completely reversi- 
ble. As these observations are directly related to the 
interpretation of appearance potential data for this 
and related N—F compounds, we have made a direct 
mass spectrometric study of the thermal dissociation 
of NoFy. The results are reported here in brief to correct 
our earlier conclusions. 

The mass spectrometer has been described pre- 
viously.‘ A simple thermal reactor with a 2-liter reser- 
voir bulb was substituted for the conventional sample 
inlet system. The Nok’ at a pressure of about 0.2 mm 
effused from the reactor through a 1-mil glass leak 
located at the line-of-sight inlet to the ion source. The 
temperature of the N2Fy vapor was measured by a glass- 
encased thermocouple located about 1 mm from the 
leak. The temperature of the reactor was varied within 
the range of 50° to 400°C. The NF.+ and NoF,* ion 
currents were measured at each selected temperature 
after equilibrium had been attained. 

To a first approximation, it was assumed that no 
decomposition of NeFs occurred at the lowest reactor 
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temperature (333.0°K). The ratio of NF2t/N2Fs* at 
this temperature was taken as characteristic of the 
normal mass spectrum of N2Fy. From this ratio and the 
measured NoFs* ion current at the higher temperatures, 
the contribution to the NF;* ion current resulting from 
dissociative ionization of Nek, was calculated. The 
remainder was considered to be the NF2* ion current 
from NF». The assumption was made that the observed 
N.Fy+ ion abundance and the calculated NF,* ion 
abundance are measures of the partial pressures of 
NoFy and NF», respectively. Thus, an equilibrium 
constant was obtained from the relation K,=k(NF2)?/ 
(NoF 4), where k& is a factor relating measured ion 
abundances to absolute pressures. From the usual 
integrated van’t Hoff equation, we plot logK, vs 1/T 
to obtain AH, the enthalpy of the reaction. In this case, 
however, the slope of the plot logK, vs 1/T must 
be obtained by successive approximations. Thus, the 
data as originally plotted are extrapolated to the 
lowest experimental temperature (333.0°K) from which 
a value K, is obtained. This in turn is used to calculate 
the amount of NF»: present at this temperature, and 
hence leads to a more accurate value of the NF.+/NoFy+ 
ratio for NoF4. 

These calculations are repeated several times until a 
constant value of AH is obtained. Figure 1 shows a plot 
of the original (open circles) and the final data with the 
slope drawn. The average of four separate experiments 
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gave Al/=21.5 kcal/mole (using a value for the gas 
constant of R=1.99 cal/deg/mole). This is considered 
accurate within 1.6 kcal/mole. 

A value for the dissociation energy of Nos permits 
the calculation of thermochemical constants for several 
N—F compounds. From D(F:,.N—NF»2) =21.5+1.6 
kcal/mole and AH;(NeF,) =—2.0+2.5 kcal/mole,® 
AH;(NF2) =9.8+2.1 kcal/mole. Further, from 
AH,(NF;) =—29.741.8 kcal/mole® and AH;(F) = 
18.9+0.5 kcal/mole,’ we calculate D(NF.—F) = 
58.44+4.4 kcal/mole. Similarly, from the reaction 
NF:-N+2F we calculate D( N—F),, in NF2=70.54 
1.6 kcal/mole. 

The average bond energy in NF; is readily calculated 
to be 66.4++0.8 kcal/mole.’ Thus, it would appear that 
the first N—F bond in NF; is the weakest, whereas in 
NH; the bond dissociation energies are 108, 88, and 
88 kcal/mole, respectively, for the first and subsequent 
bonds.’ If the order of bond energies in NF; and NH; 
differ, it would invalidate the assumptions made by 
Reese and Dibeler? in their calculations of the ioniza- 
tion potentials of the NF and NF, radicals. However, 
in view of the magnitude of the uncertainties involved 
in the above calculations an unequivocal conclusion 
with regard to the order of bond energies in NF; awaits 
more precise experimental confirmation. 

1J. T. Herron and V. H. Dibeler, J. Chem. Phys. 33, 1595 
(1960). 

2R. M. Reese and V. H. 
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Erratum: Pairing Energies in the Actinide 
Series 
[J. Chem. Phys. 26, 988 (1957) ] 
J. S. Grirriru* 
Department of Chemistry, University of Pennsylvania 


Philadelphia 4, Pennsylvania 


a (4) is incorrect and should read 


E( f"*?) = E(f")+n(7A +105C+9D)+21A — 210B. 


This correct equation was used in calculating the ener- 
gies given in Table I. 

There was also an error in one of the matrix elements 
of L+2S needed in Sec. 3. As a consequence, the 
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coefficients of the second-order terms in the formulas 
for Ey and £9 in Eq. (5) should be 43, not 3, and 14, 
not 3, respectively. Also following from this, in Eq. 
(7), (25y—3) should be replaced with (25y—9) and 
(125y—21) with (125y—15). The value of x, deduced 
from (7) is not significantly altered, being reduced by 
about 25X 10-6. 


. 


Present address: King’s College, Cambridge, England. 
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Mechanism of Disproportionation in 
Alkyl Radical Reactions 


J. N. BRADLEY 
Department of Inorganic and Physical Chemistry, 
University of Liverpool, 
Liver pool, England 


(Received March 20, 1961) 


HE derivation of molecular partition functions on 

semiclassical grounds! * has enabled pre-exponential 
factors in transition-state calculations to be evaluated 
in terms of local bond properties in the neighborhood 
of the reaction site. Satisfactory agreement with experi- 
ment was found for a series of hydrogen abstraction 
reactions. As recent evidence has suggested that alkyl 
radicals disproportionate by a “head-to-tail”? mecha- 
nism directly analogous to hydrogen abstractions,’ it 
seemed appropriate to apply this theoretical approach 
to such reactions. 

Examination of the bond properties estimated in 
reference 1 showed that the pre-exponential factors for 
the two reactions should be almost identical, par- 
ticularly for the larger radicals, whereas rate constant 
determinations give A~10"” for disproportionation 
and A~10* mole™ liter sec™! for abstraction. As the 
activation energies of the former were found to be 
1 kcal or less, the discrepancy cannot be explained by 
an overestimation of the activation energy. This 
strongly suggests that motion in the transition state 
must be considerably less restricted than a ‘“‘head-to- 
tail” mechanism would suggest. 

Since disproportionation rates are similar in magni- 
tude to recombination rates and it has been found 


the radicals in the complex in the latter case,‘ one is 
led to the inevitable conclusion that the transition 
state for the two reactions must be identical. Re- 
combination rates depend on the relative polarization 
and centrifugal forces between the interacting radicals 
at relatively large separations® and calculations on this 
basis have shown only a small dependence on the 
nature of the radicals involved (e.g., an increase of 7% 
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from methyl to iso-propyl radicals). Rearrangement 
of the activated molecule to give the disproportionation 
products would therefore be possible after passage 
through the transition state. Since the over-all process 
is highly exothermic, energy barriers to the rearrange- 
ment need not exceed the initial energy level of the 
radicals and hence would not appear as experimental 
temperature coefficients. 

Considering the reaction C:H;+C2Hs as an ex- 


749 


ever, as the butane molecule is in a highly activated 
state, the effect of violent bending motions must be 
considered. If the tetrahedral angles are distorted by 
only 20°, the 8 hydrogens pass within 1.6 A of the 
second carbon compared with 1.9 A for the a atoms. 
For larger bending motions the effect will be even more 
pronounced. Thus rearrangement of a molecule formed 
in this way would be expected to involve transfer of 
the 8 hydrogen atom. This process need not necessarily 


ample of such a process, the rearrangement must 


occur if the activated species were formed by thermal 
proceed via a highly activated butane molecule 


excitation of a stable butane molecule. 

The following evidence may be cited in support of 
such a mechanism: 

(i) In reference 3, it was shown that CH;CD» 
radicals disproportionate predominantly to CH;CD,.H+ 
CH:CD2, which are precisely the products expected 
from the mechanism proposed above. 

(ii) The disproportionation rate constant must be 
related to the number of “available” hydrogen atoms. 
Kraus and Calvert® made the reasonable assumption 
that the different butyl radicals combine at approxi- 
mately identical rates so the values of kais/Reomb (A) 
should depend on the number of available hydrogen 
atoms. Almost perfect agreement was obtained for 


8 
CH; 


When the central C—C bond breaks, a hydrogen 
atom must also be transferred from one-half of the 
molecule to the other. Calculation of the bond distances 
in the normal butane molecule, assuming no barriers 
to internal rotation, shows that the hydrogen atoms 
on the 8 carbon pass within 2.45 A of the second 
carbon atom, compared with a distance of 2.16 A for 
the hydrogen atoms attached to the @ carbon. How- 


TABLE I. 


( Gais’ —Geomv’) / T 
(at 298°K) 








Reacting species A (ref) (available H) 


Sa i Scomb 


CH;+C2Hs 
+n-C;H; 
+i-C3H7 
+n-CyHy 
+t-CyHy 


—32.72 32.44 
—22.14 34.20 
—26.29 37.88 
—23.59 34.71 
—18.06 41.44 


0.020 
0.070 
0.073 
0.075 
0.077 


0.06* 
0.14? 
0.22 
0.15" 
0.70 


C.Hs+CoHs 0. 14° 
0.124 
0.24 
0.43 


0.3ef 


0.023 81 33. 
0.020 

0.033 ee 36.5 
0.071 

0.033 


+i-C3H; 


+t-CyHy 


0. 3ef 
0.63 
0. 5¢4 
0.4ef 


i-C;H;+CsHs 
+i-C3H; 


0.100 
0.053 
0.042 
0.080 
0.055 


+s-Cyk I, 
+t-CyHy 
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iso-butyl, sec-butyl, and tert-butyl radicals, on the 
assumption that only hydrogen atoms in the B position 
were abstracted. The n-butyl radicals have since been 
shown to fit this sequence.’ 

(iii) If the mechanism is correct, then the ratio of 
2-butene to 1-butene in the disproportionation of sec- 
butyl radicals should be 0.67. The experimental value 
was 0.66. 

The relation between A and the number of available 
hydrogen atoms can be expected to hold only for closely 
related radicals. If the present mechanism is correct, 
then it is likely that the relative probabilities of re- 
combination and disproportionation are associated 
with the stabilities of the various products.’ Table I 
compares the values of A and A/(available H) with 
the functions (Gais°—Geomv?) /T and Sais—Scom» for a 
number of radical reactions. The latter function repre- 
sents the high-temperature limit of the former: as the 
intermediate in the reaction is highly activated, to an 
extent which depends on the exothermicity, better 
correlation with the entropy function would be 
anticipated. 

Of various functions which have been examined, 
correlation over the widest range is achieved between 
A and Sais—Scomp. Although the divergence becomes 
more marked with large radicals, predictions of the 
value of A for other reactions of ethyl radicals are 
possible using Table I. 

1Q. Sinanoglu and K. S. Pitzer, J. Chem. Phys. 30, 422 (1959). 

2D. R. Herschbach, H. S. Johnston, and D. Rapp, J. Chem. 
Phys. 31, 1652 (1959). 
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4R. A. Marcus, J. Chem. Phys. 20, 364 (1952). 
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Photon-Dissociation of Water: Initial 
Nonequilibrium Populations of Rotational 
States of OH(?>+)* 


I. TANAKA, t,T. CARRINGTON, AND H. P. Brompa 
National Bureau of Standards, Washington, D. C. 
(Received March 28, 1961) 


HE irradiation of water vapor by 10-v photons leads 

to an excited state which eventually dissociates into 
a normal hydrogen atom and an electronically excited 
OH radical. Our spectroscopic observations of the rota- 
tional and vibrational distributions of these OH radicals 
show that different excitation energies affect the initial 
state of the water molecule, and that added inert gases 
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influence the dissociation. The rotational distribution 
of the excited OH (*2*) differs strikingly from an equi- 
librium distribution, and from distributions observed 
in other sources. 

Nonequilibrium populations of the rotational states 
of the 22+ state of OH molecules have been observed in 
flames,' in discharges,” and in the dissociation of water 
and hydrogen peroxide by electron impact.’ Terenin 
and Neuimin‘ have observed OH emission when water, 
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Fic. 1. Relative populations of OH, normalized at K =1, ob- 
served in emission from the photon dissociation of water. Lowest 
vibration level of the *2* electronic state. (a) Argon plus hydro- 
gen discharge, water pressure of 0.1 mm Hg. (b) Same conditions 
as (a) except that 0.3 mm of hydrogen was added to the water. 
(c) Hydrogen discharge with 2 mm hydrogen, water at 0.3 mm. 
(d) Calculated equilibrium populations at 300°K. 


alcohol, formic acid, and acetic acid were irradiated 
with sufficiently short wavelengths, and Dyne and 
Style® have observed OH from water and hydrogen 
peroxide photon dissociation. 

Radiation from a 2450-Mc, electrodeless discharge 
in hydrogen, or in hydrogen plus a rare gas, passed 
through a lithium fluoride window and into a cell of 
water vapor. The OH emission (A *=+—X 7II) near 
3100 A was observed through a quartz window at right 
angles to the direction of the radiation source. Bands 
observed, with approximate relative intensities, were 
(0,0) =1000, (1,1) =100, (1,0) =50, and (2,1) =2. OH 
spectra were obtained with an f/10 grating spectrometer 
using 200-4 (1A) slits. 
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Figure 1 shows typical observed populations of the 
OH rotational states in the lowest vibrational level when 
irradiated with a hydrogen discharge having a large 
amount of emission at the Lyman-alpha (1215 A) line 
of atomic hydrogen. The extreme, nonthermal rotational 
distribution is evident from the large populations of 
the higher levels, and from the sudden changes in popu- 
lations. The sharp drop in population beyond K = 22 at 
5.02 ev corresponds to the energy available from 
Lyman-alpha. Since it also corresponds to a predissocia- 
tion of OH,’ its significance here is not clear. A simi- 
lar drop has been observed in the rotational distribution 
in the first vibrational level, setting in above K =18, 
and corresponding to the same energy limit. 

Addition, to the water, of gases such as hydrogen, 
nitrogen, or argon causes a change in the rotational 
distribution. The effect of added hydrogen was to de- 
crease the populations in the high rotational states and 
to increase the populations in the lower states [Fig. 
1(b) ]. 

The frequency of the exciting radiation also causes a 
large change in the distribution of rotational popula- 
tions. For example, radiation from a discharge through 
hydrogen at pressures giving substantial emission from 
molecular hydrogen decreases the emission from the 
high rotational states as compared to low rotational 
states [Fig. 1(c) ]. 

From the results thus far obtained, it is most likely 
that the abnormal distribution shown in Fig. 1(a) is 
the result of radiation from hydrogen atoms at 1215 A. 
In our case, the cutoff of the lithium fluoride windows 
would not permit much higher energy photons to be 
transmitted and at least 9.2 ev (corresponding to 1350 
A) is needed to dissociate water and to excite the result- 
ant OH. These results indicate that we are observing 
angular momentum and vibrational energy distributions 
in a fragment from the unimolecular dissociation of the 
simple polyatomic molecule, H,O. It should be possible 
to study the effect of the exciting energy on the frag- 
ment with little interference from subsequent collisions, 
and also to study separately the effects of collisions on 
the excited water molecule. Previous work! indicates 
that effects of collisions on the OH after it splits from 
HO are relatively minor, since the large electronic 
quenching cross section for the excited OH (?2*) greatly 
reduces the time available for rotational energy transfer 
collisions. 


*This research was supported in part by the Aeronautical 
Research Laboratory, U. S. Air Force Research Division. 

7 On leave from the Department of Chemistry, Tokyo Insti- 
tute of Technology, Tokyo, Japan. 
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Radiolyses by Transferred Energy of 
Compounds Dispersed in Alkali 
Halide Matrices 


A. RUSSELL JONES 
Oak Ridge National Laboratory,* Chemistry Division, 
Oak Ridge, Tennessee 
(Received April 13, 1961) 


RESSED potassium bromide disks of the type 

commonly employed in the infrared analysis of 
solids have been observed to retain their transparency 
in the ordinary infrared, analytical region when exposed 
to electrons and gamma rays,' even though they acquire 
complex absorption spectra in the visible and ultraviolet 
regions. It appeared that it would be convenient to 
determine the direct effects of such radiations upon 
milligram samples of organic and inorganic solids sus- 
pended in potassium bromide as a matrix by examining 
the “window” for changes in selective absorption in the 
infrared region following exposure. The irradiation of 
such a dispersion could provide a general procedure for 
the study of the chemical effects of ionizing radiations 
on solids, since identification and analysis of those 
products which absorb in the infrared region could be 
made without destruction of the system by heat or 
solution. 

Dispersions of several substances were prepared by 
grinding together to dryness, in a current of warm dry 
air, a mixture of powdered alkali halide crystals and a 
water or water-acetone solution of the material under 
investigation. Pellets of 400 mg weight and 15-mm 
diameter were prepared from the desiccated mixtures 
by pressing them in an evacuated die at 40 000 lb for 
3 min. 

The radiations were performed in a current of dry 
helium with cobalt-60 gamma rays or 1.5 Mev electrons 
from a Van de Graaff generator. The determination of 
dosage was based on ferrous sulfate dosimetry? together 
with the use of the “true” mass absorption coefficients 
of the materials.* A comparison of the disappearance of 
NO; from duplicate disks irradiated with either gamma 
rays or with electrons allowed an estimation to be made 
of the energy absorbed by the disks during electron 
bombardment. As expected, the total initial rate of 
disappearance of the suspended materials was readily 
determined. 

However, the rate thus determined was not the same 
as that obtained by the radiolysis of pure material. It 
was found that radiolysis yields calculated on the basis 
of the energy absorbed only in the reacting substance 
were very high; for nitrate ion, which was converted to 
nitrite ion, the amount of substance decomposed was, 
thermochemically, impossibly great for the energy 
absorbed only by the dispersed material. It was neces- 
sary to assume that the chemical changes in the system 
were largely initiated by transferred energy. The elec- 
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tron fraction of the dispersed substance was very small 
in these preparations, and the energy was almost com- 
pletely absorbed in the alkali halide. 

The initial G of disappearance for several substances 
as calculated on the basis of the energy absorbed by a 
potassium bromide matrix was as follows: NH;Br—0.16, 
KBrO;—0.12, KNO;—0.96, KNO.—0.52, for concen- 
trations of 0.03 mole percent; KNO;—0.20 for a con- 
centration of 0.003 mole %; and succinic acid—0.54, 
glutaric acid—1.60 for concentrations of 0.10 mole %. 
Note that the absorbed energy is not as effectively 
utilized by NO; in a KBr suspension as it is by 
NO; in a KNO; lattice (—Gxno3=1.96,! 1.65°), and 
that the initial G of disappearance of KNO; decreases 
with decreased concentration. 

Although it turned out that the system did not behave 
as desired for the purpose proposed, it is worth noting 
that this system should be a convenient one for the 
study of energy transfer in solids. 

* Operated for the U. S. Atomic Energy Commission by the 
Union Carbide Corporation. 
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Absorption Spectra of Vanadium, Niobium, 
and Tantalum Pentoxides 


D. C. Conton AnD W. P. Doyie 


Department of Chemistry, University College, 
Dublin, Ireland 


(Received March 29, 1961) 


) Sieve absorption in thin films of vanadium, 
niobium, and tantalum pentoxides has been 
measured in the region 200-1000 my as part of a study 
of the optical properties of some oxides. 

The requisite thin films of vanadium pentoxide were 
prepared by evaporation of vanadium from a tungsten 
strip on to fused quartz disks at 10-5 mm Hg and the 
metal films so obtained were converted to the pentoxide 
by heating in oxygen at about 300°C. Films of niobium 
pentoxide* prepared by evaporation of the pentoxide 
were slightly brown in color indicating some decomposi- 
tion during the evaporation. On baking the films in 
oxygen for 4 hr at 740°C they were converted completely 
to the white pentoxide. Tantalum pentoxide films were 
prepared by evaporation of the pentoxide. 

All films were clear and uniform and their colors, 
yellow for vanadium pentoxide and white for niobium 
and tantalum pentoxides, are the same as those of the 
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Fic. 1. Absorption spectra of vanadium, niobium, and tantalum 
pentoxides. 


bulk pentoxides. This indicates that the films consist of 
the pentoxides and not lower oxides, because the colors 
of the lower oxides of all three elements are quite differ- 
ent from those of the pentoxides. The films are probably 
crystalline.and not amorphous; the amorphous forms of 
all three pentoxides became crystalline on suitable heat 
treatment! and such heat treatment of the films caused 
no alteration in the absorption spectra. 

The absorption of a film was determined in a cali- 
brated Beckmann DU spectrophotometer and the ab- 
sorption coefficient was calculated from the thickness 
determined by weighing as described previously.* For 
each substance the absorption of at least six films cover- 
ing a range in thickness of a factor of at least three was 
measured and the absorption curves were found to be 
reproducible. The absorption spectra of typical films of 
the three pentoxides are shown in Fig. 1. The main 
features of the spectrum of vanadium pentoxide are the 
threshold at 520 my, the broad maximum around 400 
my the position of which varied somewhat in different 
films, and the maximum at 258 mu. In niobium pentox- 
ide, the absorption increases rapidly from about 330 mp 
to 260 mu and then decreases slightly to the limit of the 
measurements at 205 mu. The absorption threshold of 
tantalum pentoxide is at 300 my and the absorption 
rises to a maximum at 209 mu. For all three pentoxides, 
the absorption coefficient in the region of maximum 
absorption is between 10° and 10* cm“. 

The absorption threshold of niobium pentoxide, 330 
my, is in fair agreement with a recently reported* value 
of 350 mu for anodic films. However in the anodic films 
the absorption increases continuously from the thresh- 
old to the limit of the measurements at 200 my so that 
the course of absorption below 260 my differs from that 
reported here. This difference may arise because the 
anodic films are probably amorphous whereas the films 
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used in the present measurements are believed to be 
crystalline. 

Fer all three pentoxides the absorption coefficient in 
the region of maximum absorption is so large that the 
absorption cannot be due to defects or impurities. Nor 
can the absorption arise from allowed transitions in the 
cation because the energies of the first allowed transi- 
tions in the V*+ and the Nb*+ ions are 68 ev and 38 ev, 
respectively,® so that absorption bands corresponding 
to these transitions would be far outside the range of the 
present measurements. It is probable therefore that the 
absorption should be attributed either to exciton forma- 
tion or to band-to-band transitions. Excitons in the 
pentoxides would probably be thermally dissociated at 
room temperature because of the large dielectric con- 
stants of these substances so that either absorption 
process would be expected to give rise to photoconduc- 
tivity. In this connection the threshold of reasonably 
efficient photoconduction in anodic films of tantalum 
pentoxide is 4.6 ev,® close to the observed absorption 
threshold in tantalum pentoxide, 4.1 ev, so that the 
fundamental absorption does give rise to photoconduc- 
tivity. 

The research reported here has been sponsored in part 
by the Office, Chief of Research and Development, U.S. 
Department of the Army, through its European Re- 
search Office. 
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Anisotropy of Nuclear Magnetic Resonance 
in Vanadium Pentoxide* 


J. L. RAGLE 
Department of Chemistry, Cornell University, Ithaca, New York 
(Received February 22, 1961) 


HE NMR spectra of V* in V,O; at high fields show 

a marked asymmetry of the central component of 
the seven-line quadrupole pattern, and the proportion- 
ality of this asymmetry to field strength shows that its 
origin lies in an anisotropic magnetic shielding. The 
same phenomenon has been reported by Bloembergen 
and Rowland! for T1,O3, and indeed is to be expected 
whenever crystal symmetry permits, provided that it is 
not obscured by other phenomena such as quadrupole 
coupling or the natural dipolar width of the absorption 
line. In V2Os, Knight has observed a typical first-order 
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powder pattern resulting from quadrupole effects corre- 
sponding to a coupling constant of 0.78 Mc/sec. This 
serves to separate the satellite transitions cleanly from 
the central component of the resonance without broad- 
ening the latter through second-order effects. Thus, 
observation of the line shape of the central component 
will yield information reflecting on the anisotropy of 
magnetic shielding, unobscured by the quadrupole 
coupling. 

At low frequency (5.0 Mc/sec), where the effects of 
the anisotropy are considerably diminished, a linewidth 
of 5.140.2 gauss between points of maximum slope is 
observed in V2.0. The width to be expected from dipolar 
origin is of the order of 3.2 gauss, computed by summing 
over all vanadium nuclei within a sphere of radius 5 A 
and replacing the remainder of the crystal by a con- 
tinuum model. The recent crystal structure determina- 
tion of Bystrom* was used. These observations are to be 
compared with the line width of 10.1 gauss reported by 
Walchli and Morgan,‘ and with the spectrum shown in 
Fig. 1. 

The figure shows a representative v-mode spectrum 
of the central component of the V*! line in V.O; at 11.6 
kgauss. The point of zero slope is shifted 2.30.2 gauss 
downfield from the V*! resonance in aqueous NaVOQ; at 
a constant frequency of 13.00 Mc/sec, and the over-all 
splitting of the line amounts to 6.4+0.2 gauss. From 
these data, one obtains, relative to the NaVOs reference, 


o.=+(2.0+40.2) X10 
o);=—(3.5+0.4) X 1074. 


Here, axial symmetry in the shift tensor has been 
assumed, and a positive shift corresponds to an in- 
creased local field. The values of the parameters quoted 
above represent a superposition of diamagnetic and 
paramagnetic effects in both VO; and the reference 
material, and any decomposition into specific diamag- 
netic and paramagnetic contributions for V.0; must be 
regarded as extremely uncertain. However, it seems 
probable that the observed anisotropy in magnetic 
shielding arises from contributions of excited states 
under the action of the applied magnetic field, as dis- 
cussed by Ramsey.® In this respect, VO; is known® to 
exhibit a temperature-independent paramagnetism. 
There are two obstacles which discourage quantita- 
tive comparison between theory and the experimental 
work reported here. Foremost is the fact that the experi- 
mental work is not capable of yielding a unique value 
for the paramagnetic part of the shielding. The second 
obstacle arises from the complexity of the excited state 
spectrum available to the shielding electrons. One may 
suppose, following Carrington,’ that excitation from 
bonding orbitals partaking of mostly oxygen AO char- 
acter to the empty antibonding orbitals of mostly 
vanadium 3d AO character contribute an important 
part of the shielding, and hence the anisotropy. How- 
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Fic. 1. Center component of V® NMR in V;0;, showing 
anisotropy oi line shape at 13 Mc/sec. Vertical lines indicate 
approximate location of innermost quadrupole satellites, which 
are just visible at this modulation depth (3.5 gauss p.t.p.). 


ever, a theoretical estimate of the anisotropy is hardly 
justified, in view of the qualitative nature of the deduc- 
tions which can be made from the experimental observa- 
tions. 

The author would like to thank D. F. Holcomb and 
R. M. Cotts for their kind permission to use the NMR 
equipment. Thanks are also due M. J. Sienko and W. D. 
Knight for valuable comments concerning the work. 
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On the Introduction of Arbitrary Angular 
Peakedness into Atomic Orbitals* 


Outver G. Lupwict AND Rosert G. Parrt 
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(Received February 21, 1961) 


N previous efforts'~* to improve the convergence of 

one-center expansions of approximate wave func- 
tions for molecular systems, the principal quantum 
numbers ” in the Slater orbitals used as basis func- 
tions have been taken to be arbitrary. Variational 
determination of the “best” m values may be con- 
sidered as allowing the radial parts of the basis func- 
tions to have optimum ‘“peakedness’’* for each par- 
ticular approximation. The success of this innovation 
may be seen in the encouraging results obtained for 
H, and CH,.?* 

The advantage gained by allowing arbitrary radial 
peaking suggests the study of arbitrary peakedness in 
the angular part of the wave function. As test cases one 
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may take, for the hydrogen molecule ion, 
¥=Ci(s)+C2(¢), 
and, for the hydrogen molecule, 
y =D,(s)?+D2(st+ts), 


with the functions in each case centered at the molecu- 
lar midpoint. The function s is the usual Slater s 
orbital of noninteger principal quantum number; the 
orbital ¢ is defined by the formula 


t=t=N(n, §, 1)r"™ exp(—fr) 

X[( cos? 6) “*—1/(l+1)], (3) 
where N?=[(2¢)?"+"/4ar(2n) !](J+1)?(2/4+1)/P] and 
n, ¢, and / are arbitrary. For /=2, t is the usual dy 
Slater orbital. 

The energy matrix elements required are obtained 
in terms of complete and incomplete gamma and beta 
functions? and the integral’ 


/ (cos*@) '/?P,.(cos@) sinéd@ 
0 


| (wr) 841/22") {[(d—R) /2] (d+ R+1)/2]1}-7, | 


| 
| 
| 


(4) 


k even|’ 


0, kodd | 


All integrals are obtained in closed form except 
[s(1)4(1) | s(2)#(2)], (s | 1/r-| 4), and (¢| 1/r | ¢), which 
become infinite series. These are summed until the 
lowest root of the secular equation is constant to seven 
figures—15 terms in practice. The incomplete beta and 
gamma functions of negative argument necessary for 
these sums are ‘obtained by analytic continuation using 
recursion formulas. Results are given in Table I. 
Remarkably high values of / are found, and appre- 
ciable improvements in the energy are obtained. For 


TaBLe I. Angularly peaked wave functions for H2* and Hp. 


System l Ns Ne/ os ni/€t 


1.478 1.096 
1.494 1.092 
1.273 1.039 
1.278 1.034 


1.321 —0.566153* 
1.292 —0.575762» 
1.049 —1.102235¢ 
1.006 —1.1103564 


4.533 
3.390 
3.804 

® C,;=0.983981 and C2=0.178273 in Eq. (1) of text. 

b C1=0,.982734 and C2=0.185022 in Eq. (1) of text. 

© Di =0,988283 and D2=0.152631 in Eq. (2) of text. This result is in agreement 
with that of reference 1. 

4 D,=0.988421 and D2=0.151739 in Eq. (2) of text. 


H,*, introduction of one angularly-peaked term results 
in an energy bettering which is 49% of the difference 
between the exact result (—0.602625)® and that ob- 
tained by Howell and Shull (—0.58330) using 11 
terms of types (s) and (d).’ For Hg: introduction of 
arbitrary angular peakedness in one term gives 65% 
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of the improvement (—0.01258) obtained by Hagstrom 
and Shull on adding 9 further terms of the types 
(sgo) and (sip) to 29 terms of types (ss’), (sdo) and 
(popo).® 
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Permanent Dipole Moments of Saturated 
Hydrocarbons 


RIcARDO FERREIRA* 


Centro Brasileiro de Pesquisas Fisicas, 
Rio de Janeiro, Brazil 


(Received February 24, 1961) 


ECENTLY it was reported that saturated hydro- 
carbons such as isobutane! and propane’ have 
small permanent dipole moments. We wish to point 
out in this note that the existence of small permanent 
electric moments in these molecules is predicted by the 
principle of electronegativity equalization.4® Maryott 
and Birnbaum! have pointed out that a permanent 
dipole moment in isobutane and like molecules indi- 
cates either, polarity of the C(sp*)—C(sp*) bonds, a 
difference in the polarity of the C(sp*)—H bonds, or a 
departure of the bond angles from the tetrahedral. 
This last possibility can be ruled out, since it requires 
departures as great as 3° in the C—C—C and C—C—H 
angles and this is larger than the experimental errors 
of recent measurements which failed to show any such 
deviations.’ The other two effects, however, actually 
occur in molecules like propane and isobutane, as we 
will presently show. 
It has been long recognized that the polarities of 
adjacent bonds are not mutually independent and our 
method> permits calculation of the small differences in 
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the polarity of the C(sp*)—H bonds in the three 
differing groups, 


—CH2, and —CH. 
| 

Using the values 2.28 and 2.63 for the electronegativi- 
ties of hydrogen and sp* carbon,’ the ionicities of the 
differing C(sp*)—H bonds are found to be 0.0380.004 
eu for a primary carbon atom, 0.050+0.005 eu for a 
secondary carbon atom, and 0.0730.007 eu for a 
tertiary carbon atom. Using the value 1.01 A for the 
C(sp*)—H bond distance’ we obtain the following 
values for the corresponding C—H primary bond 
moments: 0.20+0.02, 0.26+0.03, and 0.38+0.04 D. 
From the known geometries of the molecules of pro- 
pane and isobutane, and assuming perfectly tetra- 
hedral angles, one calculates a resultant dipole moment 
of 0.04+0.02 D for propane and of 0.18+0.04 D for 
isobutane. The experimental values'* are 0.081 and 
0.132 D, respectively. 

Another effect may also contribute to the permanent 
dipole moments of saturated hydrocarbons. The sp° 
carbon atoms of the methyl groups have a net charge 
of 3X (—0.038+0.004) =—0.114+0.012 eu, due to 
the charge transfer from the hydrogen atoms, whereas 
the charges in the secondary and tertiary sp* carbon 
atoms are, respectively, 2X(—0.050+0.005) = 
—0.100+0.010 and —0.073+0.007 eu. It is possible® 
to calculate the effective electronegativities of these 
carbon atoms; their values are 2.38+0.03, 2.41+0.02, 
and 2.47+0.02, respectively, for the primary, secondary, 
and tertiary carbons. Thus, a charge transfer must 
necessarily occur between the differently charged sp’ 
carbon atoms. The resulting dipoles would tend to de- 
crease the total electric moment as calculated from the 
C—H bond moment alone, but the differences in the 
electronegativities are so small that this effect can be 
neglected in a first approximation. 

It is seen that although at this stage we cannot rule 
out completely other factors such as second-order 
hyperconjugation, the proposed effect accounts at least 
for part of the observed electric moments in these 
saturated hydrocarbons. It can easily be seen also 
that methane, ethane, and molecules like neopentane 
must have no permanent dipoles, as it has indeed been 
observed.! 


—CHs, 
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Note on the Boiling Points and Surface 
Tensions of Binary Mixtures of Acetone 
and Isopropanol 
P. K. Karri 
Department of Chemical Engineering, Delhi Polytechnic, 
AND 
M. M. Cuaupuri* 

Department of Physics, University of Delhi, India 
(Received April 3, 1961) 


ECENT investigations by Thacker and Rowlinson,! 

Adcock and McGlashen,’ and Katti and Chaudhri? 
have revealed that a number of binary liquid mixtures 
behave like regular solutions although they do not 
satisfy the rigorous conditions of S-regular solutions. 
Thacker and Rowlinson’s' measurements on the heats 
of mixing at different temperatures of acetone/isopro- 
panol mixtures indicate the regular solution behavior of 
this system, in spite of the fact that both isopropanol 
and acetone are polar molecules, and the mixtures pos- 
sess fairly large heats of mixing. Reliable measurements 
on the other properties of the mixtures such as vapor 
pressures, boiling points, etc., suitable for comparison 
with the Guggenheim‘ regular solution model are not 
available in the literature. This note deals with our 
investigations on the boiling points and surface tensions 
of these mixtures. 

Experimental arrangement for the accurate deter- 
mination of the boiling points was similar to that used 
by Smith.® For surface tensions the capillary tube 
method described by the authors in an earlier paper® 
was employed. The boiling points are consistent to 


TABLE I. Boiling points of acetone (1) /isopropanol (2) mix- 
ture under 740 mm of mercury pressure. a: =30 642, a2.=42 840, 
w= 314.84 Cal mole™ (at 70°C), 6:=7.7409, Be=9.1748, dw/dt= 
—3.85 Cal mole deg™. 

Boiling points in °C 
Mole fraction 
of acetone x 


0.20 
0.30 


72.05 
68.95 
.40 83 5 66.10 
63.60 
.65 61.60 
.70 : 59.90 59.85 
.80 : 58.30 58.15 
within 0.01°C. The surface tensions are accurate to 
within 0.2%. Throughout the investigations best avail- 
able grades of Merck’s isopropanol and B.D.H. acetone 
subjected to further purification in the laboratory have 
been used. The surface tensions, boiling points and the 
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densities of the pure samples finally selected for observa- 
tions agreed very well with those quoted in the litera- 
ture. 

Results on the boiling points are recorded in Table I. 
Column 3 shows the boiling points ¢, under a pressure 
of 740 mm of mercury of mixtures of different composi- 
tions x, calculated from the quasi-crystalline relation 
for the saturated vapor pressure P over the mixture, 
viz., 


P=P,x exp[(1—2)*w 7/RT ] 
+P2(1—x) exp(x*w7/RT)], (1) 


where P; and P2 are the saturated vapor pressures of 
the pure components 1 and 2 at the absolute tempera- 
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Fic. 1. Surface tensions of binary mixtures of acetone and 
isopropanol. 


ture 7, given by the relations of the type logiw?= 
(—0.05223a/T)+ 8; w 7 is the interaction constant at 
T; and R is the gas constant. 

Column 2 shows the boiling points ¢; for the corre- 
sponding ideal mixtures (for which w ;=0). The corre- 
sponding observed boiling points ¢) are shown in the last 
column. 

Results on surface tensions of this system at 40°C 
are shown in Fig. 1. The full line curve has been com- 
puted by using the quasi-crystalline relation for surface 
tensions, 


exp(—ya/kT) =x exp(—y2a/kT) exp[} (1—x)*w 1/kT J 
x (1-2) exp(—yia/kT) exp(4x°w 1/kT), (2) 


where in addition to the symbols already mentioned 
above, Y, 1, and 2 are the surface tensions of the mix- 
ture and the pure components 1 and 2, respectively, 
a the average area per molecule in the surface, and k is 
the Boltzman constant. 

A self-consistent value of 97.39 (A)? has been used 
for a. 

Observed values are shown by the circles in Figure 1. 
It can be noticed that the observed boiling points and 
surface tensions are very closely represented by the 
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quasi-crystalline relation over the entire range of con- 
centration. 

Our thanks are due Professor D. S. Kothari for his 
interest and to the Council of Scientific and Industrial 
Research for financial assistance. 
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Note on Measurements of Rates of 
Electron Transfer Processes by 
Broadening of ESR Lines* 


P. J. ZANDSTRA AND S. I. WEISSMAN 
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(Received April 26, 1961) 


N an earlier investigation of the electron transfer 
reaction between naphthalene negative ion and 
naphthalene! the broadening of only the central line in 
the ESR spectrum of the former was measured. The 
limitation was imposed by lack of sensitivity and resolv- 
ing power of the spectrometer then in use. It is now 
possible to measure broadening of several of the indi- 
vidual lines in the spectrum. We have made such 
measurements in order to determine whether only those 
processes in which the resonant frequencies of the 
electron spin in its initial and final sites are different 
contribute to the broadening. 

Consider the high field spectrum of a paramagnetic 
molecule in liquid solution. The molecule has N nuclear 
spin states clustered to give a spectrum with individual 
lines of intensity g. The g, are normalized: )>g,=N. 
If the electron spin undergoes a transfer process which 
is characterized by a mean residence time / in a particu- 
lar molecule, the residence time in a nuclear spin ar- 
rangement which yields the &th line is 

(1/t.) = (1/t)[(N— gu) /N J. (1) 
Here /, measures the time between changes of resonance 
frequency, and is always longer than ¢. In the limit in 
which the spectrum consists of one line g,.=N, and 
1/,=0. 

If the electron transfer rate is independent of initial 
and final nuclear spin states and if the pulse during 
transit is sufficiently weak, the relative broadenings of 
the separate lines would be given by Eq. (1). Deviation 
from (1) would arise from failure to meet the afore- 
mentioned conditions. 
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Calculated 


Experimental average 


0.947+0.016 
0.905+0.026 
0.883+0.045 


9.948 
0.917 
0.880 





A series of measurements were carried out of the 
relative broadenings of several of the lines of naphtha- 
lene negative ion in the presence of naphthalene. The 
potassium salt in tetrahydrofuran was used. The spec- 
trum was completely resolved into the expected 25 
components. Changes in amplitude of the lines in the 
derivative spectrum were used for determination of 
changes in breadth. Four lines with g=36, 24, 16, and 
6, respectively, were measured. These lines remained 
well resolved from their neighbors and retained ade- 
quate signal to noise ratio for our purpose. Under the 
assumption that (1) accounts for the broadening associ- 
ated with the exchange process, the amplitude A’, and 
A’; of a pair of broadened lines are related to the ampli- 
tudes A, and A; of the unbroadened lines by 


N-—g; Aj—A'# (ArA'eg;)! 
N—ge Axt—A'st (A 5A" gu)! 





The results of nine independent measurements, normal- 
ized for g;=36, N =256, are summarized in Table I. The 
right side of (2) is tabulated. The errors are the mean 
of the absolute deviations from the mean. 

The measurements are in accord with (1) within 
experimental error. They imply that the electron 
exchange rate does not depend on nuclear spin states 
and that the magnetic pulses during transit do not con- 
tribute to line breadth. Further, they indicate the 
necessity for making the appropriate corrections in 
precise determinations of rates by line broadening. 

* This work has been supported by the U. S. Air Force under 


contract and in part by an equipment loan contract with O. N. R. 
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Irradiated Single Crystals of 
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E report here the results of some studies of the 
ESR spectra of the radicals formed by the irradia- 
tion of single crystals of glutamic acid HCl with 50 kv 
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(b) 


Fic. 1. (a) Electron = resonance spectrum of x-ray irradi- 
ated /-glutamic acid HCl (Ho || c). The small vertical lines indi- 
cate the theoretical spectrum calculated for a radical of the type 


HOOC-CH (NHs*Cl-) CHsCHCOOH. (b) Electron spin reso- 


nance spectrum of x-ray irradiated succinic acid (Ho 6). 


xX rays at room temperature. In particular we wish to 
indicate that we have identified the presence of an p- 
succinyl type of radical. 

The main radical species formed we assume to be 
HOOC -CH(NH;*Cl-) CHs-CH-COOH. This radical 
should have an ESR spectrum similar to that observed 
for the radical found in the case of irradiated single 
crystals of succinic acid, i.e., HOOC -CH:-CH-COOH, 
which has been studied by Heller and McConnell.! 
Figure 1 shows the spectrum observed for the x-ray 
irradiated glutamic acid HCl orientated with Hb || c 
axis, and also one for irradiated succinic acid for an 
orientation with Hy _L 6 axis. (Hp here refers to the direc- 
tion of the external magnetic field.) These spectra are 
obviously quite similar. 

Heller and McConnell! showed that the various 
spectra observed for the succinic acid radical can all be 
interpreted as arising from the hyperfine interactions of 
three protons; a o proton attached to the carbon atom 
with the free electron, and the two 7 protons attached 
to the adjacent carbon atom. The (m proton)-(zx 
electron) interaction is almost isotropic.!* 

We have used the values for the (o¢ proton)-(r 
electron) and the (mz proton)-(z electron) interactions 
given by Heller and McConnell,!* and the known crys- 
tallographic data‘ for /-glutamic acid HCl to calculate 
the theoretically expected spectra for different crystal 
orientations for the above a-succinyl type of radical. 
These calculations have been carried out for the orienta- 
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tions Hg || a, Ho || &, and Hp || ¢ and we find good agree- 
ment between our calculated spectra and the observed 
ones (see Fig. 1 for these spectra for the case when 
Hb || ¢) 

The crystal structure of /-glutamic acid HCI has been 
determined by Dawson.‘ The space group of the crystal 
is P2,2,2,, so even though Dawson gave his results for the 
d-l acid, the crystals must have been either d or l. The 
unit cell dimensions were found to be: a=5.16A, 
b=11.80 A, and c=13.30 A. The crystal axes can 
readily be identified from the details given by Groth.® 
To calculate the hyperfine splittings of the anisotropic 
(o proton)-(z electron) interaction, the directions of the 
various bonds were first determined, and subsequently 
the principal axes of the interaction tensor calculated. 
The direction cosines of the external field with respect 
to the system of principal axes were then computed. 
These data together with (1) the three principal values 
1,. of the (o proton)-( electron) interaction 
tensor, assumed to be 20, 30, and 10 gauss, respectively,’ 
and (2) the proton magnetic resonance field H,, taken as 
5 gauss for the X-band ESR spectrometer, were used to 
calculate the hyperfine splittings AH from Eq. (1) 
(see reference 3). In this equation, A, wu, and v are the 
direction cosines of the external field with respect to the 
principal axes. 


AH =| (Hy $Aez) + Unt ad 
+ (Ant 3 ‘i P+ { (Ha— 
+ (Hn— tp) (Ha 


Azz, Ay, é 


4 hue) A” 


Ags) 22} 4, 


(1) 


The hyperfine faa due to the two (m proton)- 
(x electron) interactions were taken to be isotropic,' 
and from our spectra estimated to be approximately 25 
and 35 gauss. Heller and McConnell' give the values 29 
and 36 gauss for the radical from succinic acid. The 
theoretical spectrum calculated for the case of Ho || ¢ 


in the above manner is given in Fig. 1. The agreement 
with the observed spectrum for this orientation makes 
it quite apparent that one of the main radicals formed 
by the x-ray irradiation of glutamic acid HCl is an 
a-succinyl radical. We think it is probably the 
HOOC -CH(NH;*Cl-) CH»CHCOOH radical. 

We wish to thank the Defense Research Board of 
Canada and also the National Research Council of 
Canada for their support of this research. 
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Coherent Stimulated Emission from 
Organic Molecular Crystals 
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XISTING solid state masers utilize the energy 
levels that arise from the perturbation of the 
degenerate ground states of paramagnetic ions by the 
crystalline fields of certain ionic host lattices.'? The 
purpose of the present note is to show that conjugated 
organic molecules, incomparably more numerous than 
paramagnetic ions, incorporated in crystals may be 
looked upon as potential maser materials. In this class 
of solids the role of the paramagnetic ion is played by a 
conjugated molecule excited to a triplet state and the 
host crystal acts as a diluting and orienting, but not 
necessarily perturbing, medium. 

Conjugated molecules have a singlet and a triplet 
system of electronic states and a singlet ground state. 
Optical absorption normally involves only the singlet 
states since intercombination is forbidden by spin selec- 
tion rules. The higher excited electronic states give up 
their energy by radiationless transitions to both the 
lower singlet and triplet states. Usually only the lowest 
singlet and the lowest triplet electronic states can lose 
energy by radiative transitions. In the case of the triplet 
state, the violation of the spin selection rules leads to 
radiative transition times varying in length from 10~ 
sec to more than 10 sec.’ The paramagnetic triplet states 
should be triply degenerate, but according to spin reso- 
nance observations‘ this degeneracy is completely re- 
moved even at zero magnetic field, presumably by 
spin-spin interaction.®* 

These properties of conjugated molecules strongly 
suggest the following several possible modes of maser 
action. 

1. Optically controlled microwave masers. Coherent 
stimulated emission at microwave or millimeter wave- 
lengths may prove feasible using the population in the 
Zeeman levels of the first triplet state. Such an emission 
process would permit the realization of organic molecu- 
lar crystal masers having the unique property of being 
active only when optically excited. 

Experience with paramagnetic ions in masers has 
established a number of criteria favorable for maser 
action. One criterion is the desirability of large zero-field 
splittings. For one material, 2 mole % naphthalene in 
durene,’ the zero-field splittings are appreciably greater 
than those of the first two paramagnetic ion systems!’ 
used in continuous microwave masers, and about half 
of the zero field splitting in ruby.” 

Another criterion for good maser action requires 
narrow linewidths for the transition utilized in the 
stimulated emission. The absorption linewidths of 
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naphthalene in durene are reported‘ to be 20 gauss 
measured in magnetic fields from 2000 to 4000 gauss. 
This compares favorably with the reported linewidths 
in single crystal ruby.” 

To achieve population inversion, selective pumping 
of the Zeeman levels is necessary. In existing solid state 
masers, microwave power is used to invert the popula- 
tion in the ground state paramagnetic levels. Presuma- 
bly microwave pumping may be used to invert the 
metastable population in the Zeeman levels of the first 
triplet state of conjugated molecules also. In addition, 
two optical pumping possibilities exist for achieving 
inversion: quasi-forbidden direct resonance absorption 
from the ground state and selective excitation of singlet 
states followed by nonradiative transitions to the 
Zeeman levels. If optical pumping is possible, a micro- 
wave oscillator in which no microwave pumping power 
is required might be realized. 

A number of other considerations bearing directly on 
the problem of achieving stimulated coherent micro- 
wave emission in the optically excited triplet state 
Zeeman levels need to be entertained. Spin relaxation 
processes, spin relaxation times, energy sequence of the 
Zeeman levels, paramagnetic center concentration influ- 
ences, microwave dielectric constant values, and _ selec- 
tive Zeeman level excitation mechanisms comprise 
pertinent unknowns. 

2. Optical masers. Coherent stimulated emission at 
optical wavelengths may prove feasible using radiative 
transitions from the metastable triplet state of conju- 
gated molecules. 

A criterion favorable for optical maser action is a 
long-lived optical state that can be populated to a 
greater extent than some lower state to which optical 
transitions can be made to proceed. This criterion is 
easily met by the triplet states of conjugated molecules. 
In optical absorption the energy goes initially to the 
singlet states, but eventually much of this energy can 
appear as triplet state excitation. Relaxation times for 
the triplet state can exceed by a factor of 10° the relaxa- 
tion time (2.3 msec) of the 2Z metastable state used in 
the ruby optical maser."* The radiative transitions can 
go to several vibrational levels of the ground state. By 
using the higher-lying vibrational levels, factors of 10! 
smaller population relative to the zero vibrational level 
can be realized at sufficiently low temperatures. 

A number of questions bearing on coherent optical 
emission from organic molecular crystals remain. Infor- 
mation is needed concerning the relaxation processes, 
oscillator strengths, relaxation times, concentration 
influences of molecules in the triplet state, and host 
lattice influences in mixed crystals. The effect on the 
optical emission intensity of rearranging the triplet state 
Zeeman level populations needs exploration, too. 

Organic compounds having the requisite triplet sys- 
tem of energy levels comprise an extremely large class 
of materials with a wide variation in their optical and 
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microwave spectra, their relaxation times, their dielec- 
tric properties, etc. By a suitable choice of substituent 
groups these properties may be varied in sufficiently 
small steps that it should be possible to ‘‘chemically 
tune” a particular organic optical or microwave maser. 

It may be concluded that molecular crystal systems 
having guest molecules with conjugated bonds are 
attractive materials, insofar as their pertinent energy 
level characteristics are known, for achieving coherent 
stimulated emission at microwave and optical frequen- 
cies. 
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Tritium as an Internal Source of Radiation 
in EPR Studies of Organic Materials* 
J. Kron anv J. W. T. Sprnxs 
Department of Chemistry, University of Saskatchewan, 
Saskatoon, Canada 


(Received January 13, 1961) 


ie some recent EPR experiments, tritium has been 
used as an internal source of radiation for specimens 
of H,O and D.0O ice and frozen aqueous solutions.' This 
method of irradiation has the advantage that the EPR 
background normally introduced by the simultaneous 
irradiation of the sample container (usually glass or 
quartz) is absent. In order to extend the application of 
tritium in EPR studies, small quantities of aqueous 
T,O solution of activity 1 C/ml were introduced into 
several liquid organic materials. Then the samples 
were frozen down in liquid nitrogen and their EPR 
spectra recorded on a Varian V4500, X-band EPR 
spectrometer. 

In the case of substances miscible with water this 
method is easily feasible. Samples of methyl alcohol, 
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ethyl alcohol, and acetone, with an activity of 0.11 
C/ml were prepared. Their EPR spectra, corresponding 
to a total radiation dose of the order of 4X 10'* ev/ml 
are represented by derivative curves shown in Fig. 1. 
The spectra seem to be identical with those obtained 
for Co® y rays? and x rays.® 

The contribution of OH radicals! to the formation 
of the spectrum is negligible because of (1) low concen- 
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Fic. 1. EPR spectra of tritiated (a) methyl alcohol, (b) ethyl 
alcohol, and (c) acetone. Magnetic field increases to the right. 


tration of water in sample (about 10%), and (2) 
low yield of OH production in comparison with yields of 
organic radicals in the materials under test. 

The preliminary estimates of the yields of paramag- 
netic species produced in methyl alcohol, ethyl alcohol, 
and acetone give the values 3.5, 5, and 2.8/100 ev, 
respectively. 

The above yields, with the exception of that for 
acetone, are lower than those reported by Alger, 
Anderson, and Webb for x rays (5.5, 8.3, and 1.6). 
Nevertheless, the order of succession is the same. 
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Fic. 2. EPR spectrum of 
tritiated chloroform before (a) 
and after (b) warming to about 
— 140°C. 

(b) 


S26, 


Gases and liquid insufficiently miscible with water 
may be tritiated by using the technique suggested by 
Mitchell,‘ i.e., by rapid condensation of the mixture of 
tritium oxide and organic vapors at liquid-nitrogen 
temperature. 

The resulting EPR spectra, however, often appear to 
be affected by the presence of the OH doublet.' This 
OH “deformation” may usually be removed by warm- 
ing the sample to about — 140°C, at which temperature 
OH radicals seem to disappear rapidly. 

The EPR spectra of chloroform and ethyl ether, 
tritiated by the vapor condensation method to the 
activity of the order to 100 mC/ml are shown in Figs. 
2 (curve a), 3 (curve a) (before warming) and 2 


a pl 
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lic. 3. EPR spectrum of tritiated ethyl ether before (a) and 

after (b) warming to about —140°C. 


(curve b), 3 (curve b) (after warming). The ap- 
pearance of the OH spectrum might probably be com- 
pletely avoided by using tritium oxide solutions of 
higher activity and consequently introducing smaller 
quantities of water into the materials under test. 


*This research was supported by the National Research 
Council of Canada. 
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4 F. Mitchell (private communication). 
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Rotational Isomerism in 
Terephthalaldehyde Anion* 


Aucust H. MakI 


Department of Chemistry, Harvard University, 
Cambridge, Massachusetts 


(Received May 8, 1961) 


AM investigation’ of the electron spin resonance 
(ESR) spectrum of p-nitrobenzaldehyde anion 
has shown that the hyperfine pattern of the resonance is 
characteristic of restricted rotation of the aldehyde 
group about the C—C bond. The inequivalence of ring 
proton coupling constants which would have been 
averaged in the presence of rapid rotation of the alde- 
hyde group led to the estimate of an upper frequency 
limit of the order 10° sec! for the rotation. In this case, 
the two rotamers are equivalent in that an identical 
hyperfine structure is expected from each. 

We report here the effect of a similar restricted rota- 
tion of the aldehyde groups on the ESR spectrum of 
terephthalaldehyde anion, a molecule in which the 
rotamers are inequivalent. The rotation of one aldehyde 
group by 180° in a planar ion causes an interconversion 
between é¢rans and cis conformations of the aldehyde 
groups. 
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The anion was generated by controlled potential 
electroreduction of a solution of the neutral molecule 
in dimethyl sulfoxide within the microwave cavity.’ 
The ESR spectrum at 9.7 kMc/sec observed at 20°C 
appears in Fig. 1. The analysis of the pattern into two 
resonances of identical g value, each of 27 components 
appears below. Three coupling constants are required 
to assign each resonance. Each coupling constant repre- 
sents the hyperfine interaction with a pair of equivalent 
protons. 

The observed coupling constants are (in gauss) : 

Isomer A: c=3.89 


a=2.08; 6=0.70; 


Isomer B: a’=1.16; 6’=1.54; c’=3.81. 


The uncertainty is about +0.01 gauss. 
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If we assume that the ions spend most of the time in 
either the érans or cis planar configurations and very 
little time in the transition region, we would expect the 
hyperfine structure to depend in the following way on 
the average lifetime of either rotamer between conver- 
sions: If the lifetime of each rotamer were larger than 
the reciprocal of the frequency differences between their 
hyperfine components, we would observe two distinct 
superimposed hyperfine patterns, each consisting of at 
most 27 hyperfine components. If the reverse were the 
case, the two patterns would be found merged into one, 
consisting of at most 15 hyperfine components. 

The width of all well resolved lines is observed to be 
about 120 mgauss between maxima of slope which is 
only slightly larger than the limit imposed by magnetic 
field homogeneity. Consequently, a lower limit of about 
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ic. 1. Derivative of intensity of magnetic resonance vs mag 
netic field for terephthalaldehyde anion (a). Below is the analysis 
of hyperfine structure into groups due to isomer A (b) and 


isomer B (c). Heights are proportional to relative intensities. 


10-° sec may be estimated for the lifetime of either 
isomer between conversions. By comparison of relative 
line intensities we obtain the population ratio pa/ps= 
1.40+.06, so that for the conversion AB, AF 3° = 
200+ 25 cal/mol. 

Most noteworthy are the large differences in the 
coupling constants a and 6 relative to a’ and b’. This 
implies a large difference in r-electron spin distribution® 
in the two rotamers which would not be predicted on 
the basis of near neighbor interactions alone. The most 
reasonable source of the anistropy in the electron spin 
distribution appears to be polarization of the r cloud by 
the carbonyl electric dipoles. Calculations are in prog- 
ress to estimate the magnitude of this effect. On the 
basis of a preliminary simple electrostatic calculation 
we have come to the tentative conclusion that isomers 
A and B are cis and trans, respectively. 

* This work has been supported by a grant from the National 
Science Foundation. 

1A, H. Maki and D. H. Geske, J. Am. Chem. Soc. 83, 1852 
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a A. H. Maki and D. H. Geske, J. Chem. Phys. 33, 825 
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Calculation of the Electron Spin Resonance 
Line Shape for a Polycrystalline Radical 
with Anisotropic g Tensor and Proton 
Hyperfine Interactions 


ROLAND LEFEBVRE 
Centre de Mécanique Ondulatoire Appliquée, 155 Rue de Sevres, 
Paris XV, France 


(Received March 24, 1961) 


HE calculation of the electron spin resonance line 

shape of a polycrystalline substance has been the 
subject of a number of recent papers. Two causes of 
broadening have been investigated: (1) that due to the 
anisotropy of the electron g tensor'? and (2) that due to 
the orientation dependence of the nuclear hyperfine 
structure.** In the calculation of the line shape for a 
polycrystalline radical such as those obtained by irradia- 
ation of solid samples containing organic molecules, 
both effects should be taken into account. 

A program for the IBM 704 computer has been 
written, which performs this calculation for a radical 
containing magnetic nuclei of spin 3. The input data 
are the principal values and cosines of the electron g 
tensor and of every electron-nucleus hyperfine coupling 
tensor, the external magnetic field intensity correspond- 
ing to the free electron resonance, and the width of the 
component Gaussians used to represent the spectrum of 
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Fic. 1. Normalized line shape for polycrystalline carboxy- 
hydroxymethy! radical calculated from Atherton and Whiffen’s® 
spin Hamiltonian for the single radical, with a component line 
width of 8 gauss and an external magnetic field intensity of 3280 
gauss. 


a single radical. In the treatment of the spin Hamilton- 
ian, the assumption of a small anisotropy of the % tensor 
is made. This is usually the case for organic radicals,® 
and simplifies the calculation of the transition proba- 
bilities’ and of the hyperfine structure.** 

Calculations of the line shapes for a CH z-electron 
radical with typical values of electron-proton coupling 
constants and g-tensor anisotropies have confirmed the 
conclusion previously reached,* that the spectra should 
show a structure which is dependent on the external 
magnetic-field intensity, if the component spectra which 
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are superposed for the polycrystalline substance consist 
of sufficiently narrow bands (say of the order of 2-3 
gauss). This should affect also the spectra of polycrys- 
talline radicals containing one “x proton” and several 
“a protons””’ and could provide a mean for detecting 
the presence of a x proton. Apparently this requirement 
of a sufficiently small component linewidth is not met 
in general, as can be seen from published spectra of 
single crystals. 

As an example of a blurring out of the interesting 
structure of the single crystal spectrum, when going on 
to the polycrystalline case, Fig. 1 gives the line shape 
calculated for the carboxyhydroxymethy] radical, which 
results from y irradiation of glycollic acid.’ The spin 
Hamiltonian used in the calculation is that determined” 
by Atherton and Whiffen’ in their study of the single 
crystal. The component linewidth was taken to be 8 
gauss. The spectrum compares well with that obtained 
for the polycrystalline substance by Grant, Ward, and 
Whiffen" and confirms their proposal that the asym- 
metry is produced by the anisotropy of the g tensor. 

More extensive calculations are in progress and will 
be reported later. 

1J. W. Searl, R. C. Smith, and S. J. Wyard, Proc. Phys. Soc. 
(London) 74, 491 (1959). Bulletin du Groupement Ampere, 
Compte-Rendu du 9éme Colloque, p. 236. 

2. K. Kneubiihl, J. Chem. Phys. 33, 1074 (1960). 

3S. M. Blinder, J. Chem. Phys. 33, 748 (1960). 

*H. Sternlicht, J. Chem. Phys. 33, 1128 (1960). 

> R. Lefebvre, J. Chem. Phys. 33, 1826 (1960). 

6 For example, H. M. McConnell and R. E. Robertson, J. Phys. 
Chem. 61, 1018 (1957). 

7 Otherwise they should be calculated in the manner of B. 
Bleaney, Proc. Phys. Soc. 75, 621 (1960). 
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in order to cut down the computing time: The g tensor was 
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perimentally determined tensor. 


Paramagnetic Resonance of Some 
Copper Complex Compounds* 


J. A. McMILLAN AND B. SMALLER 
Argonne National Laboratory, Argonne, Illinois 


(Received March 13, 1961) 


HE electron paramagnetic resonance spectra of four 
copper (II) complex compounds have been ob- 
served, namely: Cu a-picolinate, Cu dipyridylsSO,, Cu 
pyridinesSOy, and Cu pyridine,S,Os. The equipment 
used was a dual modulation spectrometer operating at 
9 kMc, described elsewhere.' All measurements were 
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Fic. 1. Spectra (2nd derivative) of Cu dipyrsSO, and Cu 
a-picolinate. 


performed at 77°K. Figures 1-3 show the derived spec- 
tra (approximately second derivative) and the esti- 
mated absorption curves. Results are summarized in 
Table I, the hyperfine splittings being expressed in units 
of 10-* cm. 
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Fic. 2. Observed 2nd derivative and estimated absorption 


curve of Cu pyrSQ, in frozen solution, 
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Cu a-picolinate and Cu dipyridyl,SO; showed no 
resolvable hyperfine splitting; the latter exhibited only 
a narrow line at g=2.08 with a very small g-anisotropy. 
1% Cu pyridinesSO, aqueous solutions and 1% Cu 
pyridine;S:Os in Zn pyridine;S,Os revealed hyperfine 


TABLE I. Hyperfine splitting and g values of some copper complex 
compounds. The g values are accurate within +0.002. 





10-4 cm™! 
Substance 


Cu pyrsSO, 


frozen solution .025 2.061 2.204 


2.080 
2.219 


Cu dipyr2SO,* .080 2.080 


Cu a-picolinate> .064 2.064 


Cu pyrsS203 


diluted 1% .036 2.056 2.169 


® Isotropic g tensor 


b Symmetric g tensor. 


structure due to copper nuclei ®Cu and “Cu, both of 
spin } and approximately the same nuclear magnetic 
moment. More concentrated samples showed only a 
broad line. 

Comparison with the isomorphous Ag(II) com- 
pounds* shows that the behavior of Cu and Ag is very 
different. Exchange broadening does not appear in Ag 


while it is important in some Cu compounds. In addi- 
tion, in the case of silver, the highest g values are found 
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lic. 3. Observed 2nd derivative and estimated absorption 
curve of Cu pyrsS2Os 1% diluted in Zn pyr,S.Os. 
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in compounds showing hyperfine splitting. In the case 
of copper, apparently there is no correlation at all. 
Further work will be performed on this subject. 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1B. Smaller and E. Yasaitis, Rev. Sci. Instr. 24, 991 (1953). 

2 J. A. McMillan and B. Smaller (to be published). 


ESR Spectra of a Gamma-Irradiated 
Single Crystal of DL-Serine* 


D. V. G. L. NARAsmmHA RAot AND WALTER GorDY 
Department of Physics, Duke University, Durham, North Carolina 


(Received February 27, 1961) 


INGLE crystals of DL-serine, HOCH,CH(NH:)- 
COOH, were grown by slow evaporation of aqueous 
solutions for a few weeks. The crystals have monoclinic 
symmetry,' with a@=10.72, 6=9.14, and c=4.82 A. 
There are four molecules in the unit cell. Selected crys- 
tals of the order of 3X2X1 mm in size were given 
gamma-ray dosages of the order of 10’ r at room temper- 
ature. The induced ESR was observed at 9 kMc/sec, 
also at room temperature. The patterns were found to 
be complex for all orientations of the crystal in the mag- 
netic field, even for the field in the [0 1 0] plane. In an 
effort to obtain a simpler spectrum we grew single crys- 
tals from heavy-water solutions. In this process, the 
amino and hydroxyl hydrogens are replaced by deute- 
rium, but the CH hydrogens are not. Immediately after 
irradiation, the patterns of the deuterated crystals were 
too complex for analysis, probably because of the pres- 
ence of more than one free radical species. Some com- 
ponents of the ESR spectrum were found to decay 
slowly. Six months after irradiation, the only compo- 
nent with significant intensity was the isotropic doublet 
of 40-gauss separation (see Fig. 1). 
We propose the following free radical to explain the 
isotropic doublet. 


DO H H 


re 


N H 
£3.” 
) 


DO 


I D 


In the formation of this free radical, presumably one of 
the C=O bonds of the original molecule is broken, and 
the oxygen gains the deuterium of the hydrogen bridge. 
The resulting unpaired electron is localized on the C 
atom and is coupled to the nearest CH proton spin 
through the mechanism of hyperconjugation. We have 
here a case where the splitting caused by a hypercon- 
jugated H is as large as 40 gauss. With McConnell’s 
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Fic. 1, ESR spectra of an ir- 
radiated single crystal of deu- 
terated DL-serine for H in the 
[010] plane. (A) H || to a 
axis. ip) H 45° from a axis. 
(C) H 135° from a axis. The 
curves represent the second 
derivative of the actual ab 
sorption contour. 
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equation,? A;=40 cos’, it is found that the coupling 
CH is essentially perpendicular to the plane containing 
C—C—N and thus is parallel, or almost parallel, to the 
m orbital of the unpaired electron. Here 6 represents the 
angle between the CH bond and the plane of the x bond. 

In Table I are listed the values of the nuclear coupling 
A, and of the spectroscopic splitting factor g, for H 
along the crystalline axes a, b, and c’. The A and g values 
are so nearly isotropic that we were unable to reliably 
ascertain their principal axes. However, the values of 
the principal elements of A and g must be very close to 
those given in Table I. They are in good agreement with 
those expected for the electron spin density concen- 
trated on a carbon as in the above free radical. 

It may be observed that the lines are rather broad, 
having a width of about 6 gauss at half-height. This 
broadness may arise partly from an unresolved coupling 
of the electron spin with the D’s of the OD groups and 
partly from a small interaction with the nuclear mag- 
netic moment of N. 


Taste [. 





Orientation Splitting (in gauss) 


g Value 





2.0022+0.0005 
2.0034+0.0005 
2.0032+0.0005 


H \la 
H \\b 
H \\c'* 


39.5+1.0 
42.0+1.0 
39.6+1.0 








® ¢’ is a direction perpendicular to both a, b axes. 


One of the authors (D. V. G. L. N. R.) is grateful to 
the U. S. Educational Foundation in India for awarding 
him a Fulbright Travel Grant. 


* This research was supported by a U. S. Air Force contract 
monitored by the Air Force Office of Scientific Research of the 
Air Research and Development Command. 


+ On leave from the Physics Department, Andhra University, 
Waltair, India. 

1D. P. Schoemaker, R. E. Barieau, J. Donohue, and Chia- 
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Volume Change on Mixing in Liquid 
Sodium-Potassium Nitrates 


J. L. Katz, B. F. Powers, Anp O. J. KLEpPA 
Institute for the Study of Metals and The Department of Chemistry, 
University of Chicago, Chicago, Illinois 


(Received April 19, 1961) 


ECENTLY Kleppa and Hersh! have measured the 

; enthalpies of mixing in all the binary systems 
formed by the molten alkali nitrates. They have found 
that in these systems the mixing enthalpies are all 
negative, and to a good first approximation may be 
represented by the following general relation 


AH™=—140X (1—X) [(di—d2) / (di +-d2) P kcal/mole. 


Here X and 1—X are the mole fractions of the two 
components, while d; and d2 are the interionic distances 
characteristic of the two pure salts. The numerical 
factor, 140 kcal/mole, is of the order of the lattice energy 
of the salts. The simplicity of this general relation has 
aroused considerable interest from a theoretical point of 
view. It also begs the question whether equally simple 
relations may apply for the other excess thermodynamic 
functions. 

In principle it is possible to calculate the excess vol- 
ume in a mixed system from precise density measure- 
ments. However, when the volume change is very small, 
as is the case for the system considered here, density 
work of extremely high precision would be required in 
order to provide a reliable value of the excess volume. 
In view of this, it is not surprising that the excess 
volumes for sodium-potassium nitrate derived from 
available density data do not agree, even as to sign: 
From the old but very careful density work on this sys- 
tem by Goodwin and Mailey’ we calculated a value for 
the excess volume in an equimolar mixture of +0.18 
cc/mole. The more recent work by Laybourn and 
Madgin’ yields a value of —0.07 cc/mole. 

In an attempt to obtain reliable information on the 
excess volume, and in order to throw additional light on 
the relation between this quantity and the other excess 
thermodynamic functions, we have set out to measure 
the volume change on mixing in simple fused-salt sys- 
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tems. In this work we make use of a direct method 
developed by one of the authors in a recent investigation 
of the excess volumes in liquid alloy systems.‘ 

Some pieliminary measurements on sodium-potas- 
sium nitrate based on the use of this method were 
already carried out by Bearcroft.'* She was able to con- 
firm beyond doubt that the volume change on mixing 
in sodium-potassium nitrate is indeed positive. Although 
her measurements did not permit the evaluation of 
precise numerical values, they suggested very strongly 
that the effect is much smaller than indicated by the 
density data of Goodwin and Mailey. 

Recently we have been able to improve our precision 
by giving greater attention to the purging of dissolved 
gases from the fused salts. Our measurements have been 
carried out at two temperatures, and on mixtures rang- 
ing in composition from about 25 to 75 mole % of each 
salt. We find on the basis of 21 successful experiments, 
carried out at 350 and 425°C, that our results can be 
expressed by means of a parabolic equation of the usual 
form AV“=X(1—X)A where A is a constant. The 


experimental values of this constant are 0.26+0.08 
cc/mole (standard deviation) at 350°C and 0.28+0.08 
cc/mole at 425°C. Thus we find that the maximum value 
of the excess volume is about +0.07 cc/mole, and that 
this value is independent of temperature within the pre- 
cision of our measurements. In this respect the volume 
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change on mixing appears to be analogous to the 
enthalpy.! 

Since the molar volumes of sodium and potassium 
nitrate are about 50 cc, we note that the maximum value 
of the relative excess volume (AV”/V™) is about 
+0.14%. In view of this it is not surprising that we 
were unable to calculate a meaningful value for the 
excess volume from the available density data. 

It was shown by Longuet-Higgins in his theory of 
conformal solutions,* that any first-order solution theory 
will predict the same sign for all the excess thermody- 
namic functions (AF?, AH*, AS?, and AV*). Thus our 
volume and enthalpy data for sodium-potassium nitrate 
demonstrate that a satisfactory theory for these mix- 
tures must be second order or higher. An attempt is 
now being made to account for the observed enthalpies 
of mixing in the binary alkali nitrates by means of 
second-order conformal solution theory.’ 
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